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ABSTRACT 

Title of Thesis : Design Optimization of Laminated 

Fiber Composites. 

Ramarao G Prasad, M S M E 1991 

Thesis directed by : Dr. N.Levy 
Professor, Department of Mechanical Engineering 

Laminated Fiber Composites are finding a wide range of applications in stiuc-
tuial design especially for light weight structures that have stringent stiffness and 
strength requirements Finding an efficient composite stauctinal design that meets 
the requirements of a certain application can be achieved not only hv sizing t ( loss 

sectional areas and member thicknesses but also by global 01 local 1<11101 uig 01 t lie Ind-

ic:nal properties through selective use of orientation. tiumbei and si king -,equen«i 

of the laminae that make up the composite laminate 
The work piesented here treats the design optimization problem in \ °lying iinn-

imum weight design of fiber composite laminates subject to enplane loading conditions 
which takes into account membrane stiffness and strength constraints The problem 
is a non lineal mathematical programming problem in which the thicknesses of the 

material placed at preassigned orientation angles are tieated as 1110 on I:\  design \ a 
ables Computational efficiency is achieved by using consttaint deletion echniques 
in conjunction with Taylor series approximation foi the eonstiaints ididiued I lie op-
timization algouthin used employs a sequence of lineal piograrw, i o < on e ci ge t () t lie 

optimum solution 
The method 'Resented offers an efficient and piactical optimum design H o( e-

Jule. 
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Chapter 1 

Introduction 

1.1 Introduction 

The design of laminated Fiber Composites has become a challenge to the designei 

This is because of the wide range of parameters that can be van ied and ( omplex 

behaviour of these structures that require sophisticated analy;,1,, le( linfi l ne, Due to 

the large number of design variables involved;  the designee ha, inote ( ont tot I, line 

tune his stitutuie to meet the iequuements of a design sit uation. it only Llie cleHguei 

can find out how to select these valuables The possibility of (utile\ nig a design that 

meets multiple requirements efficiently coupled with the diffic ult \ selec t mg the 

values of a large set of design variables makes stiuctinal 01)11111r/dhoti an 01) 1001 

for the design of laminated composite structures. 

1.2 Definitions 

Optimization is conceined with achieving the best outcome of a go \ CE Ob jecii\ a \\ bile  

satisfying certain restiictions. 

Optimal design can he defined as the best feasible design a( «n di rig t u a pi es-

elected quantitative measure of effectiveness 

The notion of improving 01 optimizing a still( tine mi phi 01\ c-,111ipo,cs uie 

1 



freedom to change the structure. The potential for change Is tYpic ally expressed ni 

terms of ranges of permissible changes of a group of parameters These paiatnet e s 

are called design variables. 

The notion of optimization also implies that these ale some limit luitctions of 

functions that can be improved. These functions are called objective functions. 

The solution process consists of starting with an initial design and proceeding 

in small steps in order to improve the value of the objective function 01 degree of 

compliance with the constraints or both. The search is terminated when no pi ogress 

can be made in improving the objective function without violating some ill l lie ( 

stiaints The search can also be terminated when progi ess o\ ing the 01)lec t i 

function becomes vei v slow 

1.3 Previous work 

The minimum weight optimum design of laminates for sticog!ii and memluane s- 

tiffness was studied extensively by Foye Multiple iupla ue [0,1(1111g ( vv el('  

considered and a random search method was used to find ply of ientation angles, sill li 

that the strength and stiffness requirements would be satisfied with the smallest num-

ber of plies 

Another procedure for the optimum design of la uii115tes vv (IS given 1)\ \\ ad-

doups. Minimum  weight designs were obtained coilsldeuiig stiengtli tepinnrnienls 

under multiple distinct loading conditions Eithei Tsai Hill 01 ina\mutin ,1 tam i i ite-

ria was used and all the laminae were assumed to behave lineal I\ hp to 'dilute The 

search method employ ed was a systematic 'try them all' pi o«_‘dit ie 

Both these studies deal with discrete number of plies and they treat ply thick-

nesses as well as their orientation as design variables 

Verette has extended the laminate optimization procedure to iii hide I nn Ming 

based on stability analysis. 
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In the work presented here attention has been focused on developing a lain-

mate optimization capability in which thickness of the maternal placed at specified 

orientation angles are treated as the only design variables 

1.4 Problems in laminate design 

The laminate stiffness inatiices can be manipulated by changing either the numbei 

of layers or orientation. Using these quantities as design variables it is possible to 

change the material properties of the laminate as well as the thickness 

In order to limit the size of the design problem, inn tat ions are impo,ed un 

the stacking sequences The analysis of laminate with bending extension «ni piing is 

difficult because the out of plane deloimation associated with inplane loads tlIcIV be 

large and requne non linear analysis capability. Foi symmetric laminates the bending 

and extensional responses are decoupled resulting in simple' anal VHS procedur e 

number of design variables are halved for the symmetric laminate,  It is also ble 

to eliminate shear extension coupling by using negative angle pie, lu< e\ n \ po,,01\ 

angle ply used in the laminate Such laminates are called I ba,anced Ianinnatc 

In the vvoch presented here_ only balanced symmetric Idnimates hare been 

considered for anal\ sis 

1.5 Applications 

Some commercial applications of design optimization of fiber po,ite-, and related 

computer codes used are given below 

Stiffened plate design• Laminated plates stiffened by longitudinal and tian,,yerse 

members are one of the most common structural components. Computer code!, used 

for this purpose are VIPASA, CONMIN, PASCO and VICON [1] 

VIPASA is the computer program for the design procedure of a ,nillened 

MIN is the mathematical programming code based on the method ol lea,ible dile( - 



I 

tions algorithm. VICON is a combination of VIPASA (VI) and CONMIN (CON) 

Aeroelastic tailoring This is a major area of application of design optimization Thus 

concept is utilized in aircraft wing structures which involve aei oclastic const !dints 

Aeroelastic tailoring involves the use of structural deformatioi i to Iiiiplove ,,ti in tin al 

and aerodynamic characteristics of a lifting surface. The comput ei codes de \ eloped 

tor this purpose are the TSO program, the finite element based FA STOP pi ogi am and 

ASTROS [4]. TSO was one of the early efforts in introducing structural optimiza-

tion into aeroelastic tailoring. This software was developed by General Dv nanucs 

ASTROS is an acronym for Automated structural optimization ,-, \ si en] de \ eloped by 

Northrop 



Chapter 2 

Laminate Analysis 

2.1 Introduction 

The word composites in composite materials signifies that t\\ o 01  inn male! ials 

are combined on a macroscopic scale to form a useful inatelial I he ads (tillage of 

composites is that they usually exhibit the best qualities of then constituents and 

some qualities that neither constituents possess 

Laminated composites consists of at least two different mater ials that ale bond-

ed together. The properties that can be emphasized by laminate, an' stieugt h still-

ness and low weight The layers of the fibei reinforced laminates are I )1t1,1 1 lip with 

the fiber directions of each layer typically oriented in diffelein du c'c tions I ins the 

strengths and stiffnesses 01 the fiber reinforced composites can be designed to the 

specific requirements of the structural element 

2.2 Classical lamination theory 

This theory embodies a collection of stress and defoiniatioli 11\ pot ItcH,, \\ hicli  1, it-,eltil 

in proceeding [rom the basic building block the lamina. to the ,t 1 ti( final lawitidte 

The stress strain relations in the principal mateind co-oi (finales [fig 2 I] foi 

a lamina of an orthotropic material under plane stress are [1] 

5 



Fig 2.1 SYMMETRIC LAMINATE UNDER IN-PLANE LOADING 



Qt.) are the reduced stiffnesses. 

In any other co-ordinate system in the plane of the lamina, the stress sti am 

relations are 

2.3 Assumptions in classical lamination theory 

a The laminate is assumed to consist of perfectly bonded lrumnae and that the 

bonds ate non shear deformable. 

b. The laminate acts as a single layer with very special propel es 

c The displacements are continuous across lamina boundat les. so tliai no lamina 

can slip relative to each other. 

By the Km_liof[ hypothesis the laminate strains ale given b\ 







CHAPTER 2 LAMINATE ANALYSIS' 

The Extensional stiffness matrix relates the resultant forces to the midplane 

strains and the Bending stiffness matrix relates the resultant moments to the plate 

curvatures. 





Chapter 3 

Optimization problem 

3.1 Problem statement 

The objective is to find the minimum weight design subject to ,,tieItgtli and H lembi (tile 

stiffness requirement'. The mateifial properties and thy available 01 Hutch ion angle,, 

of the libels are known quantities. The thicknesses of the plie,, at ed( Ii of lent atton 

angle are the only design variables which are to be optimized 

The optimization problem can be stated as 
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3.2 Description of the constraints 

Equation (2) represents the strength criterion. The strains appearing in this coil-

straint depend upon the design variables t, in a non linear and implicit Mall 11(1 The 

failure envelope is represented by a set of J planar facets in the ri . E 71 , sti space 

(J = 6) 

The coefficients [Appendix Il Al, .13', and Ca are given in the following table. 

A7 (d (0 
7 

CO) 
3 

I I /F, ti,1 0 

I/ - 0 

0 

0 

3 0 I/4 0 

4 0 1/q, 0 

5 0 0 1/1 7, 

6 0 0 ihET 

Table 3 I Values of coefficients for Max.Stiam [allure itet ion 

Equation (3) represents the stiffness criterion Tlft‘ laminate inemhidlIC st ill- 

nesses are linearly dependent on the design vai table t, 

Equation (3) iepresents the non-negativity constraint \\ 11 e-, Ihhai the 

thicknesses of the plies be positive always 

It is seen that the objective function. the stillness oini i <<lilt and ilk ,  non- 

negativity constraints are linear functions of the desrgn \ anal llovte\ in- 

equality constianit representing the strength criterion is non linear in the design 

variables. 



Chapter 4 

Optimization Procedure 

4.1 Algorithm 

The optimization procedure employed transforms the nonlinear PI °pain lulllg 0b1em 

into a sequence of linear problems that can be solved its]ng a simplex algut it 11111 

The method adapted tends to generate a sequence of designs that di ( 1 11I< di 

the sequence of designs tend to funnel down the middle of the acceptable legion A 

constraint deletion technique is employed which retains only those constraints which 

are potentially critical at each stage of the optimization process The inequality 

constraints ignored at each stage are automatically satisfied if c utic al neat (1111( a1   

constraints are satisfied. 

Three important aspects are to be considered while appl \ ulg the 01)1 Inn/al lull 

algorithm to the laminate design problem. They are 

1. A method to automatically generate an acceptable initial design. 

2. A decision as to which of the inequality constraints cue 10 be tetamed 

3 A method to obtain the partial cleuvative expiession, htli l/cd lepiy- 

sentations of the constraints retained can be COM:0,11_1( led 

The Optimization procedure is shown in fig. 4 1. 

14 





CHAPTER 4 OPTIMIZATION PROCEDURE I b 

4.2 Initial Design 

The basic thickness of all the plies in the laminate is assumed to be 0.005th The 

thickness of the plies are determined so as to satisfy the stiffness leg-truculent s. The 

stiffness requirements are satisfied if the membrane stiffnesses An. A22  and .466  exceed 

the specified lower limits Ain , Al2 9  and A66 respectively by a given starting point lactoi 

of safety. 

It is also possible to determine the starting values of ti v kness ()I the pl ices In 

satisfying the strength requirements with a specified factor  

The initial thickness of the plies is the larger of the two values got 110111 the 

stiffness and strength criteria,. 

4.3 Constraint Deletion 

The purpose of the constraint deletion process is to diasticallv ietlu1 e t lie wind wt of 

inequality constiauiis used to represent the stiffness and stieugth consti dun 

A compromise has to be made between the values of the contiol paiameteis 

(ACR k SCR) and the safety of the design The larger the specified values of the 

control parameters the larger the number of inequality constia.nu s tetaitted and hence 

the risk of finding an unacceptable design is towel On the of het hand 11 tin' sect flied 

values of contiol paiaineteis aie smaller . the uuniber of inequalu v «nisi i at iut let anted 

is smaller and consequently the risk of finding an unac ceptable design is tugliet 

The inequality constraints on the membrane stiffnesses are expressed as 
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then the corresponding constraint A„ < ignoled 

The effect of this procedure is to delete a stiffness coiisti (inn 11 I lie i dt io of the 

of Ar,./Arri  for the current design over the corresponding towel limit value equals 01 

exceeds the specified value of the control parameter 

The strength constraint can be expressed as 

4.4 Partial derivatives for non linear constraints 

Of all the constraints. the inequality constraints representing t lie ,,ttengIli c i it el 1011 

is non linear in the design variables t, The partial dei i Val I \ es of Q,, « i t 1 i i espect 

the design variable i., are needed to construct the lineal ized iepi eseutat 1011 of I lie ii(ai 

linear consti aint 

The non lineal constraint 
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rom tins equation the partial cterivatives 0i the strength «mstic111115 Ailth 

respect to the design variable can be found, from which linearized appioxullation of 

the strength constraints can be constructed. 
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4.5 Simplex tableau 



The iterative design procedure is continued to convergen«- The coni~eigcuce  

criteria is based on the diminishing returns with repect to the N‘eiglit i(-cluct tei 

successive iteiatious. An option to terminate the iteiative pi ocedill altei a in espec--

ified number of stages is provided 



Chapter 5 

Program Organization 

5.1 Introduction 

The Program has basically two modules. They are 

1. Laminate stress analysis module 

2 Laminate Design optimization module 

These modules can be run seperately or together The «nuptitet code has 

been developed in the language on the SUN/SPARC' NVoik,st alien fille soh wale 

package GAMS ( General algebraic modelling system ) has been used to solve the 

Simplex problem in the optimization module 

The sample input files and the corresponding output lot ea( It module 15 

given in the appendix 11 

5.2 Stress analysis module 

The input to this module can be either given interactively of (loin an input file II 

the interactive mode is selected, the uses is prompted lot \ (limns Input paialnetet ,, 

(material properties. loading conditions etc) which aie to be t \ ped i n Ilitough t lie 

keyboard. A file containing the user given input (input.dat ) is ( waled 1,\ detaull 

On the other hand it the input from a file is opted lot. then the user is pi opiptud Eel 

21 



CHAPTER 5 PROGRAM ORGANIZATION 22 

an input file name This file should contain all the requisite 1111)111 quantities rlie 

program will read the input from this file and begin execution 

The 'laminate' function can be thought of as the heart of the sttess analysis 

module. To begin with the program calculates the stiffness matrix of the lainmate 

in the principal material direction. The stiffness matrices of each lamina, oriented at 

predefined angles is found. The Extensional stiffness matrix. Bending stiffness mati ix 

and the Coupling matrix is calculated from the stiffness matii«.'s of the inch\ iclual 

laminae. The Global stiffness matrix of the laminate is then a,,,eililded how I he 

Extensional. Bending and Coupling stiffness matiices 

The Global stiffness matrix is inverted to get the Global compliance oatitx  

The inverse function uses a L-U decomposition technique along with back substitu-

tion. 

The laminate nudplane strains and curvatures are got b\ mull 11)1 \ Illg Hue com-

pliance matrix with the load vector. The strain in the inidplane ()I each Idilimd is 

calculated _Loin which the coiresponclnig stresses are got I lie st tesse,-, <Hid st i ants in 

the principal matelral direction is got by using a transfoimation matrix 

The last part in the 'laminate' function is the failure anal\ sis The laminate 

is tested for failure depending on the load condition and the type of tannic i lite! i-

on selected The user has the choice of selecting the failure duxes ion based on I 

following theories 

1 Maximum stress theoiv This theory states that use e will o« any of I he 

stresses rn the principal material direction exceeds the couesponding allowable 

stress. The following equations have to be satisfied 
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2 Maximum strain theory. This theory states that failure will occur i1 Diuv of the 

strains in the principal material direction exceeds the corresponding allowable 

strain. The following equations have to be satisfied 
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5.3 Optimization module 

As in the stress analysis module the input can be given elate' no eiacti \ etv of bow 

an input file. 

The Optimization module is made up of four main 'cyanic, They ale 

I. Initial design 

2. Constraint deletion. 

3. Simplex formulation. 

4 CAMS. 

5.3.1 Initial design 

The thicknesses of the laminae required to satisfy the stith ess tequnements ate de-

termined. The stiffness criteria can be stated as 
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5.3.2 Constraint deletion 

Of the three stiffness constraints only those that are critical ate 'claimed l 0 be used 

in the simplex formulation 

The total number of strength constraints before deletion is equal to the pioduct 

of the numbei of strain facets and the number of layers in the laminate The simplex 

formulation is simplified by deleting the non critical strength constraints 

5.3.3 Simplex formulation 

This part of the program calculates the coeffecients needed lot 'lie ( on ,,t I d um equa- 

tions in the simplex table. 

The coeffecients for the strength constraint equations are 



The magnitude of the gradient of W is the square out of Hie toidI numbei ()I 

layers in the laminate. 

The Linking constraint is included if a balanced laminate is de-died Io 

number of linking constraints depends on the number of layei s and is equal to (1-2)12. 

This constraint requnes that if any two of the layers have orientation 0, and 0, and 

if 0, = 03  then the design modification vectors S, arid 5, must Le equal ie = ';/ 

This will keep the thickness of the layers same (t, = I,) 

The stiffness onsti amts, the non-negativitv ist mini, and I le will 

that the next design be lighter than the current design ale appew!cd <Et each ,,tag( of 

the simplex formulation. 

The constraint equations and the objective function cue wiitten ou into the 

file 'pr.gms' which is the input file for the GAMS package The !Heat ptogiamming 
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problem is solved by CAMS for the design modification vector $p The design is Own 

updated as 4+1  = t p  + Sp 

5.3.4 GAMS 

GAMS [20] is an acronym for General Algebraic Modelling Svst (In This has been 

used to constitict and solve the optimization problem Ioi the design od]IR aLion R 

vector. GAMS has been developed based on ideas diawn bon) the icitational database 

theory and mathematical programming. Relational databases provide a structured 

frame work for developing general data organization and tiansfoi capabilities 

Mathematical programming provides a way of describing a problem and a vat lei \ of 

methods for solving it 

A shell tool is opened foi GAMS to execute The out pill bum I lie (1.\ 

which consists of the components of the design modification vec toi S dile( led to a 

file named 'update'. The optimization nodule reads the modification vector iionl the 

file 'update' and appends it to the current design vector to get the new design vector  

This cycle is repeated until there is no further improvement in the design \ cs( t of 

An output file 'optdes.out .  is got at the end of the plogtd eNe( 



Chapter 6 

Conclusions 

6.1 Results 

A practical and efficient method for the stress analysis and 11111)11111_111) weight opti- 

mum design of symmetric laminates taking into account the tit Length 

limitations has been presented. Attention was focused on de\ eloping a lainiliaie de-

sign capability in which the thickness of the material at specified of lent at 1011 angles 

0, are the only design variables. The laminate optimization task was Lai inulat ed as a 

non linear mathematical programming problem. This is transformed Hit() a sequence 

of linear problems These linear problems have been solved using a standaid sim- 

plex algorithm. The constraint deletion technique adopted enita»«'s the \ ()I 

the method significantly by temporality ignoring constiaints 111(11 dl(' 1101 ev i 11 11e(11  

cutical 

The laminate \\as  loaded with a shear load A'x  of .3000 lbs and tile optimum 

thickness was found to be 0 076,19 inch. The same laminate was loaded with a nonnal 

load AT, of 3000 lbs and the optimum thickness was Found to be 0 090'.-) inch When 

the laminate was loaded with both shear and normal loads togethei the opi 'mum 

thickness was found to be 0.127 inch This value is almost , 'qual to I lie of the 

optimum thickness values, got when the laminate was loaded sepei ate' \ «1t 11 !tonna' 

and shear loads. 

It is seen from the graph of shear load v/s optimum thickness that the optimuin 

-)8 





6.2 Further Scope 

In the method presented herein, the GAMS package has been used to [01rii 'date and 

solve the simplex problem. A computer code developed specifitallA,  to lot mulate 

and solve the simplex problem in the laminate optimization pi ohletti ‘would P 01),11)1 

give better results. In the work presented the minimum weight opt Hint I H design of 

laminates is achieved subject to strength and stiffness constraints It would be logica l  

to extend this work to take care of buckling loads This would involve elastic stabilit 

constraints and would give rise to an eigenvalue problem 
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Appendix II 

Example problems to test Stress analysis module and Optimization module 

1. Stress analysis example. 

2. Design Optimization example I 








































	Design optimization of laminated fiber composites
	Recommended Citation

	Copyright Warning & Restrictions
	Personal Information Statement
	Abstract
	Title Page
	Approval Sheet
	Vita
	Acknowledgement
	Contents (1 of 2)
	Contents (2 of 2)
	Chapter 1 : Introduction
	Chapter 2: Laminate Analysis
	Chapter 3: Optimization problem
	Chapter 4: Optimization Procedure
	Chapter 5: Program Organization
	Chapter 6: Conclusions
	Reference
	Appendix I
	Appendix II

	List of Figures

