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ABSTRACT  

This thesis presents a new equation for predicting 

catalyst utilization with continuous replacement in 

multistage continuous reactors from batch reactor data. 

An equation is derived from experimental data for a. 

no-replacement system which predicts catalyst activity as 

a function of time. The assumption of constant inventory, 

constant replacement rate and perfect mixing permit the 

calculation of catalyst age distribution. By combining 

age distribution with a measure of catalyst productivity, 

as determined from activity as a function of time, an 

equation for catalyst utilization was derived. The case 

used to prepare this equation was where the activity 

decline curve appears as a straight line on log-log paper. 

The resulting equation which describes catalyst 

utilization is as follows: 

(n-b)nn-b)/nn) 
Catalyst utilization =  

r1-b 

where: n is the number of reactors in series, 

ris the gamma function, and 

b is the slope of the catalyst activity curve 

on a log-log plot. 
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rate from laboratory experiments but with no replacement 

of the catalyst. They developed equations for three 

different types of catalyst activity declines, which are 

(1) linear, (2) experimental, and (3) log-log. A curve 

for catalyst deactivation, as a function of time, was 

fitted to experimental data by use of least squares methods. 

This curve then shows catalyst activity as a function of 

time under no-replacement conditions. Their proposed 

prediction equations are only valid, if there is perfect 

mixing in the reactor and activity of the catalyst in a 

function time only. Only single stage operations are 

studied by the above investigators.1 

MacMullin and Weber derived an equation based on the 

assumptions of constant inventory, constant_ replacement 

rate, and perfect mixing, which calculates the fraction 

of catalyst of age t or younger in a series of equal-

volume reactors and also for the special case of a single 

reactor. By differentiating the above equation, the 

resultant equation describes the catalyst age distribution.2 

The knowledge of the catalyst activity data for the 

no-replacement system, combined with the steady state age 

distribution of the catalyst, permits prediction of the 

steady-state average catalyst activity. The final equation 

for predicting catalyst activity in a continuous system 



is found by mathematical integration of the no-replacement 

activity curve and catalyst age distribution with respect 

to time. 

Resnick developed equations which predict catalyst 

utilization when multistage reactors are operated with 

continuous replacement. He considered three different 

types of catalyst activity declines, which are (1) linear, 

(2) experimental, and (3) constant over a finite time 

interval, and then falling to zero.3 

The assumptions Resnick used to develop the equations 

describing catalyst utilization are as follows: 

(1) Catalyst moves in succession through the reactors. 

(2) Constant inventory is maintained in each reactor, 

by continuous equal withdrawal and addition of 

fresh catalyst at constant rate (constant 

replacement rate). 

(3) Mixing is ideal in that each particle, fresh or 

old, has the same probability of being withdrawn. 

(4) Activity of the catalyst varies only as a function 

of time. 

By combining the age distribution function, as 

mentioned previously, with the no-replacement activity 

curve and mathematically integrating them, Resnick developed 

an equation which described the yield of product in pounds 



per pound of catalyst. Catalyst utilization is then 'the 

ratio of yields obtained by continuous replacement and 

no-replacement operations. 

The percent catalyst utilization is then plotted 

against the coefficients of the catalyst activity equation 

for a continuous addition with the number of stages as a 

parameter. By having knowledge of the replacement rate 

and activity equation coefficients, one can then calculate 

the percent catalyst utilization for different numbers 

of reactors. 

The above percent catalyst utilization is based on 

infinite time, but actual operations are not infinite. 

According to Resnick comparing the catalyst utilization 

with that for continuous replacement would not be quite 

fair. Since in real life operations would be for a 

definite period at which time the reactor(s) would then 

be dumped and recharged with fresh catalyst. A more 

justified approach is to evaluate the no-replacement yield 

at a time equal to the average residence time for continuous 

replacement. The realistic catalyst utilization would be 

determined by dividing the percent catalyst utilization 

based on infinite time, by the yield of product per pound 

of catalyst at an average catalyst residence time (as 

defined by the catalyst age distribution) for continuous 

replacement. 



Development of the Theorrectical Equation 

The assumptions used to develop the catalyst age 

distribution are as follows: 

(1) Constant inventory is maintained in each reactor 

(2) Constant replacement rate 

(3) Mixing is ideal 

The MacMullin and Weber eauation based on the above 

assumptions for the fraction of catalyst of age t or younger 

in a series of equal-volume reactors is: 

where r = rate of replacement of catalyst, fraction per 

hour 

t = time, hours 

P = fraction of catalyst which is age t or less 

n = number of equal-volume reactors in series 

They differentiated the above equation with respect to 

time gives the catalyst age distribution: 

where p = fraction of catalyst which is age t 



(probability density fraction for age of 

catalyst) 

The above development by MacMullin and Weber is a 

general equation independent of the catalyst activity 

lecline. 

By combining the catalyst age distribution with a. 

measure of catalyst productivity as determined from 

catalyst activity decline, as a fraction of time, an 

equation for catalyst utilization can be derived. 

The case used in developing this thesis corresponded 

to a real operational approach. This assumes that activity 

decays according to Equation 3 which is the case of a 

so-called log-log decline of activity. 

y = a.6 ( 3) 

where y = catalyst activity index 

t . time, hours 

a,b = least squares constants 

A measure of the cumulative productivity for catalyst 

of age t is obtained by integrating Equation 3 over the 

time interval 0 to t: 



where Yt  .- cumulative productivity, (total yield of 

product for catalyst to time t), pounds of 

product per pound of catalyst 

Combining Equations 2 and 4 and integrating gives 

the total yield for continuous replacement. For one 

reactor, this yield, in pounds of product per pound of 

catalyst, would be: 

To evaluate this integral, we let b=2- p(, and therefore 

0(=2-b. From this: (l-b)=0(-1 

Integration of this equation requires use of Euler's 

integral 

thus 

Yr 
_ a  

1 (cx.-1)r ok -1 Po( ) 
ar 1  

- cl_b, 1.1( 2-b) r? _-b 
 



and using the fact that 

we find 

For the case with n reactors in series, 

letting b.11 or (3 =1-b 



and finally • 

This equation calculates the catalyst utilization. 

Catalyst utilization is defined as the ratio of yields 

obtained for continuous replacement and no-replacement 

operation. Therefore one must calculate the ultimate 

yield. 

At t=o, Y does not have a value, but at some time 

t=c, after time, t=o, Y has a value which is: 



-w. 

The assumed value of Y is expressed in the form above 

to enable one to derive the catalyst utilization without a 

dependence on the constant a. 

Since, Y now has a value at time near zero, one must 

enter this value in Equation 4 and rederive Equations 5 

and 6. Proceeding as before we get: 

Combining Equations 2 and 8 and integrating gives the 

total yield for continuous replacement. For one reactor, 

this yield would be: 



While for n reactors in series, 

Letting 1).14; and -_,-l-b we get 

rearranging terms: 

Using Euler's Integrals 



we integrate the above equation and obtain the following 

equation: 

Catalyst utilization is the ratio of Equations 8 

and 9: 

where RI = catalyst utilization based on no-replacement 
u 

 

yield and infinite time. 

One can now calculate a catalyst utilization, based 

on removing the K term from the left side of the equation. 



The above equation is just as valid as Equation 10, 

because when a log-log activity-time plot is assumed, 

nobody really cares what the value of Y is near zero. 

time. The only concern is that the curve is linear on 

log-log paper after some initial lag time. This Equation 11 

permits calculation of catalyst utilization for n reactors 

and requires minimal experimental data. The equation 

reduces to 

for the special case n=1. 



• Calculation of Catalyst Utilization 

The program used to calculate catalyst utilization 

values from Equation 11 is shown in Table 1. This program 

makes use of IBM basic language and is called Normgamm. 

Normgamm calculates catalyst utilization, much as one 

would do so by hand, that is starts at r=0.01 and for all 

values of b(0.1 to 0.7) and n(1 to 10) and calculates • 

catalyst utilization. Gamma function values are calculated 

by calling a gamma subprogram and then entering this value • 

in Equation 11. Lines 270 to 650 in the Normgamm program 

are a standard subroutine by IBM to calculate gamma 

functions. The program then calculates more catalyst 

utilization numbers for r from 0.01 to 0.10, in steps 

of 0.01 as mentioned above. 

Table 2 summarizes the catalyst utilization values 

for b from 0.1 to 0.7, for n from 1 to 10 and for r 

from 0.01 to 0.10 which were calculated by the Normgamm 

program. 

When the. slope (b) of the catalyst activity decline 

has been chosen and/or calculated from experimental data, 

the catalyst utilization can be calculated for different 

n and r by narrowing down the range of b values used 

in the Normgamm program. 
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TABLE 2 (1cf4) 

Catalyst Utilization Values 
RUN _ 

NORMGAMM 09:58 01/06/72 THURSDAY 101  

r _-,- 0.010  n .:-.. 1 2 3 4 5 

IT= -0.100 60.68 100.00 100.-u 100.00 100.00 
0.200 37.08 66.74 93.44 100.00 100.00 
0.300 22.82 --- 38.80 -- - 52.38 --- 64.60 75.91 -  
o.hoo 1 4.16 22.66 29.46 35.35 40.65 

 0.500 8.8f 
- 13.29 1£.62-  -19.39 23.-A3.----` 

0.600 5.60 7.84 9.41 10.66 11.72 
0.700 3.57-  4.64 -- -  -- -  5.34-- -  - 5.08 6.32- 

r . 0.020 

b . 0.100 32.52 61.79 89.59 100.00 100.00 
C.200 21.30  38.33  53.67  67.98 81.57- 

• 
0.300 14.05 23.88 32.24 39.77 46.73:- 
-o-.400----- 9.34 - - ?1495:--- 19.143---- 23.32 26.82 - 
0.500 6.27 9.4o 11.75 13.71 15.42 

 0.6o0 14;214------------.5 . 913.__.__7.13 8.o8 8.89 -- 
0.700 2.90 3.77 14.34 4.77 5.13 r _ 0.03-0 ________  

-----b = 0.100 -22.58 - - 42.90  62.20 - 80.36 99.05 0.200 15.40 27.71 38.80 49.15 58.98 
 0.300 - 10.58- -----1-798------- 24.20 29.94 35.18•---- 0.1400 7.33 11.72 15.24 18.28 21.03 
0.500 5.12 7.-67  ,,,,-, ..), r--.0  0.600

-  3.61 5.05 6.06 6.87 7.56 0.700 2.57 3.34 3.811 14.23- r = 0.040 

b = 0.100 17.43 33.11 40.01 62.41 76.4E 
-0.200 2.23 -22.02 -3032---------39.0)4-- - L6.85-- 0.300 8.65 14.70 19.85 2 4 .46 28.76 --- ---0.400 --- 6.16- 9.86  -12.82 15.39 - --- 17.69 -  0.500 4.43 6.65 8.31 9.69 10.90 

 0.600 3.22....---------4-.50- 5.40 6.12 - .-.73..-. - 0.700 2.36 3.06 , 3.52 3.80 4.17 

b = 0.1C0 14.26 27.09 39.28 51.-r6- 62.55 0.200 
- ------- 0.300--------7.240 

10.23 18.42 
12.58 

25.78 
16.93 

32.66 
20.94 

39.19 
24.60 -  0.400 5.39 8.63 11.21 13.46 15.48 

0.600 
5.94  7.143 - - 8.67-- - 9.75--- 2.94 4.12 4.94 5.60 6.16 0.700. 2.20 2.87 3 .30  .. 3.6;3 3.90 



TABLE 2 (2 of 4) 

Catalyst-Utilizatto-n -Values 

r = .010 
_______ ___ ___ 

_ _ 6 8 - 9 10 
13 -.0.100 100.0C • 10C.00 100.00 -- 10-0.00 -100.00 

0.200 100.00 100.00 100,00 100.00 100.00 
0.300 86.54 c:c.r3 100.00 100.00 100.00 
0.400 45.53 50.08 54.37 58.45 62.35 
0.500- - 23.99 25.99 27-.25 25.59  31.23 --- 
0.600 12.66 13.51 14.28 14.99 15.66 

- -0.700 6.70 7.03 7.33 -7.61- --7.86 
r =0.020 

b =0.100 100.00 100.00 100.00 100.00 100.00 
0.200----r9.4.62 - 100.00 100.00 100.00- ---100.00 
0.300 53.27 59.48 65.43 71.16 76.69 
0.400 -- 30.04  33.04 35.37 38.55 41.13 
0.500 16.96 13.38 19.69 20.92 22.08 

- 0.600 9.60 10.24 10.32 - --11.36 -11.87 
0.700 

-  r- 0.030  
5.44 5.71 5.95 6.18 6.38 

1 =0.100 100.00 100.00 100.00 100.00 100.00 
0.200 62.111 "7.."

c.-
-)
-.1 

1(  86.39 95.03 100.00 
0.300 40.11 44.79 49.26 53.57 57.74 
0.400 23.55 25.90 22.13 30.23 32.25 

 0.500 ----13.85--------15.C1.----16.03 -17.0".,-- ---18.03-- 
0.600 8.1( 8.70 9.20 9.66 10.09 
0.700 ---4.32 -5.06 ---5.27 5.47 5.65 

r. 0.0A0 

'5-  =0.100 90.22 100.00 10-0.00 100.00 100.00 
 0.200---- 54.35- -61.59 63.63 -----75.50 -- -02.21 - 

0.300 32.79 36.62 40.2,-, 43.80 47.21- 
- 0.400 -----19.2-2 --21.20------23.667 ---- -25.44 27.14 

0.500 12.00 12.99 13.92 14.79 15.61 
0.600 - -- 7.27 7.76 3.20..-- _ _-:-8.61 - 3,99 
0.700 4.42 4.64 4.84 5.02 5.19 

-4"-- 0,050- __ _  

--b =0.100 73.80 84.87 - -95.79 -100.00 100.00 
0.200 45.46 51.52 57.41 63.15 68.77 
0.300 20.05 31 .32 34.45 37.47 40.32. _ 
0.400 17.33 19.07 20.70 22.25 23.74 
0.500 ----10.73 _. 11..62 ---_12.45 _ 11.23 13.97 
0.600 6.65 7.10 7.50 7.88 8.23 

-- -0.700 4.13 4.34 4.52 4.69 4.85 
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19. 
Catalyst_Uttlization_lia1tie$ _ _ _ 

TABLE -2-  (4 of 4) 
0.060 

n= 6 7 8 9 10 

b = 0.100 62.63 - 72.03 01.29 92.44 39.43 
_._ 0.200 33.29 

0 300 2.,.6) . 
41!.53 
27.57 

 L(2.c2 
..).--_,-1J -)-1 ")  

54.58 
32.98 

59.43 
. 35.54 

-- 0.400- 15.54  17.09 12.51; -19.95 - 21.25 
,0.500 9.79 10.61 11.37 12.08 12.75 
0.600- 6.12 6.6-- 6-9-7- 7.32- ----7-.65- 
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Discussion 

Figures 1, 2, 3, and 4 show plots of catalyst 

utilization as a function of r (the replacement rate) 

with n (number of stages) as a parameter with constant 

values of b (0.1, 0.2, 0.3,  and 0.4). 

It appears from the forementioned figures that as r 

increases, at any value of b (slope) the percent improve-

ment in catalyst utilization due to staging appears to be 

about the same. But, of course, the absolute value of 

catalyst utilization is decreasing as would be expected. 

Also as b increases from 0.1 to 0.4, the curves due to 

n (the number of stages) saueeze together, which implies 

that the effect of staging diminishes as the value of the 

slope increases. 

Figures 5, 6, 7, 8, 9, and 10 show plots of catalyst 

utilization as a function of b (slope) with n (number 

of stages) as a parameter with constant values of r 

(0.01, 0.02, 0.03, 0.04, 0.05, and 0.10). 

From the above figures, one can see that as b 

increases, at any value of r (the replacement rate) the 

percent improvement in catalyst utilization due to staging 

decreases and at the same time also the absolute value of 

the catalyst utilization decreases. At larger values of 



b, the increase in catalyst utilization due to staging 

decreases to almost very little improvement. 

To sum up, the highest catalyst utilization is 

achieved at the lowest replacement rate and with the 

lowest slope. 

Figure 11 shows a plot of catalyst utilization as. 

a function of n (the number of stages) with the ratio 

of r/(b+r) as a parameter. This plot is for a semi-

'log decline in catalyst activity and shows more clearly 

than Resnick the effect of staging. 

In Resnick's example for a case of where b=0.1, 

n=1, and r=0.05, the catalyst utilization is 66.7%. But 

when he compares this case to a two stage case, he then 

changes r to be 0.10. r should stay the same and the 

only difference is that the number of stages are increased. 

For two stage case, the catalyst utilization should,be 

about 85% rather than 75% as shown by Resnick. 

For one-stage system where b=0.1, and r=0.05, the 

catalyst utilization for a log-log decline would be 14%. 

For two-stage system, the catalyst utilization would be 27%. 

For the above case the effect of staging for a 

log-log decline versus a semi-log decline results in a 



greater increase in the catalyst utilization (93% versus 

27.5%), but it must be noted that the catalyst utilization 

for the log-log case has the greatest room for improvement. 

The type of activity decline is shown by the above case 

to be of the upmost importance. 
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FIGURE 6 
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FIGURE 7 

CATALYST UTILIZATION 

VERSUS 

SLOPE OF NO-REPLACEMENT CURVE 



FIGURE 8 

CATALYST UTILIZATION 

VERSUS 

SLOPE OF NO-REPLACEMENT CURVE 



FIGURE 9 
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FIGURE 10 

CATALYST UTILIZATION 

VERSUS 

SLOPE OF NC -REPLACEMENT CURVE 



FIGURE 11 

CATALYST UTILIZATION 

VERSUS 

NUMBER OF STAGES FOR SEMILOG DECLINE 



Conclusions  

With the use of Equation 11, one can then predict 

catalyst utilization for multistage fluidized reactors 

from laboratory catalyst activity data. The prediction 

equation is applicable for when activity decays as a 

log-log function, mixing is ideal, and constant inventory 

is maintained in each reactor. 

The prediction equation for catalyst utilization 

enables one to make an economic study to determine the 

optimum balance among reactor costs, operating difficulties 

and catalyst utilization. 

The prediction equation can promote savings in pilot 

plant and plant studies through elimination of repetitious 

experiments, since only one pilot plant run is needed to 

determine the slope at a particular set of conditions in 

a batch run with no replacement. 



APPENDIX  

TABLE 1 

a, b = coefficient in catalyst-activity 

expression; y=at-b 

Bl = calculates Gamma function in the 

• Normgamm program for n-b+1 in 

Equation 11. 

B2 = calculates Gamma function in the 

Normgamm program for n in Equation 11. 

C = catalyst utilization in the Normgamm 

program. 

n = number of reactor in series. 

p = fraction of catalyst which is age 

(probability density fraction for age 

of catalyst). 

P = fraction of catalyst which is age t 

or less. 

r = rate of replacement of catalyst, fraction 

per hour. 

R RI RI = catalyst utilization, based on ultimate 
u, u 

no-replacement yield. 



time, hour. 

catalyst activity index, lb. product/ 

lb. catalyst/hr. 

Y
rl 

= yield of product for continuous catalyst 

replacement, one stage, lb. product/ 

lb. catalyst. 

Yr . yield of product for continuous catalyst 
n 

replacement, n stages, lb. product/ 

lb. catalyst. 

Yt = yield of product for no—replacement of 

catalyst for catalyst of age t, 

lb. product/lb. catalyst. 

Yu = ultimate yield for no—replacement of 

catalyst, lb. product/lb. catalyst. 
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