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ABSTRACT

Title of Thesis . Design Optimization of Laminated
Fiber Composites.

Ramarao G Prasad, M S M 17 1991

Thesis directed by @ Dr. N.Levy
Professor, Department of Mechanical Engineering

Laminated Fiber Composites are inding a wide range of applications m stiuc-
tutal design especially for Light weight structures that have stimgent stiflness and
strength requurements  Finding an efhcient composite structural design that meets
the requirements of a certain application can be achieved not onlv by sizing the cross
sectional areas and member thicknesses but also by global o1 local tailorimg ol the ma-
tenal properties through selective use of orientation. nunber and stacking sequence
of the laminae that make up the composite laminate

The work presented here treats the design optunization probleminvolving min-
imum weight design of fiber composite laminates subject to 1uplane loadimg conditions
which takes mto account membrane stiffness and strength constramts The problem
is a non linear mathematical progrtamming problem in which the thicknesses ot the
material placed at preassigned orientation angles are tieated as the only design vaui-
ables  Computational efficiency is achieved by using constiamt deletion techniques
in conjunction with Tavlor seres approximation for the constiamts retamed Ihe op-
timization algotithin used employs a sequence of himear programs to conmverge to the
optimum solution

The method presented offers an efficient and practical optunuimn design proce-
dure.
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Chapter 1

Introduction

1.1 Introduction

The design ol laminated Fiber Composites has become a challenge to the designes
This 1s because ol the wide range of parameters that can be vairied and the conples
behaviour of these structwies that require sophisticated analvsis technignes Due to
the large number ol design variables mvolved, the designer has more control 1o hine
tune his structure to meet the requiements of a design situation. 1t only the designe
can find out how to select these vartables The possibility ol adneving a design that
meets multiple requuements eficiently coupled with the dithculty 1 selecting the

values of a large set of design variables makes stiuctural optinuzation an obvious tool

for the design ol lammated composite structures.

1.2 Definitions

Optimization is concerned with achieving the best outcome of a given objective winle
satistying certain restiictions.

Optimal design can be defined as the best feasible design according to a pres-
clected quantitative measute of effectiveness

The notion of improving or optinuzing a structure nuphcithv presupposes some



freedom to change the structure. The potential for change 1s tvpicallv expressed m
terms of ranges of permissible changes of a group of parameters These parameters
are called design variables.

The notion ol optunization also unplies that theire are some merit lunctions ot
functions that can be improved. These functions are called objective functions.

The solution process consists of starting with an initial design and proceeding
in small steps 1 order to mmprove the value of the objective lunction o1 degiee ol
compliance with the constraints or both. The search 1s terminated when no progress
can be made 1 improving the objective function without violating some of the con-
stramts The search can also be termunated when progress i nuproving the objective

{function becomes veiv slow

1.3 Previous work

The mmimum weight optimum design ol laminates fo1 sticugth and membiane s-
tiffness was studied extensively by Foye Multiple inplance loadimg conditions were
considered and a random search method was used to find plyv onientation angles such
that the strength and stiffness requirements would be satished with the smallest num-
ber of plies

Another procedure for the optimum design ol lannnates was given by Wad-
doups. Mminnun weight designs were obtained considering stiength 1requirements
under multiple distinet loading conditions  Iither Tsar Hill o1 masimum stram ante-
ria was used and all the Tamuinae were assumed to behave hneatlv up to lailure The
search method emploved was a svstematic ’try them all” procedure

Both these studies deal with discrete number ot phes and they tieat plyv thick-
nesses as well as their orientation as design variables

Verette has extended the laminate optimization proceduie to mclude buckhng

based on stability analvsis.



In the work presented here attention has been focused on developing a lam-
mmate optimization capability in which thickness of the mateisal placed at specilied

orientation angles are treated as the only design variables

1.4 Problems in laminate design

The laminate stiffuess matiices can be mampulated by changimg either the nunber
of layers or orientation. Using these quantities as design varables i 1s possible 1o
change the matenal properties of the laminate as well as the tluckness

In order to hmit the size of the design problem, hmitations are miposed on
the stacking sequences The analyvsis of laminate with beuding extension coupling s
difficult because the out of plane delormation associated with mplane loads mav be
Jarge and requite non linear analysis capability. For symmetric lamiinates the bending
and extensional responses are decoupled 1esulting m sunpler analvsis proceduwie the
number of design variables are halved tor the svinmetric Januiates s also desiable
to eliminate shear extension coupling by using negative angle plies for every positine
angle ply used in the lannnate Such lamnates are called balanced Laninates

In the woik presented here. only balanced syimmetric lammates have heen

considered tor analysis

1.5 Applications

Some commercial applications of design optimization ol iber conmposites and 1elated
computer codes used are given below

Stiffened plate design® Lanunated plates stiffened by longitudinal and transverse
members are one ol the most common structural components. Computer codes used
[or this puipose are VIPASA, CONMIN, PASCO and VICON [4]

VIPASA is the computer program tfor the design procedure ol a stillened panel CCON-

MIN 1s the mathematical programming code based on the method of leasible ditec-



tions algorithm. VICON is a combination of VIPASA (VI) and CONMIN (CON)
Aeroelastic tailoring This is a major area of application of design optimization This
concept 1s utilized in aircraft wing structures which involve aeroclastic constianits
Aeroelastic tailoring involves the use of structural deformation to mpiove structural
and aerodynamic characteristics of a lifting surface. The computer codes developed
tor this purpose are the TSO program, the finite element based FASTOP program and
ASTROS [4]. TSO was one of the early efforts mn mntroducing structural optimiza-
tion 1mto aeroelastic tailoring. This software was developed bv General Dyvuamics
ASTROS is an acronym for Automated structural optinuzation svstem developed by

Northrop



Chapter 2

Laminate Analysis

2.1 Introduction

The word composites In composite materials signifies that two o1 more materials
are combmed on a macroscopic scale to form a uselul material  The advantage of
composites is that they usually exhibit the best qualities of then constituents and
some qualities that neither constituents possess

Laminated composites consists of at least two different materials that are hond-
ed together. The properties that can be emphasized by laminates ate streugth stfl-
ness and low weight The layers ol the fiber remforced lammates are bhudt wp with
the fiber directions of each layer typically onented 1 different divections 1 hus the
strengths and stiflnesses ot the fiber remforced composites can be designed to the

specific requirements ol the structural element

2.2 Classical lamination theory

This theory embodies a collection of stiess and deformation hy pothesis which s nselul
m proceeding {rom the basic building block the lanuna. to the stiuctnral Taninate
The stress strain relations 1 the principal matenal co-ordinates [hg 2 1] fo

a lamima of an orthotropic material under plane stress ave [1]

Wt
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Fig 2.1 SYMMETRIC LAMINATE UNDER IN-PLANE LOADING
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o] Q11 Q12 0 €1
oy =] Q2 Q2 0 €9 (21)
712 0 0 QGG Y12

Q),, are the reduced stiffnesses.
In any other co-ordinate system in the plane of the lamia, the stiess stramn

relations are

Ir @ @ @i €
oy ¢ = | Q2 Wy @y €y (2.2)
Try Qo Qa6 oo Ty

5”] are the transformed reduced stiffnesses [Appendix []

2.3 Assumptions in classical lamination theory

a The laminate 15 assumed to consist of perlectlv bonded lamimae and that the

bonds aie non shear deformable.
b. The laminate acts as a single laver with verv special propeities

¢ The displacements are continuous across lamina boundanies. so that no lanma

can slip relative to each other.

By the Kuchofl hypothesis the laminate strains are given by

€, ci’ A,

— 0 - R
€y - Cu + = /‘(/ (2‘ ;)
- ~U
Jry /Ly ’/\Jiz/

0
('(L
62 15 the veclor of nudplane strains
k
k, 15 thie vector ol midplane curvatures.
k

z 1s the distance of each lamina from the nudplane

The stresses m any layer (say &%) of the laminate can bhe exprossed as



CHAPTER 2 LAMINATE ANALYSIS 8
T gu Qu §16 €
Ty = le Qn st Cy (24)

Try @16 W oo Ty

The resultant forces and moments acting on a laminate arc obtamed by the

integration of stresses in each lamina through the laminate thickness

N, N g
N, = Z/ o, pdz (2.5)
j\fty k=17 %k-1 Toy
A/[J N 2 g,
M, 3= Z / ag, ¢d: (20)
M., b=t T

The Force and Moment vectors [fig. 2 2] can be expressed as [2]

N [ Ay A A € By By, By I

Ny b= A A Ay ¢, ¢+ | B Ba B, hy (27)
Ny L Ao Ao Ase ng Bio Baw B hiy

M, I By B Bie 1 ﬁg Dy Dy, Dy, h

My, =| By, Bu B |{ & V| Dy Dy D L (2.8)
1\/19;1, L By, B Bes ] ‘/Juy Dig Dy Die h Ly

1\7

Au :ZQLJ(Zk_:k—l) (2,9)
A=1

A, [hg. 23] is the Extensional Stiffness matrix.

A
B, = 1/22 Qm(:f - 5/:)—1) (210)
k=1

B,; 1s the Coupliig Stiflness matiix.

N
DZJ:l/nglj(zli_:lf—l> (2 1)
k=1
D,, 15 the Bending Stiffness matrix.

The Coupling stiffness matrix causes coupling betwecu bhendimg and extension
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The Exteusional stiffness matrix relates the resuliant foices to the midplane
strains and the Bending stiffness matrix relates the resultant moments to the plate
curvatures.

The Global stiffness matrix for the laminate 1s
Apr dry Ass By B B

A Az Ay By Bay B
fhg flz() 4466 Bl6 BZG B66

Bll B12 B16 Dll D12 —DIG
BJZ B22 BZO DlZ D?,Z 1)2(»
Blh B7(3 B66 le Dlh l)my

The constitutive equation for the laminated plate can be wiitten as

N 4 B[
-8 )i 2

The Global stiffness matrix is inverted to get the midplane strains and cuiva-

tures.
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Fig 2.3 NUMBER AND COORDINATES OF THE LAMINAE IN A LAMINATE



Chapter 3

Optimization problem

3.1 Problem statement

The objective is to iind the minimum weight design subject to stiength and membrance
stiffness requirements. The material properties and the available otientation angles
ol the fibers arc known quantities. The thicknesses ol the phes at each onientation
angle arve the only design variables which aie to be optimuzed

The optinuzation problem can be stated as
/
W':Z/)ltz———>l\/11‘/z (3 1)
=1

W s the weight objective function, which 1s limear 1 the thickness design varrables

L.
subject to the lollowing constraints
1.
Alen + Blea + (g < (32)
2
‘_l{ll S ‘411 ‘4‘{22 S ‘422 ‘45)0 _<, 4h() (% 5)
3
L, >0 (3
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3.2 Description of the constraints

Equation (2) repiesents the strength criterion. The strains appearing 1 this con-
straint depend upon the design variables 7, in a non linear and implicit mauner The
failure envelope 15 1epresented by a set of J planar facets in the &1, 2,5, v, stram space
(4 =6)

The coefficients [Appendix 1] A%, B! and C} are given i the lollowing table.

A0 5O ol

J 7
1 1/621 0 0
2 l/sil 0 0

500 0 1/Ey
6 0 0 L~y

Table 3 1 Values of coefhicients lor Max.Stram {ailute ciiterion

Equation (3) represents the stiffness criterion  The lamimate membirane still-

nesses are lineatly dependent on the design vaiiable f,

I
Ay = Qb 1) = 1,2,0 (35)

=1

Equation (4) represents the non-negativity constraint which requnes that the
thicknesses of the plies be positive always

It is seen that the objective tunction. the stifliiess constiamt and the non-
negativity constraiits are linear functions of the design variables  Ilowever the -
equality constramnt representing the strength criterion 1s non hinear m the design

variables.



Chapter 4

Optimization Procedure

4.1 Algorithm

The optimization procedure employed trausforms the nonlinear programing problem
into a sequence of linear problems that can be solved by using a simplex algotithin
The method adapted tends to generate a sequence ol designs that are non ciitical e
the sequence of desigus tend to funnel down the muddle of the acceptable region .\
constraint deletion technique 1s employed which retains only those constramts wlich
are potentially critical at each stage of the optimization process  The incequalita
constraints ignored at each stage are automatically satished 1l ciitical and near citical
constraints arc satished.

Three important aspects are to be considered while applving the optimization

algorithm to the lanuinate design pioblem. They are

1. A method to antomatically generate an acceptable mitial design.

o

A decision as to which of the mequality constraints are to be tetamed

3 A method to obtam the partial dervative expressions <o that hincarizcd repre

sentatious ol the constiaints retained can be coustiucted

The Optimization procedure is shown in hg. 4 1.



GENERATE FEASIBLE EXECUTE DELETE
INITIAL DESIGN — ™ ANALYSIS T~ ™1 CONSTRAINTS

NO
YES
Y
UPDATE SOLVE FOR CONSTRUCT
DESIGN LINEAR APPROX.
TRIAL ™ MODIFICATION ‘ FOR SURVIVING
DESIGN VECTOR S, CONSTRAINTS

Fig 4.1 FLOW CHART FOR THE DESIGN OPTIMIZATION PROCEDURE



CHAPTER 4 OPTIMIZATION PROCEDURE I
4.2 Initial Design

The basic thickness of all the plies in the laminate 15 assumed to be 0.005m  The
thickness of the phes are determined so as to satisfy the stiffness 1equitements. The
stiffness requirements are satished if the membrane stiffnesses 417. A3, and Ag, exceed
the specified lower limits A},, AL, and AL, vespectively by a given starting pont lactor
of safety.

It 15 also possible to determine the starting values of thickness ol the plies b
satisfying the strength requirements with a speafied factor ol salety

The initial thickness ot the plies 1s the larger of the two values got liom the

stiffness and stiength criteria.

4.3 Constraint Deletion

The purpose of the constraint deletion process 1s to diastically rediice the mnber o
imequality constiaimts used to represent the stiffness and stiength constiaints

A compromuse has to be made between the values of the contiol parameteis
(ACR & SCR) and the salety of the design The larger the specihied values of the
control parameters the larger the number ol inequality constiamts retamned and hence
the risk of finding an unacceptable design 1s lower On the other hand 1 the specihed
values of contiol patameters are smaller . the number of incquality constiamis retained
is smaller and consequently the nsk of inding an unacceptable design 1s Lughe

The inequality constraints on the membrane stiflnesses are expiessed as

‘4111 < Ay *4122 < Ay A[ < Age (4 1)

606

A control parameter ACR. 1s speaified such that il

A fAL > ACR, = 1.2.6 (42)
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then the corresponding constraint 4,, < A! 1signored

The eftect ot this procedure is o delete a stiflness constiamt 1f the 1atio ol the
of A, /Arr! [or the current design over the corresponding lower limit value equals or
exceeds the specified value of the control parameter

The stiength constramnt can be expressed as

Q’/L — fl;’c‘h + B;EQZ + C;”/uz S 1 ('1 ;J

If @,, < 0 then the corresponding constraint @, < | s 1gnored  \lso il
@, >0 and 1/Q, > SCR then the corresponding constramt @, 15 deleted SCR s

another contiol parameter.

4.4 Partial derivatives for non linear constraints

Of all the constraints. the inequality constraints repiresenting the sticngth critenon
1s non linear in the design varables ¢, The partial derivatives ol (0, with respect to
the design variable 7, are needed to construct the linearized tepresentation ol the non
limear constiaint

The non linear constraint
sz - A4;€1L + BJZSZL + C’;A/IZL S J (J 1)
can be expressed as
1 <0 =1 A =1 (15)

The linearized appiroximation ol these constiamts based on a Tavlor series
expansion about the desigu point ¢, with the components /, s
! i
aJQ,,

o= Q. (t,) — 1+ Z(/,, — ) o1

=1

(/) (16)

where
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()A//l 21
2 47
o, (47)

aqQ, L, 051, , 99
ot (t,) = A B

I at, I ot, +6

evaluated at the current design tp.

The relation between the membrane forces and the strains in the X-Y [rame

of reference can be expressed in matrix form as
{nvi=]al{c} (4 %)

Dafferentiating this expression with respect to 1,

{sh=la]aslal{z}-0 (1)

. A s
substituting lo1 [ = } m the above equation and solving 1t for ==
iy T

Oe 1 —
(_NL:_[A} 1@, - (1 10)
A, =314, ]Ltl (111
=1
The strains in the prinaipal material direction and the strams i the N-Y franc

of reference are related by the transformation matrix [Appendix [

(= }=1Rr]{") e

ds de
‘=1 R, 1,13
ot, [ } ot, ( )
substituting tor ,’—f m the above equation
de —1 —
¢ — 7 — a - . -
dél_[hl} [ A ] [Q”L_ (4 14)

From this equation the partial derivatives ol the strength constramits with

respect to the design vailable can be found, from which hneanzed approxnnation ol

the strength constiamnts can be constructed.
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4.5 Simplex tableau

The design modification vector { S, ¢ 1s determined by solving the optnuzation
broblem formulated above using a Simplex procedure.
! I

The components s, of the vector { Sp } are expressed as the diflerence of two

/

non negative variables s/

and s!" such that

5, =8 — 5" (1.15)

The counstraint equations m the Sumplex table are as follows

Q constraints

7 i / -1 /
Q18] — Q18] + . ey — sy = Y

! " / - ;
Qo157 — Qray 5 + ..+ Qorsyp — 0.215/1/ = l,[)g

! M

agrsy —ag1s| + .+ QQ[b/I — QQ[&’I/ = g
Q + 1,;, constiant

! S/ c o N/
61;‘31 - (5151 + é)]-S[ - é[é[ — U
Linking constiaimnt
] " ’ 7 _
Sy =+ =0
Total nwmber ot linking constramts = (1 — 2)/2, assuming I cven

The coefhcients of the constramnt equations in the simplex table aie as follows

oh, /o,
= L =1.2 Tg=1,2 () P
al 'v]]q‘ L:tpz ([ 4 ( ))
oW Jor, _
5 = il (417)

W,
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P, = __Palte) (4 18)
IV hy(ty)]
The design 1s updated as
tp_;_l - tp —+‘ AS,p (kl J()>

The iterative design procedure 1s continued to convergence ‘I'he convergence
cniterta 1s based on the diminishing returns with repect to the weight reduction alter
successive 1terations. An option to terminate the iterative procedure alter a prespec-

ified number of stages 15 provided



Chapter 5

Program Organization

5.1 Introduction

The Program has basically two modules. They are
1. Laminate stress analysis module
2 Lanunate Design optimization module

These modules can be run seperately or together  'T'he compnter code has
been developed 1 the "C7 language on the SUN/SPARC Workstation  I'he soltware
package GAMS ( General algebraic modelling systemn ) has been nsed to solve the
Stmplex problem i the optimization module

The sample mput fles and the corresponding output files {or cach module s

given n the appendix 11

5.2 Stress analysis module

The mput to this module can be erther given interactively o1 hom an mput hle
the interactive mode 1s selected, the user 1s prompted (ot vatious mput paraimeters
(material propeities. loadmg conditions etc) which are to be tvped i throngh the
keyboard. A file contanung the user given mput (mput.dat) s creared by delanh

On the other hand 1t the mput {rom a hle 15 opted tor. then the user 1s prompted for
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SN
(O]

an mmput file name This file should contain all the requisite 1mput quantities  Ihe
program will read the input from this file and begin execution

The lammate’ function can be thought ol as the heart ol the stiess analvsis
module. To begin with the program calculates the stiffness matiix of the laiuiate
i the principal material direction. The stiffness matrices of each lamina oriented at
predefined angles is found. The Extensional stiffness matrix. Bending stilfness matiix
and the Coupling matrix is calculated from the stiffness matiices ol the mdividual
laminae. The Global stiffness matrix ol the lammate 1s then assemibled Lo the
Extensional, Bending and Coupling stiffness matiices

The Global stiffness matrix is inverted to get the Global compliance matiix

The inverse function uses a L-U decomposition technique along with back substitu-

tion.
The lamimate nudplane stramns and curvatures are got by mudtiplving the come-
pliance matrix with the load vector. The stiain m the nndplane ol cach faria is

calculated fronmi which the corvesponding stiesses are got 1 he stiesses and strais m
the principal matenal direction 1s got by using a transformation matiix

The last part i the laminate’ function is the faluie analvsis The Lammate
is tested for failure depending on the Joad condition and the t\pe of falie criteri-
on selected The user has the choice of selecting the lalure critenion hased on the

following theories

I Maximum stress theotv This theory states that lathure swall occur 1l amy ol the
stresses 1 the prinapal material direction exceeds the cotrespouding allowable

stress. The ftollowing equations have to be satished

o, L oL

o L oy (O by

T L T
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2 Maximum strain theory. This theory states that failure will occur 1f anv of the
strains in the principal material direction exceeds the correspouding allowable

strain. The following equations have to be satisfied

er X eru

er K €1U (5 2)
yrr < YLTU
3. Maxinum work (Tsai Hill) theorv. This theotyv states that 1 the plane stiess
states, faillure 1s mitiated if the lollowing mequality 1s violated
2 2 2 -
(op/ory)” — (opfoo)or/ory) + (or/ore)” + (tor/7im ) < | (53)

4. Tsal Wu Tensor theory According to this theory a failuie surface exists i the

stress space 1 the [orm

Fo +F o0, =1w)y=1. 0 (5 1)

F, and I, are stiength tensors of the second and fowrth vank respectively

For an orthotropic lamina under plane stress concition the lailure ciitenon can

be stated as

» 2 2 2 )
]'310'1 + ["302 -+ ]”}30’(3 -+ 1*110’1 + FWQO’Z + [’})O'h -+ 31’1_10'103 = |

(R
wt
~—

Fach lamna 1s tested for lailure based on the lailure criterion selected. 1l all
the laminae {aal. 1t 15 assumed that the laminate failuie has occured
All parameters thal are calculated m the lanunate nnction are displaved on

the screen and also wiitten to an output file "des.out’
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5.3 Optimization module

As in the stress analysis module the input can be given either mteractivelv oi fiom
an input file.

The Optimization module 1s made up of four main routines They are

1. Initial design

o

Constraint deletion.
3. Simplex formulation.
4 GAMS.

5.3.1 Inmitial design

The thicknesses ol the laminae required to satisty the stiffniess tequitements are de-

termined. The stiffness critena can be stated as
Ay = SPES x Ay,
Ay > SPES *x Ay (50)
Agg = SPFS *x Agey

SPFES 1s the startring point factor of safetv.
The thicknesses ol the laminae to satisly the strcngth constraint is also deter-
mined.

The stiength constraint is

_t
-1
—

Q/z - 442611 + B‘jelz + Clll'\,‘lh S l (

The stiams 10 the principal material directions used i the above equation are
got from the 'laminate’ function.
The mitial design thicknesses of all the laminae aic taken 1o he the ngher ol

the two sets of thicknesses got from the stiffness and the stiength ciitenia
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5.3.2 Constraint deletion

Of the three stiffness constraints only those that are critical are 1ctamed to he used
in the simplex formulation

The total number of strength constraints before deletion 1s cqual to the product
of the number ol strain facets and the number of layvers in the lammate The simplex

formulation is simplified by deleting the non critical strength constraints

5.3.3 Simplex formulation

This part of the program calculates the coeffecients needed lor the constiamt equa-
tions 1n the sunplex table.

The coeffecients for the strength constraint equations are

(Oh,/0t,) v
o= e =1,2 [¢g=1.2.0 8
Qq ‘th| t:tpz ; q M (H &)

Q is the number of undeleted strength constraints

hq 15 the non-linear constraint

MA)=0Q,,—1<0:=1, [.g=1,..J

Iy —

as given bveqn 145

. . A "0,
The derivative of /, with respect to the thickness /, 15 5 = =/«
by ey
L. 0Q

The expression for —2¢ 15

I3
&Q]z . 1 deq, L des, Iy,
It, (tl’) - ‘4/ dt, + BJ Jt, + CJ at,
as given bv equ  1.6.

1
The gracient of h,. Vi, 1s a vector given by
dh oh Jh,
Vh, = ! 4 T (59

! dt] ' ()tz‘j + (}//
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The magnitude ot the gradient 1s

on?  Oh,’ oh.?
Vi | = Lu @, %M
Vhod=nT ta, Tt o

2. The coeffecient on the right hand side of the strength equation 1s

hy(t,)

i) (511
|Vh(1(tp)1

lr’l)q:

3. The coeffecients of the @ + 1,, constraint equation 1s

2104
5L — M (,3 12)
VWL o,

W is the weight per unmit surface area of the lamimate given by W= /1, + 1/, +
s+ ... +1,
The detivative ol W with respect to any of the tlnchnesses 15 alwavs |

The gradient ol the weight [unction 1s expressed as

ow . oW I oW
f)tl ' atg J ’ (j/,[ "

VW = (5 13)

The magnitude of the gradient of W s the squaie oot of the total mnmber ol

layers 10 the laminate.

The Linkimg constramnt 1s mcluded 1f a balanced Tannnate 1s desiied  The
number of limking constraints depends on the number of layers and 1s cqual to (/=2)/2.
This constraint requures that 1if any two of the layers have orientation 0, and ¢, and
if 0, = 0, then the design modification vectors S, and 5, must be cqual 10 5, = v,
This will keep the thickness ol the layers same (1, = 1))

The stiffuess constraints. the nou-negativity constiamts and the tequnement
that the next design be highter than the current design are appended at cadh stage ol
the simplex formulation.

The constraint equations and the objective tunction are wiitten on into the

file "pr.gms’ which is the mput file for the GAMS package The lincar progranmiming
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problem 1s solved by GAMS lor the design modification vector Sp "I'lie desig s then

updated as t,4; =1, + 5p

5.3.4 GAMS

GAMS [20] is an acronym for General Algebraic Modelling Svstenr This has been
used to constiuct and solve the optimization problem loi the design modilication
vector. GAMS las been developed based on ideas diawn lrom the telational database
theory and mathematical programming. Relational databases provide a stiuctured
frame work for developing general data organization and tiransformation capabilitics
Mathematical programiming provides a way of describing a problen and a vanety ol
methods for solving it

A shell tool 15 opened for GAMS to execute The ontpnut lrom the GANMS
which consists of the components of the design modification vector S s ditected to a
file named "update’. The optimization module reads the modification vector lrom the
file update’ and appends 1t to the current design vector to get the new design vecton
This cycle is tepeated until there 1s no further improvement in the design vecton

An output file ‘optdes.out” is got at the end ol the prograin exccution



Chapter 6

Conclusions

6.1 Results

A practical and efficient method for the stress analvsis and mmmmm weight opti-
mum design of symmetric laminates taking into account the stiffuess and stiength
limitations has been presented. Attention was focused on developmg a fannnate de-
sign capabilitv in which the thickness of the material at specified onientation angles
g, are the only design variables. The laminate optimization task was [ormulated as a
non linear mathematical programming problem. This 1s transformed nto a sequence
of linear problems These limear problems have been solved using a standard sim-
plex algorithm. The constraint deletion technique adopted culiances the elliciency ol
the method significantly by temporaiily ignoring consttaints that are not cven nea
critical

The lamimate was loaded with a shear load N, ol 3000 Ibs and the optiniwm
thickness was found to be 0 07649 inch. The same laminate was loaded with a normal
load N, of 3000 lbs and the optimum thickness was found to be 0 0905 mch \When
the laminate was loaded with both shear and normal loads together  the optinum
thickness was found to be 0.127 mch This value 15 alinost cqual to the swnr ol the
optimum thickness values, got when the laminate was loaded seperately with normal

and shear loads.

It is seen [rom the graph of shear load v/s optimun thickuess that the optimum

1N
93]
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thickness of the laminae mcreases with increase in load
It 13 observed from the graph ot N,/N,, v/s optimum design thickness that

the maximum thickness 1s got when N, = N, .

6.2 Further Scope

In the method presented herein, the GAMS package has been used to lotmulate and
solve the simplex problem. A computer code developed specificallv to lormulate
and solve the simplex problem in the laminate optimization probleimn would probably
give better results. In the work presented the mununum weight optinum design ol
laminates 15 achieved subject to strength and stiffness constraints 1t would be Jogical
to extend this work to take care of buckling loads This would involve elastic stability

constraints and would give rise to an eigenvalue problem



Nx/Nxy v/s Optimum Thickness (t)
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Appendix 1

4’11117/‘1221744661 = Specified lower limits for the diagonal elements ol the laninaice
membiane stiffness matrix

A, B, (" = Constants defining the 7' planar facet ol the stiength envelope
lo1 the material oriented at 6, degrees.

A;s = Membrane stiffnesses of the laminate with 1espect to the telerence co-
ordinate system (x,y). r,s = 1, 2. 6.

Er, = Modulus ot elasticity i the direction ol hibers ot material oniented at
0, degrees

Lr, = hi-plane modulus of elastiaity transverse to the ditection of libers o
material oriented at ¢, degrees

Grr, = In-plane shear modulus with respect to axes ol orthotropy (1.2) for
material oriented at 0, degiees

I = Number of available onentation angles

J = Number ol planar tacets 1 the strength envelope

Noo Ny N, = Applied membrane force resultants in the lammate relerence
co-ordinate system

My, M, M, = Applied moments i the laminate 1eference co-ordimate svsten

W = weight per umit surface area of the lanunate

1 = Index 1dentifying available onientation angle

j = Index identilving jy, planar facet of the stiength envelope

L, = Thickness ol material oriented at angle 6,

Y12 = In plane shear strain for the material oniented at 0, degiees
yer T =L = In-plane shear miting strain in the iber composite material

placed at an ourentation of 0,



Yoy = Laminate shear strain with respect to the reference axes

€1, = Normal stramn 1 the direction of fibers 1n the material orented at 0,
degrees.

€2, = Normal in-plane strain transverse to the cdirection ol ibers 1 the matetial

er,® = Longitudinal compressive limiting strain in the Aber composite material
at an orientation 4,.

er,' = Longitudinal tension luniting strain in the fiber composite material at
an orientation 4,.

er,® = Transverse m-plane compressive limiting stiam 1 the liber composite
material at an orientatiou 4,.

et = Transverse m-plane tension luniting stram 1 the hber composite mate-
rial at an orientation 0,

€, = Laminate normal stramn m the x direction.

€y, = Lamiate normal stram m the y direction

A, = Angular orientation ol fibers with respect to the N 1cference axis

v, = Poisson’s ratio relating contraction in the m-planc transverse diection
due to extension m the longitudinal direction

vrr, = Poisson’s 1atio relating contraction 1 the longitndimal direction due to
extension 1 the m-plane transverse direction.

p. = Weight density of the material oriented at 4,

01, = Normal stress m the direction of fibers 1 the matenal onented at 0,
degrees

o9, = Normal m-plane stiess transverse to the divection ol hibers i the materal
oriented at 0, degrees.

712, = In-plane shear stiess with respect of orthotiopy lor matenial onented at

0, degrees.



The elements of the stiffness matrix [¢], -, of the laminate are given by

)y = £/ — virvrr) (11)
l4pr), = vir B /(L — vprwvrr,) (1 2)
417l = B /(L — virvrr,) (1.3)
rrles = Grr (11

The elements of the reduced stiffuess matiix depends upon the orientation

angles 6§, and the elastic constants of the material as lollows

[(j(ju]L = [(/Ll‘]“/ll + Z[QLJ']lg/zzmzZ + [QLT]U"“/I + ‘l[fll,f](m/zz”’zz (15)

[9a05), = [apply L0 4 lage (0 00 4 ) 2t = Algy 1 020 (o)
l9a16), = laprl 2700+ lagr )y (mPl = 1Pmy) — [app)yymn Lo+ 20g, 0] (n 2L =17 m))
(17)

l9a,,), = Lappl e+ 2lapg )00 + gl m ! + g g ) L5 (0N

[q(/%]l = [(A/LT]“mfll + [qm]u(lfmz —m,’l) — [qLT]HmI/f + _)[(//1,/,}(,()(/,5/1/1 — )

(19)



. 2
(9466}, = (1) L7007 = 2lapp) 000 4 (app)ynlm® + lapel (L2 —m7) " (1 10)

where [, = cosf, and m, = s1nb,

The transformation matrix used to transtoim the stiess and straim componernts
form the prinapal material directions to any other refercnce co-ordinate svsteny s as
tollows

cos*o, s, sl cosl,

sin’, cos?h, —smmb,cosb, (L11)
—2swnb,cos0, 2sinb,cosb, (cos*, — sinb,)



Appendix II

Example problems to test Stress analysis module and Optimization module
1. Stress analysis example.

2. Design Optinnzation example |



VY

NUMBER OF LAYERS = 3

Layer
1
2
3

Orientation Thickness
0 0.1
30 0.2
60 0.1

Fig A2.1 EXAMPLE

Xy



This is the input file for the Stress analysis example
problem.

.200000e+04
.000000e+03
.000000e+02
.500000e-02
.000000e-01

.000000e-01
.000000e+00
.000000e-01
.000000e+01
.000000e-01
.000000e+01
.000000e+01
.000000e+01
.000000e+01
.000000e+01
.000000e+01
.000000e+01

.000000e+02
.000000e+00
.000000e+00

VO R B R R R R RO WNDORFRWWN R



Output file for the Stress analysis example.

FIBER COMPOSITES - ANALYSIS

Longitudinal Young's Modulus of the material .1.200000e+04

Transverse Young's Modulus of the material .1.000000e+03

Rigidity Modulus of the material, GLT .7.000000e+02

Major Poisson's ratio of the material .2.500000e-02
Minor Poisson's ratio of the material .3.000000e-01

Number of layers in laminate ...3

Thickness of the lamina # 1 .0.100000 deg

Orientation of the lamina # 1...0.000000 deg

Thickness of the lamina # 2 ...0.200000 deg

Orientation of the lamina # 2...30.000000 deg

Thickness of the lamina # 3 ...0.100000 deg

Orientation of the lamina # 3...60.000000 deg

LAMINATE LOADING CONDITIONS

Memberane force in the X direction, NX...1.000000e+01
Memberane force in the Y direction, NY...1.000000e+01
Memberane force in shear, NY .000000e+01
Resultant Moment , MX .000000e+01
Resultant Moment, MY .000000e+01
Resultant Moment, MXY .000000e+01

Lamina Stiffness matrix in the

material direction



| 3.022670e+02

1.007557e+03 |

0.000000e+00 |

[A] for the laminate



Coupling Stiffness matrix

| 3.778827e+01 |

| 7.064798e+00 |

{ 5.449743e+00 |

[B] £
(D]

or the laminate

GLOBAL STIffNESS matrix for the laminate

2.905611e+03
2.726354e+01
6.661776e+02
9.742161e+01
8.248073e+02
5.173410e+01
-1.519487e+02
7.064798e+00
2.726354e+01
2.116358e+01
2.025289%e+01
8.947657e+00

6.661776e+02
2.025289%9e+01

8

1.243142e+03

5.173410e+01

6.149326e+02

2.726354e+01

2.726354e+01

5.449743e+00

9.742161le+01

8.947657e+00

5.17341Ce+01

9.186041e+00

.248073e+02 -1
6.149326e+02 2
8.252708e+02 2

2.025289e+01
5.173410e+01 7

2.726354e+01 5

.519487e+02

.726354e+01

.025289e+01

3.778827e+01

.064798e+00

L449743e+00

GLOBAL FLEXIBILITY {Compliance} matrix for the laminate

8.086837e-04
1.033482e-03
-1.090329%e-04
4.90417%e-03
-8.193664e-04
1.443072e-03
3.870557e-03
5.582175e-04
1.033482e-03

-1.090328e-04

-2.039987e-03

1.746227e-03

-2.429494e-03

-8.045040e-04

2.067221e-03

1.310868e-07

-2.384372e-02

-4.904178e-03

-8.193665e-04

-8.045037e-04

2.755811e-03

-4.219617e-03

-1.443075e-03

3.870558e-03

1.305752e-07

-4.219015<-0%3

4.783145e-02

-5.58216%e-04




1.012337e-01 -6.865163e-
-2.039988e-03 -2.42949¢6
6.865162e-02 2.019213e-0

Mid plane strains for the

02

e-03 2.067224e-03 -2.384373e-02

1

lJaminate

Mid plane Strains in the individual lamina of the laminate (X-Y)

| Lamina #| Strain (X)

A

T S ieseees

N
|

| Lamina #| Stress (X)
| === [
-1.185411e+02

lamina of the laminate (X-Y)



| 3 |  2.523092e+02
|- e

Strains in the individual
direction (L-T)

| Lamina #| Strain (L)

| = | ==
-7.177497e-03

Stesses in the individual
direction (1-T)

| = |~

| Lamina # | Stress (L)
f— = ===
| 1 | -1.185411e+02
—————— =
| 2 -6.217933e+01

|
|

l 3 | 5.201204e+02
|

LAMINA FAILURE

|  4.131444e+02 | 3.399087e+02 \
it R s E |

lamina of the laminate in the material

| _______________
| Strain (T)

shenr Strain my
T eeiioseor
L oreine0s | 9.230351000 |
L satzie0s | 1iasaoroecon
| === | == |

lamina of the laminate in the material

| -5.725782e+01

| _______________
| 1.453332e+02

DATA

Lamina failure criterion based on Max.stress theory

Lamina # 1 i1s safe

Lamina # 2 1s safe

Lamina # 3 fails



NUMBER OF LAYERS = 4

Layer Orientation
1 0
2 +45
3 -45
4 +90

Fig A2.2 EXAMPLE II



This is the input file for the optimization example problem I

.000000e+07
.300000e+06
.500000e+05
.000000e+00
.040000e-01

.000000e-03
.000000e+00
.000000e-03
.500000e+01
.000000e-03
-4.500000e+01
5.000000e-03
9.000000e+01
0.0

0.0

3000.00
.000000e+00
.000000e+00
.000000e+00
.000000 3.000000
.500000 1.500000
.000000e+05
.000000e+05
.000000e+00
.250000e-03
-5.750000e-03
6.150000e~-03
-2.306000e-02
2.460000e-02

G 00 O U1 WO oy PN

O O U0 W o oo




Output file for the Optmization example I
FIBER COMPOSITES - ANALYSIS

Longitudinal Young's Modulus of the material
Transverse Young's Modulus of the material
Rigidity Modulus of the material, GLT
Major Poisson's ratio of the material
Minor Poisson's ratio of the material
Number of layers in laminate ...4

Thickness of the lamina # 1 ...0.002790 deg
Orientation of the lamina # 1...0.000000 deg

Thickness of the lamina # 2 ...0.035460 deg
Orientation of the lamina # 2..

Thickness of the lamina # 3
Orientation of the lamina # 3..

.0.035460 deg

Thickness of the lamina # 4
Orientation of the lamina # 4..

.0.002790 deg

LAMINATE LOADING CONDITIONS

.45.000000 deg

.—45.000000 deg

.90.000000 deg

.000000e+07

.300000e+06

.500000e+05

.976000e-02

.040000e-01

Memberane force in the X direction, NX...0.000000e+00

Memberane force in the Y direction, NY...0.000000e+00

Memberane force in shear, NY ...3.000000e+0C7
Resultant Moment , MX ...0.000000e+00
Resultant Moment, MY ...0.000000e+00

Resultant Moment, MXY

Lamina Stiffness matrix in the material direction

..0.000000e+00



| 6.205974e+06

4.905975e+06

| = | =

[ 4.905975e+06

[ 0.000000e+00

6.205976e+06

0.000000e+00

Stiffness matrix of the lamina

0.000000e+00

!
I
|
I

3 oriented at -45.000000

6.500000e+05 |



Extensional Stiffness matrix [A] for the laminate

|  4.999138e+05 | 3.501503e+05 | 1.667773e+05 |
| === | = e | == |
| 3.501503e+05 | 4.99913%e+05 | 1.667773e+05 |
| = | mmm |~ |
[ 1.667773e+05 | 1.667773e+05 | 3.694598e+05 |

| -1.934455e+03 | 5.531311e-04 [-2.956961e+03|
| == | == | = |
| 5.531311e-04 | 1.934454e+03 [-2.956961le+03|
| = | = | == |
| -2.956961e+03 | -2.956961e+03 | 7.629395e-04]

Bending Stiffness matrix [D] for the laminate

|  2.657196e+02 | 1.488460e+02 | 6.990255e+01|
| = | mmm | —mm e |
| 1.488460e+02 | 2.657195e+02 | 6.990255e+01
|~ | mmm | mmm |
| 6.990255e+01 | 6.990255e+01 | 1.582630e+02|

GLOBRAL STIFFNESS matrix for the laminate

4.999138e+05 3.501503e+05 1.667773e+05 -1.934455e+03
5.531311e-04 -2.956961e+03

3.501503e+05 4.99913%e+05 1.667773e+05 5.531311e-04
1.934454e+03 -2.956961e+03

1.667773e+05 1.667773e+05 3.694598e+05 ~2.956961e+03
2.956961e+03 7.629395e-04

-1.934455e+03 5.531311e-04 -2.956961e+03 2.657196e+02
1.488460e+02 6.990255e+01

5.531311e-04 1.934454e+03 -2.956961e+03 1.488460e+02

2.657195e+02 ©6.990255e+01
-2.956961e+03 -2.956961e+03 7.629395e-04 £.990255e+01



6.990255e+01 1.582630e+02

GLOBAL FLEXIBILITY {Compliance} matrix for the laminate

4.261883e-06 -2.607819e-06 -6.273755e-07
6.236851e-06 2.432143e-05

-2.607818e-06 5.325068e-06 -2.004645e-06
7.109487e-05 9.370701e-05

-6.273767e-07 -2.004644e-06 4.748155e-06
7.509557e-05 -9.62717%9e-05

2.114070e-05 -2.611981e-05 3.153118e-05
2.407492e-03 -1.709095e-03

-6.236912e-06 -7.109482e-05 7.509557e-05
7.428734e-03 -3.662666e-03

2.432149e-05 9.370699e-05 -9.627183e-05

3.662666e-03 1.089645e-02

Mid plane strains for the laminate

2.114067e-05 -

-2.61197%e-05

3.153117e-05

6.066349e-03 -

-2.407492e-03

-1.708095e-03 -

the laminate (X-Y)



Stesses in the individual lamina of the laminate (X-Y)

| Lamina # | Stress (X) | Stress (Y) | ShearStress (XY) |
|- |-—— - |- |——m— -
|

| 1 | =1.020851e+06 | -4.087252e+05 | 4.389525e+05

| ===—=———— |- |[—m— | ——m
|

| 2 | 1.524321e+06 | 1.313756e+06 | 1.88557%e+06

| === | ——m—— |- |-
|

| 3 |  =-5.546646e+05 | -6.318321e+05 | 2.406995e+06

| === [ === | —mm | ——— e e
|

| 4 | -1.516460e+04 | 3.145640e+05 | 2.42658%9e+05

Strains in the individual lamina of the laminate in the material
direction (L-T)

| Lamina # | Strain (L) | Strain (7T) | Shear Strain (LT) |
| ————— |- |- - [—— e e
|

| 1 | ~=5.368371e-03 | -1.431688e-02 | 2.488876e-02

[ aine |- | -~
|

| 2 | 2.898812e-03 | —1.646635e-02 f -6.44899%e~-03

| mm = | —mmm [—mm | =—mm -
|

| 3 | -5.674175e-03 | 3.449590e-03 I 1.814618e-03



Stesses 1in the individual lamina of the laminate in the material
direction (1-T)

| Lamina # | Stress (L) | Stress (T) i Stress (LT)
= |- [—=— e e [
l

1 1 I -1.061643e+07 | -5.999264e+06 | 6.167964e+06

| - |- | ———m f=mm e
I

] 2 | 3.279530e+07 | 6.535408e4+06 | -3.303516e+06

| === | [ bbb bt
|

| 3 |  =2.749171e+07 | 7.538908e+06 | 1.352264e+06

| === |[-———— |- [~—=m e
|

| 4 |  1.390595e+06 | -4.342796e+05 | -3.556252e¢+06

LAMINA FATLURE DATA
Lamina # 1 is safe
Lamina # 2 is safe
Lamina # 3 is safe

Lamina # 4 1is safe

Kk ok ok ok Kk ok ok ok sk ke ke ke ko ok sk ok ki ok kK ok kKR ok kK R kR ok ok ok ke ok ok ok ok ok ok ok ok ok ok ok ke ok ok ok ke

OPTIMIZATION DATA

AAA Ak kA A hAhkARA KR AR hhkhkhkhhhdhhhhkhhhhhskhkhkhkhkhxkhkkhkhkkkhkkxkkkkkkx

Initial design thickness of all the plies...3.400000e-02

Initial total design thickness of the laminate...1.360000e-01

*************ITERATION # T hkk ok xkkkkkkkx



Number of undeleted Strength constraints = 4

Number of undeleted Stiffness constraints = 2

Undeleted Strength Constraints gol[l][2] = 3.535524e-01
Undeleted Strength Constraints qgol[2] [3] 9.516579%9e-01
Undeleted Strength Constraints qgol[3]1[3] 4.954439%e-01
Undeleted Strength Constraints go[5][1] = 4.862203e-01

Undeleted Stiffness constraints aoll] 1.150583e+06
Undeleted Stiffness constraints aoc[2]1[2] = 1.150583e+06
Undeleted Stiffness constraints ao[3] = 3.949703e+05

o
|

W
|

DESIGN MODIFICATION VECTOR 5
DESIGN MODIFICATION VECTOR S
DESIGN MODIFICATION VECTOR S
DESIGN MODIFICATION VECTOR S

= -1.506000e-02
-3.400000e-02
-3.400000e-02
5.691000e-02

It

TOTAL THICKNESS OF THE LAMINATE AFTER ITERATION # 1 = 1.098500e-01

*************ITERATION # 2*************

Number of undeleted Strength constraints = 4
Number of undeleted Stiffness constraints = 1
Undeleted Strength Constraints qgoll][2] = 2.546383e+00
Undeleted Strength Constraints qol[2] [3] 3.653507e+00
Undeleted Strength Constraints gol[3][3] 3.415880e+00
Undeleted Strength Constraints gol[5][1] = 1.7079%940e+00



Undeleted Stiffness constraints aof{l][l] =
Undeleted Stiffness constraints ac{2][2]
Undeleted Stiffness constraints ao[3][3]

4.999865e+05
1.853959e+06
7.140250e+04

il

DESIGN MODIFICATION VECTOR S[l] = -1.713000e-02
DESIGN MODIFICATION VECTOR S[2] = 3.735000e-02
DESIGN MODIFICATION VECTOR S{3] 3.735000e-02
DESIGN MODIFICATION VECTOR S[4] = -9.091000e-02

LAMINA THICKNESSES AFTER ITERATION # 2

| LAMINA # 1 | 1.810001e-03 |
T oAmmnn £ 2 1 3735000002 |
ommrwn 5 3 | 3735000002 |
aina 5 4 | 0.0000008:00 |

TOTAL THICKNESS OF THE LAMINATE AFTER ITERATION # 2 = 7.651000e-02

*************ITERATION # 3*************

Number of undeleted Strength constraints = 4

Number of undeleted Stiffness constraints = 2
Undeleted Strength Constraints goll][2] = 3.384311e-01
Undeleted Strength Constraints gol[2][3] = 8.891850e-01
Undeleted Strength Constraints go[3][3] 5.5067%6e-01
Undeleted Strength Constraints qgol[b][1] = 1.093985e+00

Undeleted Stiffness constraints ao[l]f[1l] = 5.000051=+05
Undeleted Stiffness constraints ao{21[2] = 4.65953602+05
Undeleted Stiffness constraints ao[3] (3] = 3.865080e+05

DESIGN MODIFICATION VECTOR
DESIGN MODIFICATION VECTOR

S[1] =
sSi21 =

9.800000e-04
-1.890000e-03



DESIGN MODIFICATION VECTOR
DESIGN MODIFICATION VECTOR

S[3]
S[4]

-1.890000e-03

2.790000e-03

LAMINA THICKNESSES AFTER ITERATION # 3

TOTAL THICKNESS OF THE LAMINATE AFTER ITERATION # 3 = 7.649999%e-02

*************ITERATION # 4*************

Number of undeleted Strength constraints = 4

Number of undeleted Stiffness constraints = 2
Undeleted Strength Constraints gof{l](2] = 3.513711le-01
Undeleted Strength Constraints gol{2][3] = 9.868130e-01
Undeleted Strength Constraints gol(31[3] = 5.609090e-01
Undeleted Strength Constraints gol[51[1] = 1.011738e+00
Undeleted Stiffness constraints aoll][1] = 4.999138e+05
Undeleted Stiffness constraints ao(2] (2] = 4.99913%e+05
Undeleted Stiffness constraints aol(3][3] = 3.694598e+05
DESIGN MODIFICATION VECTOR S[{1] = 0.000000e+00

DESIGN MODIFICATION VECTOR S[2] = 0.000000e+00

DESIGN MODIFICATION VECTOR S[3] = 0.000000e+00

DESIGN MODIFICATION VECTOR S{4] = 0.000000e+00

| LAMINA # 1 | 2.790001e-03



TOTAL THICKNESS OF THE LAMINATE AFTER ITERATION # 4 = 7.64999%e-02
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