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ABSTRACT

LARGE DEVIATION THEORY IN STOCHASTIC PROCESSES:
APPLICATIONS TO BIOLOGICAL MODELING

by
Moshe C. Silverstein

This dissertation delves into developing and applying stochastic models to analyze
complex biological systems. It leverages Large Deviation Theory (LDT) to gain
insights into these systems, focusing on two key examples: neural networks and
calcium signaling dynamics. Traditional deterministic methods frequently fail to
capture biological processes’ randomness and inherent variability. Meanwhile, many
stochastic approaches struggle to be mathematically tractable or provide accessible
insights. The approach introduced in this study provides rigorous mathematical
frameworks to enhance understanding of these stochastic behaviors while remaining
tractable and insightful.

A stochastic model for a random biological neural network is constructed that
addresses the dependencies and variabilities in neural connectivity. Applying LDT,
significant theoretical results are derived from the large deviations in the system’s
dynamics, providing a deeper understanding of the probabilistic behaviors and events
in neural activity.

The study next focuses on calcium signaling in biological cells, where a one-
dimensional stochastic model is developed to simulate calcium dynamics. A Piecewise-
deterministic Markov process (PDMP) model is implemented to capture the system’s
stochastic and deterministic nature. This model is validated by comparing experimental
data from in vitro and in vivo studies via Maximum Likelihood Estimation and
stochastic simulations. LDT is used to derive the Euler-Lagrange equations and
identify optimal trajectories in calcium signaling, offering predictive insights into the

system’s behavior under stochastic mechanisms.



The findings of this study demonstrate the power of LDT in biological modeling,
providing a robust framework for analyzing the probabilistic nature of complex
biological systems. While the models incorporate several simplifications, such as one-
dimensional assumptions in calcium signaling, they pave the way for more sophisticated
and accurate representations of biological processes.

This work advances the application of stochastic processes and LDT in
mathematical biology, offering enhancements to methodologies and insights that
can be extended to other complex systems. The proposed approach opens up new
avenues for understanding and predicting the behavior of stochastic biological systems,
with potential applications in fields such as neuroscience, cell biology, and systems

biology.
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CHAPTER 1

INTRODUCTION

1.1 Overview and Motivation

Rare events are often some of the most interesting. In any system, they can hold a
special allure as they offer us a unique window into the inner workings of a complex
system. These events can provide us with genuinely one-of-a-kind insights, which
are not attainable from studying more common occurrences. By delving into these
rare events, we can deepen our understanding of the underlying mechanisms and
dynamics of the system. This knowledge can be invaluable for various fields such as
science, engineering, and economics. Whether it is a rare natural phenomenon or an
unexpected outcome in a controlled experiment, studying these events paves the way
for discoveries and advancements in our understanding.

Biological systems are genuinely fascinating due to their intricate and sophis-
ticated mechanisms. The interaction between dynamical and stochastic effects on
different scales makes these systems incredibly complex and often chaotic, which
presents a significant challenge for scientists and mathematicians aiming to model and
comprehend them. These systems can present a delicate interplay between discrete
events and continuous processes, requiring advanced mathematical tools to accurately
capture and forecast their dynamics. Studying such systems provides insight into
the fundamental workings of life and offers an opportunity to push the boundaries of
scientific understanding.

In this work, we will study the stochastic modeling of biological systems. We will
use Large Deviation Theory (LDT) to gain insight into the nature of these systems by
analyzing aspects in light of rare events. We will focus on two examples: biological

neural networks and calcium signaling.



While the literature extensively explores these systems, existing models are
either primarily deterministic and overlook the observed stochastic nature of these
systems or present stochastic models that may be too abstract for direct biological
application or too complex for direct biological insight.

The present work hopes to contribute to this literature by presenting rigorous
mathematical results of biologically motivated models that are mathematically
tractable and readily give insight into the systems under study.

To this end, we present a balanced random neural network model to capture
neuronal firing dynamics. We leverage Large Deviation Theory (LDT) to study this
system’s convergence of a probability measure (distribution). The derived Large
Deviation Principle (LDP) allows us to transfer results from a simplified uncoupled
network to a more realistic and complex coupled model. This technique rigorously
facilitates studying complex and stochastic neurological models from simplified systems
and fundamental biological principles.

For calcium cell signaling, we build a Piecewise-deterministic Markov process
(PDMP) model to capture both the deterministic diffusion of calcium and the stochastic
opening and closing of calcium channels. This hybrid model is validated by fitting
the results to experimental data. A Large Deviation Principle (LDP) is derived
in the context of Piecewise-deterministic Markov process (PDMP)s and specifically
for the case of calcium signaling, which captures calcium spiking as a rare event
within the context of rapidly and highly randomized opening and closing of calcium
channels. Although this model is naive in its simplicity, its ability to accurately
capture experimental dynamics and its rigorous derivation of a stochastic explanation
for spiking phenomena is inspiring. It paves the way for more complex modeling and
analysis of this nature.

The results confirm the effectiveness of LDT in analyzing the stochastic modeling

of biological systems. This work offers new perspectives on existing models for these



complex systems, providing valuable insights into modeling and analyzing biological

systems with broad applications to other fields.

1.2 Structure of the Dissertation
This dissertation is organized into nine chapters, each structured to progressively build
the theoretical foundation and practical applications of stochastic modeling and LDT
in biological systems.

Chapter 1, Introduction, begins with an Overview and Motivation section,
introducing the primary problems addressed in this dissertation, their significance,
and the novel approaches undertaken. This chapter also includes a brief outline of the
dissertation’s structure, providing a roadmap for the reader.

Chapter 2, Mathematical Foundations, lays the theoretical groundwork necessary
for understanding the subsequent chapters. It discusses topics from probability
theory and analysis, such as Skorohod Space, including its definitions, topology, and
critical theorems relevant to the rest of this work. This chapter also covers empirical
measures, PDMPs, and a brief exposition of LDT, introducing essential theorems
such as Cramér’s, Varadhan’s, Bryc’s, Sanov’s, and the essentials of Freidlin-Wentzell
theory.

Chapter 3, Biological Contexts and Applications, focuses on the application
domains of the developed models. The first section provides an overview of neural
physiology and historical mathematical models used to understand neural networks.
The second section examines calcium physiology and reviews traditional models for
calcium signaling in biological cells.

Chapter 4, Neural Network Model, presents the notation and detailed description
of the neural network model. It concludes with the main theoretical results.

Chapter 5, Large Deviation Principles for Neural Networks, delves into the large

deviation properties of the neural network model. It begins with analyzing large



deviations in the uncoupled system, followed by a discussion on exponential tightness
and regularity estimates. It then extends the large deviation to the coupled system
and finally establishes a convergence of measure.

Chapter 6, Calcium Signaling Model, develops a one-dimensional PDMP model
for calcium signaling. It includes methods for maximum likelihood parameter
estimation and simulation of the model. The chapter presents and analyzes
experimental data in vitro and in vivo and corresponding numerical results.

Chapter 7, Large Deviation Principles for Calcium Signaling, applies LDT to
PDMPs with a specific focus on calcium signaling. This chapter derives Euler-Lagrange
equations and provides numerical results for optimal trajectories in calcium dynamics.

Chapter 8, Current and Future Research Directions, discusses ongoing research
and potential future directions stemming from the findings of this dissertation.

Chapter 9, Conclusion, summarizes the key findings, their significance, and the
implications of this research. It also reflects on the limitations and areas for further
investigation.

The appendices provide supplementary material to support the main text.
Appendix A: Bounding Fluctuations of the Noise includes supplementary proofs for
the LDP analysis in neural networks. Appendiz B: Proofs for LDP for PDMP contains
detailed proofs for applying LDT to PDMPs.

The dissertation ends with a comprehensive list of all references cited throughout,

offering a robust framework for further reading and context.



CHAPTER 2

MATHEMATICAL FOUNDATIONS

This chapter presents a brief overview of essential topics from probability theory,
analysis, and Large Deviation Theory (LDT) that are relevant and necessary for the

rest of the analysis.

2.1 Stochastic Processes
A stochastic process is a collection of random variables indexed by a set T'. Formally,
let (2, F,P) be a probability space, where () is the sample space, F is a o-algebra of
events, and P is a probability measure. A stochastic process is a family of random
variables {X; : ¢t € T'} such that for each ¢t € T, X; is a measurable function from
(Q, F) to a measurable space (5,S). Here, T is called the index set, and S is called
the state space of the process.

In other words, a stochastic process can be viewed as a function

X:TxOQ—=S

such that for each fixed ¢ € T, the mapping X; : Q2 — S defined by X;(w) = X (t,w)
is a random variable.

Typically, the index set T' represents time and can be discrete, such as T" =
{0,1,2,...}, or continuous, such as T" = [0, 00). The state space S can be various sets

such as R, R?, or other more abstract spaces.

2.1.1 Brownian Motion
A stochastic process W = (W, t € [0,00)) is called (standard) Brownian motion or a

Wiener process if the following conditions are satisfied: (i) It starts at zero Wy = 0.



(ii) It has stationary, independent increments. (iii) For every 0 < s < t, W; — Wy is
distributed as N(0,t — s), and W; — W is independent of W, if r < s. (iv) It has

continuous sample paths.

2.1.2 Poisson Process

A Poisson process is a stochastic process that models a series of events occurring
randomly over time. A Poisson process with rate (or intensity) A > 0 is a counting
process {N(t) : t > 0} that satisfies the following properties:

(i) N(0) = 0: The process starts at zero. (ii) Independent increments: The
number of events occurring in any disjoint time intervals are independent. (iii)
Stationary increments: The number of events occurring in any time interval of length
t only depends on ¢t and not on the specific position of the interval. Formally, for any
s, t >0,

N(t+s) — N(s) ~ Poisson(At).

(iv) No simultaneous events: The probability of more than one event co-occurring is

zero. Formally,

P(N(t+h) — N(t) > 2) = o(h) as h — 0.

From these properties, it follows that the number of events N(¢) in a Poisson

process over the interval [0, ¢] is Poisson distributed with parameter At¢:

/\tkf)\t
P(N(t)_k)_%, k=012, ..

Additionally, the inter-arrival times T; (the times between consecutive events)
in a Poisson process are independent and identically distributed (i.i.d.) exponential

random variables with parameter \:

P(T, >t)=e ™, t>0.



The Poisson process is widely used to model random events over time in various

fields, such as queueing theory, telecommunications, and reliability engineering.

2.2 Stochastic Differential Equation
A stochastic differential equation (SDE) is an equation used to model systems that

are influenced by white noise. The general form of an SDE is:

dXt = CL(Xt, t) dt + b(Xt, t) th

where:

X, is the stochastic process, a(Xy, t) is the drift term, which represents the deterministic

part of the system, b(Xy,t) is the diffusion term, which represents the random part of

the system, dW; is the increment of a Wiener process (also called a Brownian motion).
Classic introductory texts on the study of SDEs include Oksendahl [114], Evans

[52], and Lawler [95].

2.3 Skorohod Space
The space of continuous function, C, is unsuitable for describing processes that
must contain jumps, like the Poisson processes, in contrast to Brownian motion.
This section introduces the Skorohod Space, which includes (certain) discontinuous
functions. Proofs will be omitted for brevity. The following outline is based on
Billingsley [17]; the interested reader is directed to that excellent resource for a

complete treatment of this material.

2.3.1 Definition
Let D = D[0, 1] be the set of real functions on [0, 1] that are right-continuous and
have left-hand limits. Such functions are termed cadlag functions. Specifically, for

0 <t < 1, the right-hand limit z(¢+) exists and equals limg; z(s), and for 0 <t <1,



the left-hand limit x(t—) exists and equals limgy z(s). A function has a discontinuity
of the first kind at ¢ if z(t—) and z(t+) exist but differ, with z(¢) lying between them.
Any discontinuities in a cadlag function are of the first kind, and the requirement

x(t) = z(t+) serves as a convention.

2.3.2 Topology

The space of cadlag functions is usually endowed with the Skorohod topology. The
Skorohod topology allows for small deformations in both the function values and the
time scale. This topology is particularly useful when exact measurements of time
are not possible. The Skorohod metric d(z,y) is defined using the space of strictly
increasing continuous mappings of [0, 1] onto itself denoted by A, such that for A € A
then A0 = 0 and A1 = 1. d(z,y) quantifies the “inf-sup” difference between z(¢) and

y(At) and between t and At. Specifically,
d(a.y) = if (IA 1V [lz ~ A} (2.)

Where I is the identity map on [0, 1], the metric d satisfies properties such as non-
negativity, symmetry, and triangle inequality, making it a valid metric. Convergence
in the Skorohod topology requires that there exist functions A, such that z,(\,t)
converges uniformly to z(t) and \,t converges uniformly to ¢. The Skorohod topology
coincides with the uniform topology when restricted to continuous functions.

We can define a new metric dy in D, equivalent to d and providing completeness
to D. This metric helps in characterizing compact sets. The definition of dy involves a
time-deformation function A that must be near the identity function, with the slope of
its chords close to 1, or equivalently, the logarithm of the slope close to 0. The norm

A(t) — Als)

— (2.2)

log

IAll; = sup
s<t



is introduced to measure this closeness. If ||A||° is finite, A is continuous, strictly

increasing and belongs to A. The metric
d*(z,y) == mf {[[A]" v [[z — yAll} (2.3)

is defined as the infimum of positive e for which there exists a A € A with [|A]|° < e.

2.3.3 Key theorems
The following are some important theorems that will be relevant in the forthcoming
analysis.

The separability and completeness of D.
Theorem 2.3.1. The space D s separable under d and d° and is complete under d°.
Compactness in D.

Theorem 2.3.2. A necessary and sufficient condition for a set A to be relatively

compact in the Skorohod topology is that

sup ||z|| < o0 (2.4)
€A
and
lim sup w,(§) = 0. (2.5)
0—=0 zeA

were for miny<;<,(t; —t;—1) > 9, and 0 < § <1,

/ — 1 . .
w,(6) = gg max ws(ti-1, ), (2.6)

for the modulus of continuity of x given by,

w,(d) = sup sup |x(s) —x(t)], for|t—s| <. (2.7)
0<t<1-8 s,teT



The Poisson Limit.

Theorem 2.3.3. Suppose that E € D and Ty is a countable, dense set in [0, 1], and
let P, be the probability measure of a Poisson process with rate n. Suppose further
that, if x,x, € E and x,(t) — x(t) fort € Ty, then x, — x in the Skorohod topology.

If P,(E) = P(E) =1 and Pna:t_l}__’t — Pa:;i._ik for all k-tuples in Ty, then

k

P,— P.

These theorems allow us to define a sense of (weak) convergence in probability
space. The space,D, is named after the mathematician Anatoliy Skorokhod. It plays
a significant role in the theory of random processes and will be used throughout this

work.

2.4 Empirical Measure

The empirical measure is one of the most popular means of obtaining a low-dimensional
representation of high-dimensional stochastic systems. Intuitively, it is a ‘discrete
population density,” and (in this dissertation) in the large N limit, it converges to a
continuum population density.

Given a sample of n observations X, Xo,..., X, from a probability space
(Q, F,IP) with values in a measurable space (5,S), the empirical measure B, is a
random measure that assigns equal probability to each observed data point. Formally,

the empirical measure P, is defined as:

. ] —
Pn:ﬁizlé)(ia

where dy, denotes the Dirac delta measure centered at X;.
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For any measurable set A € §, the empirical measure B, assigns a probability
given by:
. 1 —
4= 2 L0

where 14 is the indicator function of the set A, defined as:

1 ifzeA,
1A(I'):
0 ifz¢A

Thus, Pn(A) represents the proportion of observations X, X, ..., X, that fall
within the set A.

The empirical measure provides a non-parametric estimate of the underlying
distribution from which the sample is drawn. Empirical measures are significant in
mathematical statistics. The underlying probability measure is often unknown, so
empirical measures are examined. By gathering observations and calculating relative
frequencies, we can estimate the measure or a related distribution function using
the empirical measure or the empirical distribution function. These estimates are

uniformly reliable under certain conditions.

2.5 Piecewise Deterministic Markov Processes
PDMP are a general class of non-diffusion stochastic processes. They were first fully
categorized by Davis in his seminal 1984 paper [40]. PDMP (also known as stochastic
hybrid systems) are used to model systems with multiple timescales [6, 71]. They are
also referred to as slow-fast systems. These processes enjoy numerous applications,
particularly in biology [19, 20, 126]. For instance, they have been used to model
excitable membranes in neuroscience [96, 121], population dynamics in ecology [73],
run-and-tumble dynamics of bacteria [14], and stochastic models of calcium signals

88, 118, 119].
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A PDMP is a stochastic process characterized by random jumps occurring at
specific moments, with deterministic evolution governed by an ordinary differential
equation (ODE) between these jumps. In other words, PDMPs contain two types of
random variables: one with a discrete state space and one with a continuous state
space.

The state of the process at time ¢, denoted by X; = (v, &), is determined by
several components:

Vector Fields: Each subset M, € R? (i.e., M, represents the region in the state
space where the process evolves deterministically under the influence of a vector field
associated with v) is associated with a vector field X, that dictates the deterministic
evolution of the process within M,. The flow generated by these vector fields ensures
unique integral curves, meaning that the solutions to the ODEs do not exhibit
‘explosions’ (i.e., they do not become unbounded in finite time).

Jump Rate Function: The function A\ : E — R, specifies the rate at which
jumps occur. For any state (v,€&) € E, A(v, ) represents the rate at which the process
jumps out of the current deterministic trajectory.

The process X; evolves according to the following rules: Deterministic Flow:
Between jumps, the process follows the deterministic low ®;, defined by the vector
fields X,. Specifically, if X; = (v, &) at time ¢, then for a short time interval [t, ¢ + dt),

the state evolves according to the ODE:

d&,

dt = Xv(gt)'

Jumps: A jump occurs at time 7. The jump rate A determines the likelihood of
jumping in infinitesimally small intervals, ensuring that A is integrable over small

intervals.
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In summary, a PDMP is fully defined by the following components: Deterministic
Flow ®: Governs the continuous evolution between jumps. Jump Rate \: Determines
the frequency of jumps.

These elements combine to provide a rich framework for modeling systems

exhibiting deterministic and stochastic behavior.

2.6 Radon-Nikodym Theorem and Derivative

Let (2, F) be a measurable space, and let P and @ be two o-finite measures on this

dP

space. The Radon-Nikodym derivative of P with respect to (), denoted by ok is a

measurable function that satisfies the Radon-Nikodym theorem.

2.6.1 Radon-Nikodym Theorem
The Radon-Nikodym theorem states that if P is absolutely continuous with respect

to @ (denoted P < @), then there exists a unique (up to @Q-almost everywhere

equivalence) non-negative measurable function % such that for any measurable set
AeF,
dpP
P(A) = / — dQ.
Formally, the Radon-Nikodym derivative fl—g is the function that satisfies
dP
P(A) = / —d@Q forall A e F.
4dQ

The Radon-Nikodym derivative j—g is often interpreted as the density of the

measure P with respect to the measure ().

2.6.2 Properties of the Radon-Nikodym derivative
Uniqueness: If there exist a f and g such that for any A, P(A) = [, fdQ = [, 9d@Q,

then f = g a.s. (almost surely) and you denote it dP/dQ).
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Linearity: If P, and P, are absolutely continuous with respect to @), and a,b

are positive real numbers, then

d(CLP1+bP2) :adP1+de2

dQ aQ " TdqQ

Chain Rule: If P < ) < R, then

dP dP d
iR @ . % R-almost everywhere.
The existence and uniqueness of the Radon-Nikodym derivative are guaranteed

by the Radon-Nikodym theorem.

2.7 Relative Entropy
The relative entropy (or Kullback-Leibler divergence) between two probability measures
P and @ defined on the same probability space (€2, F) is a measure of how one
probability distribution diverges from a second, expected probability distribution [27].
If P is absolutely continuous with respect to @ (denoted P < @), the relative
entropy R(P||Q) is defined as:

R(PIQ) = [ 10g (j—g) ap

where % is the Radon-Nikodym derivative of P with respect to Q.
Alternatively, if P and () have probability density functions p and ¢ respectively
with respect to a common reference measure (e.g., the Lebesgue measure), then the

relative entropy can be expressed as:

R(PIQ) = [

Q

pletog (22 d
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Relative entropy is always non-negative, i.e., R(P|/Q) > 0, and it is zero if
and only if P = @) almost everywhere. It is a fundamental concept in information
theory, statistics, and LDT, where it quantifies the “distance” between two probability

distributions.

2.8 Large Deviation Theory
In this section, I will briefly summarize topics from Large Deviation Theory (LDT) that
are relevant and necessary for the rest of the analysis. Proofs will be omitted for brevity.
The interested reader is directed to the works of Rassoul-Agha and Seppalainen [120],
Dembo [45], and Freidlin and Wentzell [61] for a thorough treatment of this material.

We also refer to an article by Touchette for a gentle introduction [134].

Limit Superior and Limit Inferior
Large Deviation results are asymptotic and are expressed in terms of the limit superior

and limit inferior. The limsup (limit superior) of a sequence (a,,) is defined as follows:

limsupa, = lim sup a,,
n—00 n—=00 m>n

In words, it is the limit of the supremum of the tail ends of the sequence as n goes to
infinity. It can be intuitively understood as the greatest value that the sequence gets
arbitrarily close to infinitely often.

The lim inf (limit inferior) of a sequence (a,,) is defined as follows:

liminf a,, = lim inf a,,
n— o0 n—oo m>n
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In words, it is the limit of the infimum of the tail ends of the sequence as n goes to
infinity. It can be intuitively understood as the smallest value that the sequence gets

arbitrarily close to infinitely often.

2.8.1 Large Deviation Principle

Large Deviation Theory estimates the probability of rare events [27, 89]. For example,
one may be interested in the probability of extinction of a species in population
dynamics or chemical reaction networks [23] or the spontaneous and stochastic
production of waves or pulses [86].

The probability of system-wide rare events in high-dimensional stochastic systems
typically decays exponentially in the size of the system. LDT determines the leading
order coefficient for the exponential decay rate (the coefficient is known as a ‘rate
function,” defined below). This concept is referred to as Large Deviation Principle

(LDP). A precise definition of a LDP is as follows [120]:

Theorem 2.8.1. Let I : x — [0,00] be a lower semicontinuous function and r, T 0o
a sequence of positive real constants. A sequence of probability measures {j,} C P(X)

is said to satisfy a LDP with rate function I and normalization r, if the following

holds:
1
lim sup — log p1,,(F') < — inf I(x) V closed F C X, (2.8)
n—oo Tn zeF
1
lim inf — log 41, (G) > — inf I(x) V open G C X, (2.9)
n—oo T, rxeG

where X is a Hausdorff topological space and P(X) is the space of probability measures

on the (X, B) were B is the Borel o-algebra.

2.8.2 Cramer’s Theorem
One of the earliest results in LDT is Cramer’s Theorem. Introduced by Harald Cramér

in 1938, this theorem characterizes the exponential decay of probabilities associated
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with sums of independent identically distributed (i.i.d.) random variables deviating
significantly from their expected value. Specifically, Cramer’s Theorem quantifies the
rate at which the probability of such deviations decreases, using the rate function,
or Cramér function, derived from the cumulant generating function of the random
variables.

Let { X, }n>1 be i.i.d., real-valued random variables, and let X be another random
variable with the same distribution. The moment generating function is written as
M(0) = E[e?X], for § € R. Notice that M (6) > 0 always and M (#) = oo is possible.
In Cramer’s Theorem, the rate function is the Fenchel-Legendre transform of the

moment generating function, i.e.,

I(z) = sup{fz — log M (0)}. (2.10)

PeR
Since M(0) =1, I : R — [0, 00] is a well-defined function.

Theorem 2.8.2 (Cramer’s Theorem). Let {X,} be a sequence of i.i.d. real-valued
random variables. Let p,, be the distribution of the sample mean S, /n. Then the LDP

is satisfied with I defined in Equation 2.10.

2.8.3 Varadhan’s Theorem

Varadhan’s theorem, a seminal result in LDT, extends the foundational principles
laid out by earlier work in the field. This theorem, named after the mathematician
S. R. Srinivasa Varadhan, provides a comprehensive framework for understanding
the asymptotic probabilities of rare events in more complex settings, particularly for
sequences of random variables with dependent structures. The practical application of
this theorem is evident in its ability to evaluate the asymptotic value of exponential
moments, providing a generalization of Laplace’s method to more abstract probability

spaces.
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Theorem 2.8.3 (Varadhan’s Theorem). Suppose a LDP holds for ji,, rn, and I. Let
f:X — [—00,00] be a continuous function, and

1
lim lim sup — log/ e dp, = —o0 (2.11)
I=b

b—=00 pnsco T

Then

lim L log/e“fd,un = sup  {f(z) —I(x)} (2.12)

n=o0 Ty z:f ()N (z)<oo

2.8.4 Bryc’s Theorem

Named after the mathematician Wlodzimierz Bryc, the following theorem offers an
alternative approach to verifying the conditions under which a sequence of random
variables satisfies a LDP. Bryc’s theorem establishes that if a sequence of random
variables has exponential moment generating functions that converge to a limiting
function, which is convex and lower semicontinuous, then the sequence satisfies an LDP
with a specific rate function. This theorem is especially valuable due to its practical
applicability in various complex systems, where checking the standard conditions for

an LDP can be challenging.

Theorem 2.8.4 (Bryc’s Theorem). Let {p,} be a sequence of probability measures on
a metric space X. Assume {u,} is exponentially tight with nomalization r,. Suppose

the limit

for all f € Cy(X). Then, a LDP holds with the tight rate function

I(x) = sup {f(x) =T(f)} (2.13)

FeCy(X)
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2.8.5 Sanov’s Theorem

Named after the mathematician Ilya Sanov, the following theorem addresses the
large deviation properties of the empirical measure (see Section 2.4) of a sequence
of independent and i.i.d. random variables. Specifically, Sanov’s Theorem quantifies
the exponential rate at which the probability that the empirical distribution of these
variables diverges from a given probability distribution decays. This rate is described
by the relative entropy (or Kullback-Leibler divergence, see Section 2.7) between the

empirical distribution and the true underlying distribution.

Theorem 2.8.5 (Sanov’s Theorem). Let S be a Polish space (complete, metrizable,
separable) and p, the distribution of the empirical measure L,, then a LDP holds
on the space P(S) with convex rate function R(v) = R(v|\), where R is the relative

entropy of v relative to A\ given by

[ @loggd\ if v < X and ¢ = zll_l)’\
R (2.14)

00 otherwise

2.8.6 Freidlin-Wentzell Theory

Named after the mathematicians Mark Freidlin and Alexander Wentzell, the following
theory extends the principles of large deviations to stochastic differential equations
(SDEs) driven by vanishingly small noise. The central result, often referred to as
the Freidlin-Wentzell Theorem, characterizes the exponential decay rates of the
probabilities that the trajectories of these stochastic processes deviate significantly
from their deterministic paths. The key theorem states that if X; is a family of
stochastic processes driven by small noise, then the probability that X; deviates from
the solution of the corresponding deterministic system can be described by a rate
function I, derived from a variational principle. Formally, the fundamental theorem

can be stated as follows:
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Consider a family of stochastic processes { X }~o described by the stochastic

differential equation (SDE)
dXE = b(XE) dt + /e o (XE) dW,,

where b : R — R? is the drift term, o : R? — R%*? is the diffusion term, € is a small
parameter, and W, is a standard d-dimensional Wiener process.

The Freidlin-Wentzell Theorem provides a LDP for the trajectories of X; as
e — 0.

Let C([0,T];R?%) denote the space of continuous functions from [0,7] to R?
equipped with the uniform topology. The rate function I : C([0, T]; R?) — [0, 0] is
defined as

1(¢) = o) ‘¢(t)_b(¢(t)) ‘olw(t)

400 otherwise,

| dt if ¢ € H1([0, T); RY)

where H; = {f(f f(s)ds : f € Ly(|0, 1])}, i.e., the space of all absolutely continuous

functions with value 0 at 0 that possess a square intergrable derivative, equipped

with the norm [lgll, = [Ji 13(1) 2] P2 and 600 — b)) = (d(1) —

’ / M

b(o(t))) (a(o(t))o (o(t))H(p(t) — b(g(t))), i.e., the norm induced by the inverse

of the diffusion matrix o. The theorem states that:

Theorem 2.8.6 (Freidlin-Wentzell Theorem). The family of measures {Pxc}eso on
C([0,T]; R?) satisfies the LDP with the rate function I. That is, for any Borel set
A c C([0, T];RY),

— inf I(¢) < liminfelogP(X{ € A°) < limsupelogP(X; € A) < — inf I(¢),
PcA° e—0 e—0 ¢EA
(2.15)

where A° and A denote the interior and closure of A, respectively.
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This theorem provides a rigorous framework for understanding the asymptotic

behavior of the probabilities of rare events for the stochastic process X;.
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CHAPTER 3

BIOLOGICAL CONTEXTS AND APPLICATIONS

This chapter presents a brief but comprehensive summary of the critical biological and
physiological aspects of each system that we will model and study in this dissertation.
In addition, we will provide an overview of the historical research in the field that

forms the basis for the work presented.

3.1 Neuroscience
The first example system that we will explore is the biological neural network found

in the brain.

3.1.1 Physiology

The brain, a marvel of nature, is a vast and diverse network of neurons. The
brain is intricately organized both anatomically and functionally, consisting of the
spinal cord along with various regions, including the medulla oblongata, pons,
cerebellum, midbrain, diencephalon, and cerebral hemispheres [117]. Fundamental
structures include the thalamus and hypothalamus in the diencephalon and the basal
ganglia, hippocampus, and amygdaloid nucleus within the cerebral hemispheres [81].
The cerebral cortex is divided into frontal, parietal, occipital, and temporal lobes,
responsible for sensory, cognitive, and voluntary motor functions. Each lobe specializes
in distinct functions: the frontal lobe in planning and organization, the occipital lobe
in vision, the parietal lobe in sensory information, and the temporal lobe in hearing
and language [90]. Each hemisphere primarily controls sensory and motor functions on
the opposite side of the body, with sensory information organized topographically in

the somatosensory cortex, allocating more space to sensitive regions like the fingers and

22



mouth. Cognitive functions such as language are localized in specific areas, including
Wernicke'’s area for understanding speech and Broca’s area for speech production [51].

Neurons are specialized cells with three main components: dendrites (inputs),
soma (cell body), and axon (output). The axon can extend up to 1 meter and is
insulated by a myelin sheath for faster signal propagation [9]. Neurons generate
electrical signals called action potentials that travel down the axon in an all-or-none
fashion with consistent amplitude and duration. Stronger stimuli produce higher firing
frequencies to encode information, and neurons can exhibit various firing patterns
such as bursting [51].

Neurons communicate at synapses, which can be chemical or electrical. Chemical
synapses are most common in the mammalian brain, where neurotransmitters released
from the pre-synaptic neuron bind to receptors on the postsynaptic neuron, causing
either excitatory (depolarizing) or inhibitory (hyperpolarizing) effects. Synapses can
be direct/fast or indirect/slow based on the receptor type. Each neuron receives
inputs from approximately 1000 other neurons on average, forming complex synaptic
architectures that enable specialized brain functions. Synapses can amplify or modulate
signals, and their connections can be modified through processes such as learning [51].

Neurons collectively form an extensive and highly diverse interconnection network.
The brain is estimated to contain around 86 billion neurons [74] and approximately
100 trillion nonuniform connections [145]. Furthermore, in addition to this immense
complexity, a considerable degree of stochasticity is also observed [123]. Even if one
focuses solely on examining a specific brain region, such as the visual cortex, the level

of complexity remains beyond current computational capabilities [97].

3.1.2 Overview of historical mathematical modeling
In 1963, Alan Lloyd Hodgkin and Andrew Fielding Huxley were awarded the Nobel
Prize in Physiology or Medicine for their groundbreaking Hodgkin-Huxley model [76].

This mathematical framework offered a simplified portrayal of single-neuron dynamics
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during an action potential, drawing upon principles from electrical circuits, thereby
revolutionizing our comprehension of neuronal communication and paving the way for
further research in neuroscience and computational neuroscience.

Their seminal work laid the groundwork for “bottom-up” approaches, which
endeavor to construct neural function models based on individual neuron descriptions,
beginning with a highly accurate microscopic model and then deriving macroscopic
equations through analysis. However, incorporating the Hodgkin-Huxley equations
directly into large-network models proves computationally impractical due to their
intricate nature. It can potentially hinder insight into fundamental physiological
mechanisms. Consequently, significant analytic efforts have focused on reducing
complexity and deriving effective equations that faithfully represent large ensembles
of neurons [21, 24, 25]. Noteworthy examples of such models include the Morris-Lecar
model [110], the FitzHugh-Nagumo model [58], and the Integrate-and-fire model [28,
41]. This avenue of research remains vibrant, as exemplified by endeavors like the
Human Brain Project [106].

However, despite the simplifications introduced by these models, the bottom-up
approach still presents challenges and disadvantages. Computational complexity, data
fitting, and the interpretability of results still present significant challenges. On the
scale of modeling the number of neurons in the human brain, the complexity of even
the most streamlined model approaches that of the brain itself. For a more detailed
discussion of these triumphs and challenges, the reader is directed to [42] and [49].

An alternative method is commonly referred to as the “top-down” approach.
Inspired by statistical mechanics, this approach aims to model neuronal behavior
at a statistical level [43]. The resulting models produce what are called neural field
equations (sometimes also ambiguously referred to as neural mass models, mean
field models, and neural population models, but some make distinctions between

them [34]). These models segregate cortical tissue en masse into populations with
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shared statistical properties [143]. A typical partition would be into excitatory and
inhibitory populations [79]. These models typically describe the average activity
across a region of space, which significantly reduces the theoretical complexity [18].
Furthermore, these models tend to be well suited for interpretability with physiological
measurements such as local field potentials (LFPs), electroencephalography (EEG),
or magnetoencephalography (MEG) [122].

The origins of neural field equations can be traced back to Beurle [16] and
Griffith [66, 67, 68]. However, modern canonical models of neural field theory are
believed to truly begin with the work of Freeman [60], Wilson [143], Wilson and Cowan
[142], Nunez [113], Lopes da Silva et al. [101] and Amari [2, 3].

A subset of models are known as balanced network models. It has been proposed
that observations such as temporal variability in neuron firing can be produced from
such equations when modeled as an approximately balanced state between excitatory
and inhibitory inputs [64, 129]. Characteristics of such models are net excitation
much greater than the firing threshold, balanced by inhibition input, and requiring
substantial fluctuations above the long time mean to fire. Early exploration was due
to Sompolinsky [135], see also [98, 124].

The complex and chaotic dynamics inherent in cellular and subcellular
interactions among extensive neuron populations suggest the suitability of stochastic
models, aligning with a prevalent theme in mathematical biology. Stochastic
neural fields, a significant area of neural field modeling, stem from two primary
methodologies: stochastic extensions of traditional neural field frameworks and
population density approach emphasizing microscale neuron interactions [22]. These
models excel in capturing randomness arising from neuron variability, providing a
more phenomenological perspective conducive to quantifying neural activity [78, 107,
115, 132]. Notably, they elucidate phenomena related to finite-size population effects

and rare events [23, 55, 92, 94]. By leveraging stochastic abstractions, these models

25



better match experimental data, fostering data-driven research in neural dynamics
[13, 80, 128].

A popular means of studying high dimensional balanced neural networks is by
taking the connections to be static random variables [133]. These models utilize a
discrete matrix operator rather than a continuous spatial kernel to describe neuron
connectivity, treating the dynamics as a directed graph with non-linearly coupled
neural mass models. This approach uses random matrix theory to handle large-scale
complexity and compute the statistical properties of the system. Early work by Van
Vreeswijk, Crisanti, and Sompolinsky [135, 138] strongly suggested a phase transition
to chaotic dynamics as the network size increases. Key findings include the critical
role of connectivity parameters in phase transitions and using Dynamical Mean-field
theory to simplify large network dynamics into a manageable stochastic process. Early
work by Sompolinsky et al., [132] anticipated that low-dimensional population density
type equations could accurately describe such systems. These models were originally
developed for ‘spin glass’ systems [32, 108, 109, 116, 137]. Crisanti, Horner, and
Sommers performed the initial derivation of correlation-response equations applicable
to symmetric random neural networks [38], followed shortly afterward by Cugliandolo
and Kurchan[39]. The correctness of these equations was subsequently confirmed
by Ben Arous, Dembo, and Guionnet [12], who used concentration inequalities from
probability theory to produce a thorough and detailed proof.

As N becomes large, a process usually applied to dynamical systems would be to
calculate the fixed points and linearize the system around them to assess local stability;
however, this becomes computationally intractable for random neural networks due
to nested nonlinear coupling functions. Sompolinsky, Crisanti, and Sommers have
made significant advances in the literature on large N-limiting equations for such
networks. They proposed that Path Integral methods could yield limiting dynamical

equations [132] and subsequently published their derivation [37]. Physicists use Path
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Integral methods to derive population density equations by identifying where the
probability measure for the N-dimensional system concentrates. In probability theory,
Large Deviation Theory (LDT) is a potent tool for addressing this question [44]. The
pioneering papers of Ben Arous and Guionnet [10, 11, 70] utilized LDT to analyze
spin-glass dynamics. They obtained the first rigorous results regarding the large N
limit of random neural networks. Following this work, Grunwald applied LDT to
derive correlation/response equations for random neural networks with randomly
flipping spins between discrete states [69]. Moynot and Samuelides explored the
non-Gaussian case [111], while Faugeras and MacLaurin extended the work of Ben
Arous and Guionnet to incorporate correlations in connectivity [53]. Touboul and
Cabana determined the limiting equations for spatially extended systems [29, 30], and
Faugeras, Soret, and Tanre [54] derived novel integral equations to describe the state
of these systems. MacLaurin established limiting equations for jump-Markov spin
glass systems [103].

For a comprehensive overview of the critical stages of the history and development
of neural field theory, mean-field equations, and contemporary uses of this branch of
mathematical neuroscience, the reader is directed to the article by Cook et al. [34]

and the monograph by Helias and Dahmen [72].

3.2 Calcium Signaling
The second example system we will explore is the regulation of calcium signaling in

biological cells.

3.2.1 Phsyiology
Approximately one percent of the calcium (Ca®") in the human body is found within
the cells. This calcium functions as an essential signaling molecule. It is necessary

for excitation-contraction coupling in muscles [50], excitation-secretion coupling in
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synapses [83], exocytosis [127], fluid transport elasticity in presynaptic and postsynaptic
neurons [91], gene regulation and differentiation [15], and cell movement and cell death
[33].

At equilibrium, most of the cells’s calcium resides within inner cell structures,
such as the endoplasmic reticulum. The concentration in the cytoplasm is several
orders of magnitude lower. Energy-consuming active pumps pump calcium into the
Endoplasmic Reticulum (ER). Channels on the surface of the ER can open to allow
calcium to flow into the cytoplasm. More specifically, when an agonist binds to a G
protein-coupled receptor (GPCR), it activates a G protein, activating phospholipase C
(PLC). PLC then splits phosphatidylinositol bisphosphate (PIP2) into diacylglycerol
(DAG) and inositol 1,4,5-trisphosphate (IP3). IP3 can then freely move within the cell
cytoplasm. Upon binding to IP3 receptors (IPR) located predominantly on the ER
membrane, [P3 triggers the release of calcium from the ER. The endoplasmic reticulum
is the primary internal compartment for calcium dynamics, with contributions from
mitochondrial stores and other inner cell structures playing a secondary role [47].

Calcium signaling is organized hierarchically [31, 62, 84]. Calcium dynamics
in cells exhibit threshold behavior similar to other excitable systems, where small
perturbations return to a steady state unless a significant disturbance causes a large
transient response, known as a calcium spike. These spikes manifest as oscillations
or waves across the cell, appearing smooth at a macroscopic level but resulting from
stochastic events at a microscopic scale. Specifically, the random opening and closing of
calcium channels (IPR channels) lead to localized releases referred to in the literature as
blips. These blips can aggregate into larger releases known as puffs, which collectively
generate cell-wide calcium waves. There is considerable evidence that calcium puffs
and waves are nonlinear stochastic phenomena: it has been observed, for instance,
that IP3 channels can be highly active even when the average open probability is

less than half its maximum [130]. The presence of abortive calcium waves indicates
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the stochastic origins of the phenomena. Indeed, clusters have a 60-100 nanometers
diameter, whereas the distance between clusters is much larger: 3-7 micrometers
[84]. Thus, calcium signaling fundamentally relies on stochastic interactions of these
channels influencing the overall calcium distribution in the cell’s cytoplasm.

One standard tool for measuring calcium concentration in a cell is via fluorescence
data. A fluorescent agent that binds to calcium is introduced and observed under
a microscope. Fluorescence ratio data is not a precise measurement of calcium
concentration, and calculating calcium concentration from the florescence ratio is
imprecise [77]. However, fluorescence data can give us an accurate measure of the
increase or decrease of calcium and can, therefore, record calcium spikes within the

cell.

3.2.2 Overview of historical mathematical modeling

Calcium signaling models, like many real-world models, are categorized into four
primary groups. The initial division distinguishes between deterministic and stochastic
models, while the second separates spatially homogeneous models from spatially
distributed ones. Classical models of calcium signaling are almost entirely deterministic
[47]. These models typically assume that the calcium concentration (and signaling
molecules such as IP3) within the cell can be well-approximated as homogeneous and
the dynamics can be accurately described by ordinary differential equations for the
evolution of their concentrations in time [84]. However, recent experimental evidence
and mathematical analysis have called this into question [35, 65, 87, 96, 118, 121,
125]. Data shows that (i) the interspike interval can show significant variability, and
(ii) intracellular calcium concentrations show steep gradients. It is, therefore, widely
postulated that much of the emergent phenomena are, in fact, stochastic in nature
[118, 125]. The well-established literature examines how spatially distributed calcium

waves and patterns can arise from microscopic stochastic models.
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Some of the earliest work is in the Fire-Diffuse-Fire model of Keizer and Smith
[87, 88]. In this model, Ryanodine Receptors open (and release calcium) once the
ambient calcium exceeds a threshold before closing, entering a refractory state, and
then opening again. Keizer and Smith demonstrated that this model exhibits spatially
distributed waves. Coombes, Hinch, and Timofeeva [35, 36] developed a similar model.
They estimated the release probability for a cluster of channels and determined that it
is approximately a sigmoidal function of the local calcium concentration. Keener [85]
further extended these works by taking the opening and closing of individual channels
to be stochastic.

There have been some efforts towards a detailed derivation of effective
macroscopic equations from a microscopic model. Hinch and Chapman, for example,
[75] used exponential asymptotic methods to determine the relative frequency of
calcium sparks. Falcke et al. employed approximations to determine estimates for
the approximate probability of calcium puffs (given the frequency of blips) and also

estimates for the probability of a wave throughout the cell [84, 121].
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CHAPTER 4

NEURAL NETWORK MODEL

This chapter concerns the high-dimensional dynamics of asymmetric random neural

networks of the form, for j € Iy ={1,2,..., N}

N
del = (—x{ T+ BNT2Y Jj’“)\(xf)> dt + o dW} (4.1)
k=1
Where ) is a Lipschitz function, 7 is a constant, and {J/*},cr, are sampled
independently from a centered normal distribution of variance 1, {W/ }ikery are
Brownian Motions. We study the convergence of the double measure (a probability

measure on the path space of the system)

N Z 5(ZfO,T]’G{O,T]) (42)

JEIN

where

N
G = N7'2) A (af)
k=1

This work follows the approach of Ben Arous and Guionnet see Subsection 3.1.2.
We employ the theory of Large Deviations to determine the large N limit of the
empirical measure. The main novelty of our approach is as follows. We study the
double empirical measure, which includes information on both the spins and the fields.
Using a double empirical measure has several advantages: it facilitates accurate finite-
dimensional approximations of the dynamics and a broader class of disorder-dependent
initial conditions. Grunwald determined the Large Deviations of the Double Empirical
Measure for Spin-Glass Dynamics of Jump-Markov Systems [69]. We also include

Replicas (i.e., M copies of the system with the same connectivity but independent
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Brownian Motions), which broadens the class of admissible disorder-dependent initial
conditions. Taillefumier et al. have employed replicas to study mean field neural
networks [7, 8, 144]. Lastly, the function A can be unbounded, and the diffusion
coefficient o; can vary over time. The time-varying nature of o, is essential for studying
how periodic environmental noise in the brain shapes the dynamics of random neural
networks. The novelty of implementing these various elements in unison allows us to

gain unique insight, mathematical rigor, and tractability.

4.1 Notation and Definitions
Let Iy ={1,2,..., N} be the set of neuron indices. For any Polish space X, let P(X)
denote all probability measures over X'. The space C([0, 7], R) is always endowed with

the supremum topology (unless indicated otherwise), i.e.

2|l = sup |z

)

For y € RY, |ly|| is the Euclidean norm. For any probability measures 4 and v over a
Polish Space, let R(p||v) denotes the relative entropy of measure p with respect to v.
For any two measures on the same metric space with metric d, dy (-, ) indicates the

Wasserstein distance, i.e.
duw (1, v) = inf E*[d(z, y)] (4.3)

where the infimum is taken over all ( on the product space such that the marginal
of the first variable is equal to p and the marginal of the second variable is equal to
v. In the particular case that u,v € C([0,T],RM), the distance is (unless otherwise

indicated) d(z,y) = SUPye(0,7] SUPper,, ’ﬁ - Z/ﬂ
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For any p € P(C([0,T],RM)?), we write M), u® € P(C([0,T],RM)) to be the

marginals over (respectively) the first M variables and last M variables.

4.2 Model Description
We are going to rigorously determine the limiting dynamics of multiple replicas (with
identical connections J, but with independent initial conditions and independent
Brownian Motions). We let the superscript a denote replica a € Iy = {1,2,..., M},

and consider the system

dzf? =( = 27 JT + GyY)dt + oy d Wy where (44)
G =N"Y2 N A (). (45)
keln

We assume that A € C*(R) and that the first derivative is uniformly bounded: this
means, in particular, that there is a constant C such that |A(z) — A(y)| < Cy|z — y|.
The noise intensity ¢ — oy is taken to be continuous and non-random, and such that

for constants ¢ and &,

0<g<o<o. (4.6)

Our primary motivation for time-varying diffusivity lies in neuroscience: often, synaptic
noise exhibits particular rhythms. It has been of significant interest how these rhythms
shape pattern formation [26].

The connectivities {.J7¥} are taken to be independent centered Gaussian variables,

with variance

E[J7*J"] = 6(4,1)6(k, m).

Let vV € P(RN 2) be their joint probability law.
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4.3 Initial Condition Assumptions
One can assume that the initial conditions (2));ez, are (i) independent of the connec-
tivity and (ii) sampled independently from a R -valued probabilistic distribution of

bounded variance. This distribution is written as & € P(RM).

4.4 Main Theoretical Results
Our main result is that the empirical measure converges to a fixed point of a mapping
®:U — U. Here U C P(C([0, T],RM)?) will be defined to consist of (i) a broad class
of measures with nice regularity properties, and (ii) such that the empirical measure
inhabits U/ with unit probability.

One first defines (Gf ) to be a centered Gaussian system such that

pEI]\/jth[O,T]
E[GYGY] = B [A(zF)A(z0)].

(28)per,, is independent of (G’f ) and is distributed according to ~. For

peln5tel0,T]

Brownian Motions (W[’S 7 that are independent of G*, 2! is the strong solution

>P€IM’

of (4.4).

Theorem 4.4.1. There exists a well-defined mapping ® for all p € U. Furthermore
there exists a unique probability measure & € P(C([0,T], RM)?) such that with unit
probability,

lim N~! 0, i

J
N—o0 . (210,17
JEIN

Glyz) = €. (4.7)

€ is the unique measure such that ®(§) = £. Furthermore,

€= lim &M, (4.8)

n—oo

where £7TY = ®(6M) and £V is any measure in U.
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The proof of this theorem will be provided in Chapter 5. This theorem is
valuable because it offers an efficient method to determine the large N limiting
equations through the repeated application of the mapping ®. Given that the limiting
system is Gaussian, solving for its covariance matrix suffices. For an alternative
formulation of the limiting covariance function in terms of a PDE, refer to Helias
and Dahmen [72]. In addition, Faugeras, Tanré, and Soret studied the asymptotic
behavior of a network of linear Hopfield neurons with random synaptic connections.
They demonstrated that the system converges in distribution to the sum of initial
values and centered Gaussian processes. They showed that these processes, which are

not Markovian, can be expressed using modified Bessel functions [56].
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CHAPTER 5

LARGE DEVIATION PRINCIPLES FOR NEURAL NETWORKS

The main goal of this section is to prove Theorem 4.4.1 employing the theory of Large
Deviations [45]. The method - similar to the original work by Ben Arous and Guionnet
[10] - is to (i) prove a Large Deviations Principle for the uncoupled system and then
(ii) perform an exponential change-of-measure using Girsanov’s Theorem to obtain
the Large Deviations Principle for the coupled system, before (iii) proving that the
rate function has a unique zero.

The main differences between this work and the early papers of Ben Arous and
Guionnet are that we (i) study the convergence of the double empirical measure (4.2)
(whereas Ben Arous and Guionnet study the convergence of the ‘annealed empirical
measure’ in their earlier papers [10]. In the later works [11, 12] quenched asymptotics

are determined) and (ii) we employ replicas.

5.1 Large Deviations of the Uncoupled System

We start by stating a LDP for the uncoupled system. Define the uncoupled dynamics,
yd = b +/ o, dWP7 (5.1)
0

and let PY € P(C([0,T],RM™)N) be the law of {y[];)VT] }iely, conditioned on yo being
equal to 2.

We establish a LDP for the uncoupled system by locally freezing the dependence
of the fields {G?”} on the empirical measure. To do this, we must first define a
regular subset Q, (for a positive integer a > 1) that is such that (i) the empirical
measure oM (y) = N1y v € P(C([0,T],RM)) inhabits with high probability
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and (ii) there exist uniform bounds on the fluctuations in time. To this end, writing

KCq to be the compact set specified in Lemma A.2, define the set

Qq = {u e P(C([0,T),RM)) : p € Ky and sup E*[ sup (y7)*] < a and

pElMm t€[0,T]

For all integers m > a it holds that sup E*[ sup (wf,, — wim))z} < A1/4} (5.2)

0<i<m pEly L+l

where A, = T/m and ™ = iT/m. Write

Q = Uﬂa- (53)

a>1

Lemma 5.1.1. For any L > 0, there exists a > 0 such that

lim N~'log P(a™(y) ¢ Qu) < L (5.4)

N—o0

The above lemma is proved in the Appendix A. Next, for any v € Q, we define
a centered Gaussian law 3, € P(C ([0, 7], R)M ) as follows. We stipulate that 3, is the

law of Gaussian random variables {G;"};ci0,1)per,, With covariance structure
E% [GPGY] = B [A(22)M(z)] (5.5)

This definition will be useful because for any j € I, the law of CNJ{O 1] under vV is
Biun(yy- In the following Lemma we collect some regularity estimates for the Gaussian

Law 3,.

Lemma 5.1.2. (i) (8, is a well-defined Gaussian probability law. (ii) Furthermore,

the map t — G} is ‘uniformly continuous’ for all measures in U,, in the following
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sense. For any a > 0, and any € > 0, there exists 6(a, €) such that for all v € U,,

sup sup E7 sup |GUP — G| | < e (5.6)
vEUL pEI g 5,t€[0,T)3|s—t|<d(a€)

Write QY = v ® P to be the law of the random variables (y, G), and for any
v € Q, define S, € P(C([0,T],RM™)?) to be S, = P ® f3,.

We then arrive at the following LDP for the uncoupled system,

Theorem 5.1.3. Let A, O € B(P(C([0,T],RM)?)), such that O is open and A closed.
Then

N@Nfl log QN (ﬂN(y[O,T}’ G[O,T]) € A) < — jgﬂR(uHS#(l)) (5.7)
li_rn N_1 log QN (,&N(y[()ﬂ, G[O,T]) S O) > — inf R(,LLHSMQ)). (5.8)
N—oo neo

Here the rate function p — R(NHSM(U) 15 lower semi-continuous and has compact

level sets.

5.2 Large Deviations of the Coupled System
We now specify the operator ® : U — U. Fix p € U and define ® () to be the law of

One first defines (G? ) to be a centered

p 4
TroOCesses (2
p ( [0,7]’ G pelrste(0,T]

[O,T])peIM;te[O,T} :

Gaussian system such that
E[G1GT] = E* [MAGD)].

(28)per,, is defined to be independent of and distributed according to

(Gf)pelMstE[O,T}

k. Letting (Wp be Brownian Motions that are independent of G* , we define

[O:T])pEIM
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(27 )perysteo,r] to be the strong solution to the stochastic differential equation
dzf = (= 77120 + GYP)dt + oy dW. (5.9)

We now arrive at the LDP for the coupled system and our main result on the
convergence of the empirical measure for the system /i to a unique measure £ as given

in Theorem 4.4.1.

Theorem 5.2.1. For any € > 0,

lim N~ log P(dw (4" (2, G), &) > €) < 0. (5.10)

N—oo

Thanks to the Borel-Cantelli Lemma, this implies that with unit probability,

lim 2V (z,G) = €. (5.11)
N—oo
Furthermore,
€= lim £, (5.12)
n—oo

where £ = (M) and €V is any measure in U.

We have divided the proofs into four main sections. In Section 5.3, we prove
general regularity properties of the stochastic processes. In Section 5.4, we prove that
the empirical measure inhabits a compact set with arbitrarily high probability. In
Section 5.5, we prove the LDP for the uncoupled system. In Section 5.6, we determine

the limiting dynamics of the coupled system.

5.3 Regularity Estimates and Compactness

We first prove Lemma 5.1.2.
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Proof. We first check that the covariance function is positive definite (when restricted
to a finite set of times). Let {t;}1<i<m C [0, 7] be a finite set of times. Then evidently

for any constants {of'},er,, 1<i<m, it must be that

S Y BRG] =2 (Y Y a6 20 63

p,q€lny 1<i,5<m pelny 1<i<m

This means that there exists a finite set of centered Gaussian variables
{ thgfw }oenysi<i<m such that (5.5) holds. It then follows from the Komolgorov Extension
Theorem that 3, is well-defined on any countably dense subset of times of [0, T]. It
remains for us to demonstrate continuity, i.e., that a Gaussian probability law exists
such that (5.5) holds for all time. We do this using standard theory for the continuity
of Gaussian Processes (following Chapter 2 of [1]).

First, we notice that as Gy"" are given to be centered Gaussian variables, therefore
they have bounded second moment (finite variance) by definition of the variance of

Gaussian variables, so we have

sup sup E[(G{")?] < ococ. (5.14)

pelp te [O,T}

Now define the canonical metric,

d(s,t) =E[(G2% — GP)?]F = B [(A(2?) — A(2D))?] 2 (5.15)
<Const sup E" [|x? — x$|2]% <a(t—s)i (5.16)
p€lm

thanks to properties of the set Q,, for all s, such that |s — ¢| is smaller than some
constant depending on a. It follows from Theorem 1.4.1 of [1] that the Gaussian
Process (G;)icpo,r) is almost-surely continuous.

Write By(€) = {s € [0,T] : d(s,t) < €} to be the e-ball about ¢, and let N (¢)

denote the smallest number of such balls that cover T. We see that there exists a
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constant ¢, > 0 such that

N(e) < cpe. (5.17)

Writing H(e) = log N (e), it follows from Theorem 1.3.5 in [1] that there exist M
Gaussian Processes (G;").cj0,r] such that t — G" is almost-surely continuous, and

there exists a universal constant & > 0 and a random 7 > 0 such that for all § < n,

s
sup |GvP — G| < ﬁ/ HY?(e)de (5.18)
pEln3s,t<T3d(s,t)<d 0
4 1
< ﬁ/ (4log (€7) + log ¢, ) 2 de, (5.19)
0
and we note that the above goes to 0 as § — 0. This also implies (5.6). O

The following bound on the operator norm of the connectivity matrix is well-

known (and the proof is omitted).

Lemma 5.3.1. For any L > 0, there exists ¢ such that
Jim N7 og P([|7x |l > £) < —L, (5.20)
where Jny € RN*N has (5, k) entry
T i = N2

Lemma 5.3.2. For any ¢ > 0, there exists L > 0 such that for all p € Iy and all
N >1,

N~'logP(A., sup » (2/9)> > Nt) < —L (5.21)

te[0,T] jeln
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where

A= { ITnIl < e, sup > (257)* < NE®[(25)] + N}.

pely jeln
Proof. Write
u =N E (z07)=.

JEIN

If the event A. holds, then thanks to Ito’s Lemma it must be that

duy ={ — 27 " + 1+ 2N71 N 29GP Ydt + 2N Y 2Pl dwp

jelN JEIN

§{ —2r b+ 1+ CC,\ut}dt + 2N Z zf’detp’j,

JjeIN

since N™' Y0 A2P7)? < C%uy. Write

v, = sup 2N !
s€[0,¢]

?

t
> / I WP
0

JEIN

and define the stopping time for a constant A > 0,

Ta=inf{t >0 : v, > exp(At) + A}.

Gronwall’s Inequality implies that for all t < 74,

w < (A + ug + t) exp (615)

(5.22)

(5.23)

(5.24)

(5.25)

where ¢ = A+cCy — 277", The quadratic variation of z(t) :== N~ 37, [ 22 dwp

18

@ =N Y [ s

JjelN
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For all t < 714,
QV)N < NT'&H(A+wug+t)exp (&) := N~'hy, (5.27)

and notice that h; is independent of the Brownian Motions. Now define the stochastic

process w(t) to be such that

w(t) =z(e;") where (5.28)

o =inf{s >0 : (QV)) =t} (5.29)

Thanks to the time-rescaled representation of a stochastic integral, w(t) is a Brownian
Motion [82]. Writing f(t) = exp(At) + A, it follows that
IP( There exists s < T such that |z(s)| > f(s))
S]P’( There exists s < T such that ‘w(N_lhs)| > f(s))

§]P’( There exists s < T such that ‘w(N_lhsm))

> f(S(m)))

and we have written

sM = inf {t((lm) Lt > s} (5.30)
S(m) = Sup {tgm) ) < s}. (5.31)
and we recall that t((lm) = T'a/m. Employing a union-of-events bound,

IP( There exists s < T such that ‘w(hs(m))| > f(s(m))) <

a+1 a+1

mf {P<W(Nlht<m>) > f(tém))> +P(w(N1ht<m>) < —f(tgm))>} (5.32)

a=0
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Now since w(t) is centered and Gaussian, with variance of ¢,

a+1 a+1

FE™) (hyow )~ +O(log N). (5.34)

a+1

N~ logIP’(w(N_lht(m)) > f(tgm)) - gf(tflm))z(ht(m))_l +O(log N) (5.33)
N
2

Nt 1ogP(w(N1ht<m)) < _f(tgm)) - _

a+1

We fix m = A and take A to be arbitrarily large. Then

fm ot f(tgm))Q(htffl)l)_l = 0.

We thus find that, for large enough A,

lim N~* logIP’(.Ac, There exists s < T such that |z(s)| > f(s)> <—L. (5.35)

N—oc0

We have already demonstrated in the course of the proof that if the event A. holds,
and sup,e(o 7 [7(s)| < f(s), then there exists a constant such that sup;e(o 7 us < Const.

We have thus established the Lemma. O

The following L?-Wasserstein distance provides a very useful way of controlling
the dependence of the fields (G}) on the measure v. Define d§2)(~, -) to be such that

for any p,v € U,
1/2

d?)(u,y):igmf {Z /0 {(y? — )% + (G2 — G2)%}ds| (5.36)

pElM

where the infimum is over all ¢ € P(C([0, 7], R*) x C([0, T],R*), such that the law
of the first 2M processes is given by pu, and the law of the last 2M processes is given
by v. Let d® (p,v) == d¥ (u, v).
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Lemma 5.3.3. For any a > 0, d®(-,-) metrizes weak convergence inU,. Furthermore,

lim sup {dW(,u, v) v €U, and dP (p,v) < e} =0. (5.37)

e—0t

Proof. Since U, is compact, Prokhorov’s Theorem implies that for any € > 0, there

exists a compact set D, C C([0,T], RM)? such that for all u € U,,
(D) >1—¢ (5.38)

Since D, is compact, it follows from the Arzela-Ascoli Theorem that for any § > 0,

there exists v(e, d) such that for all f, g € D, such that for all p € 5y,

/0 (7(t) — g?(1))%dt < v(e. 5), (5.39)

it necessarily holds that

sup sup |[fP(t) — g*(t)| <. (5.40)

p€ln t€[0,T)

Let ¢ be any measure that is within 7 < 1 of realizing the infimum in (5.36). Then,
writing

Ae = X{ For each JAS IM7 yp,gpvgphap € De}a

we have the bound

B¢ [ sup sup [y (t) — ()] + sup sup |¢7(t) — gp(t)\]
pEln tG[O,T] pEls tE[O,T]

<&\ (swp s [0~ 0] + sup sup |70 - (0] )4+

pEly tE[O,T} pEln tG[O,T]

E¢ {( sup sup [yP(¢) — §°(t)| + sup sup |gP(t) — gp(t)|> (1- Ae)] (5.41)

pElns tE[O,T} pElN tE[O,T}
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Now we take d®(u,v) — 0%, and n — 07 too. Since A, is closed, thanks to the

Portmanteau Theorem, we thus find that for any € > 0,
{A Z / )2 + (GE - é’;)Q}ds] — 0. (5.42)
pElnM

which in turn implies that (making use of the uniform convergence over D, in (5.40))

E<[<sup sup [y7(t) — §7(8)] + sup sup |¢(1) g”(t)])Ae] 0. (5.43)

pEln t€[0,T] p€lns t€[0,T]

For the other term on the RHS of (5.41), for b > 0, write

Bbzx{ For each p € I);, sup ‘yf‘ <b, sup }y } <b,
te(0,7) te[0,T

sup [gf| < b, sup [gf] Sb}
te[0,7) t€[0,T

Then,

ECK sup sup [yP(t) — g7 (t)| + sup sup |g”(¢) §p(t)|>(1 —Ae)}

pElns tE[O,T] pElN tG[O T

sw‘[(sup sup [y7(t) — ()] + sup sup }gﬁ(t)—g%w\)(l—fts)sb}

pEly tG[O,T] pEln tE[O,T]

+ E¢ {( sup sup |yP(t) — g]p(t)| + sup sup |g”(t) — gp(t)}) (1—A)(1- Bb)}.

pEln t€]0,T) pEln t€]0,T)

(5.44)

Thanks to the fact that, for all u € U,,

sup E*[ sup (y)*] < a,
pElns te[0,T
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one finds that the second term on the RHS of (5.44) goes to 0 as b — oo, uniformly for
all ¢ > 0 and all p,v € U, . For any fixed b > 1, the first term on the RHS of (5.44)

must go to zero as € — 01, thanks to (5.38). We have thus proved the Lemma. [
For € 9, we define dEZ)(u, v) analogously to (5.36).

Lemma 5.3.4. There exists a constant € > 0 such that for all p,v € Q and all

te[0,7],

A (B, By) < €di? (v, ). (5.45)

Also for all p,v € Q such that for some b > 0, det(Y,,),det(V, o) > b > 0, there

exists a constant &, such that

A (Bog, Bug) < C(1+ lg])d (v, ), (5.46)

and ||| is the Buclidean norm on RM.

5.4 Exponential Tightness
To prove a Large Deviation Principle, one requires that the empirical measure inhabits
a compact set with arbitrarily high probability. For any y € C([0,T], RM)N  write
Y e P(C([0,T],RM)N) to be the law of the random variables (G2 iernspernsiclo -

The following lemmas are needed for this proof.

Lemma 5.4.1. For any L > 0, there ezists a compact set Cr, C P(C([0,T],RM)) such

that the following holds. For any N > 1, and any {yﬂJ’T] }iery such that N (y) € Qr,

N~'log ) (A¥(G) ¢ Cr) < —L. (5.47)
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For p € P(C([0,T],R)M x C([0,T],R)M), write V) € P(C([0,T],R)M) to be
the marginal of u over its first M variables, and x® to be the marginal of p over its

last M variables. Next, define the set

U, = {u e P(C([0,T),R)™ x ([0, T],R)™) : uV € Q,, u® €, and

sup sup B*[(G7)?] < CRa, forall 0 < s,t < T, (5.48)

t€[0,T] pEln

sup EA{(G? — G")?] < aC2lt — s|1/2},

pEIN

and let

U=|Ju. (5.49)

a>0

It follows immediately from the above definition that dy (i, v) < oo for any u,v € U.

We can now prove an ‘exponential tightness’ result.

Lemma 5.4.2. For any a > 0, U, 1s compact. For any L > 0, there exists a > 0 such

that

lim  sup N 'logQu . (A" ¢ U,) < —L. (5.50)

20,80
N=00 (5,80) VN

Proof. Since the sets Q, and C, are compact, this follows almost immediately from

Lemma 5.4.1. W

5.5 Proof of Large Deviations of the Uncoupled System

In this section, we prove Theorem 5.1.3.
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For some v € 9, let Q) € P(C([0, T],RM)N x C([0,T],RM)™N) be the joint law

of the uncoupled system, i.e.
QY = (8, ®B,)"". (5.51)

Define the empirical measure ¥ € P(C([0,T],R)™ x C([0,T],R)*) to be

N ar—1 o
pN=NTY Oyt G (5.52)
JelN
where we recall that
t
yr = 2} +/ o, dWP. (5.53)
0

Lemma 5.5.1. Fiz somev € U. Let A,O C P(C([O,T],RM)2)), such that O is open
and A closed. Then

T a1 N (=N v < ‘
Jim N Mog QY (7Y (v, Giy) € A) < — inf R(ullS,) (5.54)
lim N~ "1og Q) (™ (y(o1, Glor) € O) > — inf R(u|Sy). (5.55)
N—oc0 neo

Furthermore p — R(u||S,) is lower semi-continuous, and has compact level sets.
Proof. This is a consequence of Sanov’s Theorem [44]. O

We will now prove Theorem 5.1.3 as follows.
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Proof. We start with the upper bound (5.7). We write 4% := i (yo.71, Gjo.77). Using

a union-of-events bound, for any a > 0,

lim N~ 'log QY

N—oo

aNeA) <

zo, gO(

pt e ANU,),

Zo, gO(

max{ hm N~'log QY

< max{ hm N~ og QY . (i € Aﬂlx[a),—L}, (5.56)

for any L > 0, as long as a is sufficiently large, thanks to the exponential tightness
proved in Lemma 5.4.2. By taking a — oo, it thus suffices that we prove that for
arbitrary U, such that ANU, # 0,

hm N'log QZO go(

~N _ L
it e AnU,) = HG%EMGR(MHSH()). (5.57)

Since A NU, is compact, for any € > 0, we can always find an open covering of

the form, for some positive integer Ne, {(i<i<n. € ANU,,

Ne
ANnU, €| JB(G). (5.58)

=1

We thus find that

th Nog QY _ (f EAﬂUa)

Zo, gO(

< sup {th "log Q) o (AN EBG(Q))}. (5.59)

1SZ'SN€ N—oo
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Thus, employing Lemma 5.1.2 in the third line below,

T AT— N ~N
Jim N7 og Qg g, (4 € Be(Gi))

= Tim N 'logEo vi,\fgo (ﬂN € Be(Q))]

N—oo

- _ N -~ ~
:J\}EHOON Hog E7o yﬁv(y)’go (uN € BE(Q))} (5.60)

< lim N7! logEPz]g sup ’yiv(l)’go (/lN € BJQ))]

N—oo _VEBe(Ci)

—— inf R(IS,),

H:VGBE (C’L)

thanks to Lemma 5.5.1. We thus find that

]\}i_mN’llogQN (AN e AnU,) <— inf  inf  R(y||S,). (5.61)

080 1<i<Ne v,u€Be((;)

Now, it is proved in Lemma 5.3.4 that v — @), 5, &, is continuous. Since the Relative
Entropy is lower-semi-continuous in both of its arguments, we thus find that the

following map is lower-semi-continuous,

(v, 1) = R(ul|Sy)-
Thus taking € — 0T, we obtain that

lim inf inf R(’MHS”):#el,ﬁlrfwuaR(MHS“(l))’ (5.62)

e—0+ 1<i<Ne v,u€B (&)

and we have proved (5.57).
Turning to the lower bound (5.8), consider an arbitrary open set O. If ONU = (),
then

Tim N7 og Q) , (7Y € 0) = —o0 = —gg(ng(ullSum)(u),

70,80

since R (||, ) is identically co outside of ¢4. In this case, its clear that (5.55) holds.

51



We can thus assume that O NU # (). Let p € O be such that y is in the interior
of U, for some a > 0. We can thus find a sequence of neighborhoods {N;};>1 of u
such that A; C O NU, N B;j-1(w). We thus find that for any j > 1,

hm N logQp o, (AN € 0) > llm N ogQp o (1Y € Nj). (5.63)
Similarly to the bound for the closed sets, we obtain that
hm N~og Qp o, (i~ € Nj) > — sup mf R(p|]Sy). (5.64)

veN; HEN;

Taking j — oo, since (v, u) — R(u|]S,) is lower semicontinuous, it must be that

lim N~'log QY

N—oo

i e N;) = =R (ullS,m). (5.65)

Zo, gO(

Since p € O is arbitrary, it must be that

hm N~'og Qp o (A" € O) > — inf R(MHS ). (5.66)

neo

5.6 Proof of Large Deviations of the Coupled System

Girsanov’s Theorem implies that

APy, N
Ton | (v) =exp (NT5z(y)) (5.67)
zo |F
where F_]]\{T RMN 5 R is
1 r b7 1 . . 1 1 2
Mrry) =N"" > 0, 2 (GBI =771y ) dyt — 50;2(6‘” —77lyP9) ds. (5.68)
0

JEINSPEl N
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We wish to specify a map I' : &/ — R with (i) as nice regularity properties as possible,

and (ii) such that with unit probability

Iy r(y) =T (Y (y, G)). (5.69)

It is well-known that the stochastic integral is not a continuous function of the driving
Brownian motion (considered as an object in C([0,T],R), and endowing this space
with the topology of uniform convergence). Thus, we define the map I' to be a limit
of time-discretized approximations, and we will show that this limit must always
converge for any measure in U.

Our precise definition of I' : «f — R is as follows. We first define a time-discretized

approximation to I'. T™ : ¢/ — R*,

12 p _ —1_p P
Z Z E |: t(m) t(m) T Zt((Lm)) <Zt(m) Z (m) + AmT Z((l ))

pEIM a=0

1 _ 2
b t(i)A (Gfgm)—T lzfgm)) . (5.70)

where A, = T'/m and tgm) = ¢T/m. We now define I : / — R to be such that (in
the case that the following limit exists)
() = lim T (p0), (5.71)
j—o00
where m; ; is a positive integer defined further below in Lemma 5.6.2. If the above

limit does not exist, then we define I'(11) = 0 (in fact, we will see that the limit always

exists if u € U). It may be observed that T" is a well-defined measurable function.

Lemma 5.6.1. For every N > 1, every (zo,80) € &, and for QY _  (the law of the

Z0,80

random variables (y, G) conditioned on zy, go) almost every (y, G), the following limit
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exists

lim ['739) (N (y, G)) (5.72)

J—00

With unit probability, the Radon-Nikodym Derivative in (5.67) is such that

dpPy,,
APy |z,

— oxp (D (v, @))) (5.73)

Also for any e, L > 0, there exists k € Z such that for all N > 1,

sup N~ 'log QY .. (‘F(m“) My, G)) —T(i"(y, Q)| = e) < —L (5.74)

i>k

Proof. Define the set
Aj = {p et : [T () = T0maviasd) ()] > 2177} (5.75)

Thanks to a union-of-events bound, for any N > 1, and using the bound in Lemma

5.6.2,

20,80V

sup on . (ﬂN € UA]-) Zexp — N27). (5.76)
ik

It thus follows from the Borel-Cantelli Lemma [5, 57] that for each N > 1, there must
exist a random k such that @V ¢ A; for all j > k, and so the limit in (5.72) exists
(almost surely). (5.74) follows analogously. As the time-discretization tends to 0, the

summation must converge to the stochastic integral, hence (5.73) must be true too.

]
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Lemma 5.6.2. (i) I™ : U — R is continuous. (ii) Moreover, for any a,j € 77,

there exists mq ; such that for all m > m,; and all n > m,

sup N tlogQYN

20,80€YN

(T (@Y (y, G)) = T™ (iM(y. G)) = 277) < =2 (5.77)

zo gO

Proof. (i) The continuity of '™ is immediate from the definition.
(i) For any t € [0,7), write t™ = sup{t!™ : #™ < t}. Starting with the

discrete approximation to the stochastic integral, we can thus write

m— T
-1
Z t(m) Gl — T ng))('z%ﬂ_zgm)) = /0 T y(m) (wa t(m))dzt (5.78)
=0
Hence,
m—1
-1
B [ t“”) (m) -7 Zf(m))(*’*’ﬁm) _me))]_
b=0 b b+1 a
n—1
-2 -1
Z E" l"tm) (Gfm) -7 Zf(n)) (Zim - Zf(n))}
ab=0 b b b b+1 b

T
- {/o {Ut(’i) (Glom = 7 2m) = T (Gl = T 20 )}dzf}
{/ Z t(m) t(n) dzt} (5.79)

pEln

where ff = o0;%(G) — 77'2)'). Writing

=02 (GY = 7712Y), (5.80)
we obtain that
T . . .
[ [ S -] =x S [ - a6
pelm jelnspely 7O
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The quadratic variation of this stochastic integral is

t
m,n), - ,' 2
Q)N =N ST (fT — ) ok (5.8)

jelnspely 0

By definition of the set U,, if iV € U,, then for any § > 0, one can find m; such that

as long as m,n > mg, necessarily
QV)mmN < N6,

Then writing w(-) to be a standard Brownian Motion, using the Dambin-Dubins-
Schwarz [82] time-rescaled representation of the stochastic integral, as long as (m, n) >

ms,

(i e

Ydzp| >

5) <F(lu(v9)| > o (589

t(M) t(n)
pElNp

=exp (— Ne*/(88)) < exp(—NL),
(5.84)

as long as we choose ¢ sufficiently small.

The other terms in

P (aN(y,G)) =T™ (@ (y, G))

are treated similarly (observe that they are just Riemann Sums, so it is straightforward

to control their difference from the limiting integral).

We now prove Theorem 5.2.1.
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Proof. We start by proving that for any € > 0, there must exist a measure p € U such

that

lim N~ log P(dw (2" (2, G), 1) <€) = 0. (5.85)

N—o0

Write U = U,,, where a is large enough that

lim sup N llog Q;\([),go ("™ (y, G) e U, < —C.

N=0 (34,80) VN

where C' is the upperbound for I' in Lemma 5.6.3. This is possible thanks to the

Exponential Tightness.

Lemma 5.6.3. There exists a constant C > 0 such that
lim N~"'logP(I'f1(z) > C) < 0. (5.86)
N—oo ’

Proof. For any ¢ > 0,

lim N—llogP<P§VT(z) > O> < max {]ﬁ N~ logP([|TIn] > £),
’ —00

N—oo

T N 0Pl < T30 2 0) | (650

Thanks to Lemma 5.3.1, Nm N7'logP(||Tn]|| > ¢) converges to —oo as £ — co. It
—00

thus suffices that we prove that, for arbitrary ¢ > 0, there exists C', > 0 such that
]ﬁ N 'ogP(||Tn|| < €.TY1(2z) > Cy) < 0. (5.88)
—00 ’

Now, leaving out the negative-semi-definite terms, we find that

T
Ff]\fT(z) < N Z o2 (C;”s”j — 7y dy? (5.89)

jelnspely O
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Furthermore, writing h? = o,2(GP¥ — 771y?7), and assuming that ||Jy| < ¢, one

finds that

D () <207t 37 (G 4 7)) (5.90)

jGIN JEIN
<204 Y7 AW ) (5:91)

j€IN
<2070 LW + 7 ()} (5.92)

jEIN

We thus find that, for any L > 0 there exists a constant Cj, > 0 such that

lim N~'logP(sup » (h27)* > NCp) < —L. (5.93)

Write

Hy = { sup Z(hf;’j)2 < NC’L}.

pEln jeln

We thus find that,

dim N"og P([|7v |l < £, Hy s Tyr(z) > Cr)
< T ar—1 c
< max {A}LmOON log]P’(HN),
T N og P < € Ao Tel) 2 )|

< max{ - L,Nli_m N 'ogP(||Inl| <€, Hy , T p(z) > Cg)} (5.94)
—00 ’
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Furthermore, using the Dambins-Dubins Schwarz Theorem [82], and writing w(t) to

be 1D Brownian Motion,

lim N~ log P([| 7]l < ¢, Hy , TYp(2) > Cy)
N—o0 ’

< lim N 'logP( sup |w(CN7's)| > Cp) < —L, (5.95)

~ Nooo s€[0,T]
as long as (Y is sufficiently large, using standard properties of Brownian Motion. [

Thanks to the Radon-Nikodym derivative identity in (5.69), we thus find that
N@ON—I logP(iN(z,G) ¢ U) < 0. (5.96)
Thus, for (5.85) to hold, it suffices that we prove that there exists p € 4 such that
N@ON—I logP(i"(z,G) € U, dw(i™(z,G), 1) <€) = 0. (5.97)
Since 4l is compact, for any € > 0, we can obtain a finite covering of 4 of the form

N
{C U Be(pa), (5.98)

where p; € Y. By a union of events bound,

0= lim N 'logP(i"(z, G) € U) (5.99)
N—o00
T ar—1 AN ~
gmjxv{ T N log B <z,G>EBE<m>>} (5.100)

If our proposition in (5.97) were false, then (5.100) would be strictly negative, which

would be a contradiction.

59



Write pux) € U to be such that

lim N~ logP(dw (4" (2, G), ) > k') = 0. (5.101)

N—oo

Let p € 4 be any measure such that for some subsequence (pg)r>1, limg_00 H(pp) = M
(this must be possible because  is compact).

We next claim that

lim lim N~ logP(dw (4" (2, G), 1) <€) = =R (ul[S,m) + I'(n) (5.102)

e~0T Noo

Indeed writing A = {dw (4" (2, G), ) < €},

P(dw (N (z,G), ) <€) =E" { /R " Py (Ad)ps (X)dX}
:EW{/RNINEPf[exp (NT (™)) x{ A} p5 (x)d }
= [ BB L (V) A 00

:/RMN E {EV {Epiv[exp (NT(i™)) x{ A3 p3 (%)

Go|| ix

(5.103)

and in this last step, we first perform the conditional expectation, for v conditioned
on the values of {G57}icryspern,-

Now, recall that

p3 (20) = (Z3) " X{ " (20, Go) € By ()}

Furthermore, writing

uy = N~ log E[Z¥],
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our assumption on the initial condition dictates that for any ¢ > 0,

lim N~"logP(|N~"log Z3' — un| > ) < 0. (5.104)

N—o0

Next, we claim that

lim inf T'(v)=T(w). (5.105)

e—0T relnA.

Indeed (5.105) is a consequence of Lemma 5.6.1: this Lemma implies that I" can be
approximated arbitrarily well by continuous functions over il.
We thus obtain that

lim lim inf N'log (dw (4" (z,G),p) <€) =

e—0t N oo (20,Go)

() + lim n_m{—uN+N—11og/ E7[Qa, (A [ (20, Go) € Byy () }dx)}

e—0t N 500 RMN

=D(p) — lim inf R(u]|S,),

e—0+ I/G.A(e)

(5.106)

since (by definition)

Nt lOg/MN EY [X{[LN(ZO, G(]) € B(;N(FQ)} dzy = uy,
R

and we have employed the uniform lower bound in (5.8). The lower semi-continuity of
R implies that
lim inf R(u|[S,) =R(ul|S,w)-

e—0+ VEA(
We thus obtain (5.102), as required.
The theorem now follows from Corollary 5.1.3. Since the relative entropy is only
zero when its two arguments are identical [27], any zero must be a fixed point of the

operator ®. It is proved in the following Lemma that there is a unique zero. O
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Lemma 5.6.4. There exists a unique fixed point & of ® in U. Furthermore £ is such
that for any p € U, writing {1y = p and {my1) = P(Emy), it holds that

f = lim f(n) (5107)

n—oo

Proof. We start by considering the following restricted map ® : Q — Q (Q is as
defined in Equation 5.3). For some p € Q, write ®(u) to be the law of the following
random variables (z, G). First, it is stipulated that (zg, Go) have probability law .
Second, conditionally on (zg, Go), the distribution of (217, Gjo,77) is given by S, 2.

Define di” : 9 x 9 — R* to be such (as above in Equation 5.36) that for any

v € Q,

4P (u,v) = inf E¢ { > /t {(y? — §°)* + (G? — G?)?)ds 1/2, (5.108)
peln V0
where the infimum is over all ¢ € P(C([0, 7], R*) x C([0, T],R*), such that the law
of the first 2M processes is given by pu, and the law of the last 2M processes is given
by v.
We are going to demonstrate that there is a constant ¢ > 0 such that for all

pv € 2Q,
A (Do), ®u(v)) < VEd (p,v). (5.109)

That is, for any u, v € 9, we construct a particular ¢ that is within 7 < 1 of realizing
the infimum in the definition of the Wasserstein distance in (5.36). To do this, we
employ the construction of Lemma 5.3.4. Let G*, G* be C([0, T|, RM)-valued random

variables (in the same probability space), with joint probability law f3,,. Then for
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Brownian motions (W) define

pEln’
A2l = (= 77120 4 GYP)dt + oy d WP (5.110)
Ao = (= 77\ 4 GEPYdt + o dWY. (5.111)

The initial conditions are identical: z;” = z{"". We immediately see that

1/7p

%(zt — zf’p) = —T’l(zf’p - zé"p) + GP — GIP (5.112)

and hence

%(z;ﬁ — 2P = o (P — Y 22— 2) (GYP — GEP) and thus
(5.113)

t
(zt”’p — zf’p)Q = / exp (2(3 — t)/T)Z(zS”’p — zfj’p) (GZ”’ — G’S"p)ds. (5.114)
0
It follows from this that there exists a constant ¢ > 0 such that for all ¢ € [0, 77,

P (y(1), () < ctd® (B,, B,) (5.115)

< cOxtd™ (p, v), (5.116)

using Lemma 5.3.4. Thus, for a small enough ¢, there is a unique fixed point of @,
(the mapping up to time ¢). Iterating this argument, we find a unique fixed point for
®. The uniqueness for @, in turn, implies uniqueness for ®, thanks to the identity in
Lemma 5.3.4.

To see why (5.107) holds. First, consider arbitrary v(;) € Q, and define v, 1) =

®(V(n)). The above bound in (5.116) implies that necessarily (i) ., is Cauchy. It

n>1
then immediate follows that for any &) € & with first marginal equal to v(;), and

writing &, 41) = P(§(n)), it must be that (§(n))n>1 is Cauchy.
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Finally, we note that d® metrizes weak convergence, thanks to Lemma 5.3.3.

]
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CHAPTER 6

CALCIUM SIGNALING MODEL

One of our fundamental aims is to develop an accurate microscopic model of
calcium signaling (which is thoroughly stochastic) and then use statistical mechanical
techniques to determine effective macroscopic equations. The complex nature of
cellular processes often makes it challenging to characterize them directly, requiring
sophisticated modeling techniques to uncover the underlying mechanisms. This work
investigates the analysis and modeling of calcium dynamics in the cytoplasm, a critical
aspect of cell function. The focus is on a Piecewise-deterministic Markov process
(PDMP), a modeling framework known for its deterministic flows between events,
switching rates that control transitions between states, and a probability measure
that defines these transitions. The deterministic flow of calcium is explained by a set
of differential equations that distinguish between the open and closed states of the
calcium channel. The components of the flow, such as calcium influx, active pumping,
and passive leakage, are elucidated. We utilize a nondimensionalized version of the
deterministic flow equation to make our model adaptable to various experimental
measurements, especially fluorescence data from Dr Gaetan Barbet’s lab. The model
in this paper fully couples the calcium concentration to the opening/closing of the
channel. It thus allows a more detailed estimation of how the feedback between the
opening/closing of channels and the local calcium concentration leads to calcium

waves.

6.1 Model Description
A one-dimensional approach is well understood not to be biologically accurate; however,

it serves as a useful approximation because calcium diffusion in the cytoplasm is
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observed to occur rapidly over short distances [139]. Therefore, local variations are
quickly evened out, making it sufficient to understand the average, or mean-field,
behavior.

With this model, we aim to address whether we can accurately determine
(through direct expression or simulation) the distribution of the time intervals between
successive whole-cell calcium spikes by modeling the stochastic nature of individual
calcium channels and the deterministic diffusion of calcium between spikes.

Our Piecewise-Deterministic Markov Process (PDMP) model is characterized by
deterministic flow between events, a switching rate governing state transitions, and a
probability measure defining state transitions.

Our model is a closed-cell model, meaning it does not account for calcium
entering or exiting the cell. Calcium transport across the cell’s plasma membrane
seems to have minimal impact on calcium oscillations [131], primarily driven by release
from internal structures like the ER [46, 47]. Furthermore, studying oscillations in
closed-cell models allows for examining long-term oscillations since calcium is not lost
from the cell.

Positive feedback of calcium concentration is crucial to the model’s behavior. The
flux through the open channel is proportional to the difference in calcium concentration
between the cytoplasm and the ER. The proportionality constant, k¢, is a scaling
factor that controls the maximum total flux and can be considered to represent the
Inositol trisphosphate receptors (IPR) density. Its value is sourced from the literature
[47]. The assumption that channel flux is linearly dependent on calcium concentration
across the entire observed concentration range is dubious. However, this assumption
is the simplest and is sufficiently accurate for most models [47].

Our expression for the Sarcoplasmic/endoplasmic reticulum calcium ATPase
(SERCA) pump flux term is an example of a unidirectional model found in the

literature [47, 99, 100, 119] and represents the consumption of one ATP molecule to
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transfer two calcium ions from the cytoplasm to the ER. This expression incorporates
a form of positive cooperation, where the binding of the first ion accelerates the
binding of the second ion. This expression is a good approximation when the calcium
concentration is small relative to the ratio of reaction rates given by K?2. Parameters
for the SERCA pump expression are taken from the literature [47] and are based on
Lytton et al. [102], who demonstrated that the pumping rate for various such pumps
is well modeled by a Hill function with a coefficient of approximately 2.

In our current model, calcium buffering is not explicitly modeled; however, its
effects are incorporated into the diffusion coefficients and scaling factors, assuming
fast, linear buffering.

The leak term is necessary to achieve a steady state when the channel is closed
when implementing a unidirectional SERCA pump [63, 112].

The dynamics of calcium concentration, denoted as ¢, is governed by the following

differential equation:

= fle,0) (6.1)

Here, f(c, o) describes the rate of change in calcium concentration, which depends
on the state of the system o € (o, cl). We consider two possible states of the system:
the open state (0) and the closed state (cl). The expressions for f(c,o) in these states

are as follows:

Open state:  f(c,0) = Jehannel(€) — Jpump(€) + Jieak(€) (6.2)

Closed state:  f(c,cl) = —Jpump(€¢) + Jieak () (6.3)

The terms Jenanne1(¢), Jpump(€), and Jieax(c) represent the fluxes associated with

calcium channels, pumps, and leaks, respectively. These are defined as follows:
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Jchannel<c> == —k’fC
Vi

Toumel) = 71 2

Jleak(c> - kleak(_c) - _Ckleak

Jehannel (€) Tepresents the calcium flux through the channels, where k; is the
rate constant for channel flux. Jyump(c) describes the calcium efflux due to pumps,
modeled by a Michaelis-Menten-type kinetics with parameters V; (maximum rate)
and K (half saturation constant). Jiak(c) accounts for calcium leak, proportional to
the concentration with rate constant kjcax.

All constants in these expressions are calibrated for the calcium concentration
measured in micromolar (uM).

To facilitate comparison with experimental data, particularly fluorescence
measurements that may use different scales or units, we employed a nondimensionalized
version of Equation 6.1. Introducing a nondimensional calcium concentration ¢, the

transformed equation is now:

dé _ Vi c? .
% = —k’fC — (?) 1 T 52 - kleakc (64)

This nondimensionalized form ensures that the model can be applied to various
experimental setups, allowing for a consistent analysis of calcium dynamics across
different measurement techniques. Nondimensionalizing is justified due to the linear
relationship between calcium concentration and fluorescence measurement [77].

The system switches between states o (open) and ¢l (closed) with rate \. Where

Ao (€) = ayc (6.5)
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That is, the system switches between the channels in the open and closed state at a
rate proportional to the amount of calcium in the cytoplasm. The rate constant for

going from closed to open is given by «, and for open to closed by .

6.2 Maximum Likelihood Estimation
To validate our model with experimental data, the model parameters «, and o were
fitted using the Maximum Likelihood Estimate (MLE) based on the data provided.

The MLE for interspike times in our model aims to maximize the likelihood function

L, defined as:

M . .

L=T]r", 0K, (6.6)
j=1

for M samples, where
N Ti+1
p(7i, o), = H Ao, ¢) exp <—/ Ao, s)ds) (6.7)
i=0 Ti

for N events in a given sample.

In this context, events represents the opening and closing of the calcium channel.
Figure 6.1 illustrates an example of these sample events. The circles represent the
time of switching from a closed state to an open state, while the x-s represent the
time of switching from an open state to a closed state. The red portion of the signal
corresponds to the period when the channel is open, and the blue represents when the
channel is closed. The y-axis is given in units of normalized fluorescence. Although
acknowledged as an approximation to the true dynamics of the system, it is effective.
Crucially, the number of events that occur in a time interval is independent of the

number of events that occur in another interval that is disjoint from the first one.

The MLE-derived parameters are tabulated in Table 6.2.
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Figure 6.1 Example of system events.

6.3 Model Simulations
Once the parameters were fitted for each sample, a stochastic simulation was performed
for the model with those parameters, based on [136]. For each run of the simulation

in inter-event times, 75, were sampled such that

P (7 > t) = exp {— /:OA{@Azt“)}dr | (6.8)

Where @, (2, _,) is the deterministic flow of the calcium, see Section 6.1.

The calcium concentration was then found by solving the deterministic ODEs
between events [136].

The results of these simulations are plotted along with the corresponding
experimental data. In each case, the model fits well with the experimental data.
Statistical metrics such as mean and skewness for experimental and simulated data
are provided in Table 6.3.

Markov chain Monte Carlo (MCMC) simulations were performed using the
Python package emcee (https://emcee.readthedocs.io/en/stable/) [59] in order to
quantify the error in parameter fitting for each sample. Corner plots for each run are
displayed below the corresponding sample, and the 16th, 50th, and 84th percentile

values are tabulated in Table 6.4.
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6.4 In Vitro Experimental Data Analysis
We collaborated with experimentalist Dr. Gaetan Barbet and the Barbet laboratory
of Robert Wood Johnson Medical School, The Child Health Institute of NJ, Rutgers
University, to analyze data derived from the average responses of multiple bone
marrow-derived dendritic cells (BMDCs). Cells were exposed to two different
strains of FEscherichia coli (DH5« and MC4100) and Listeria innocua. Both FE.
coli strains and L. innocua are non-virulent. The subsequent analysis focuses on
in vitro calcium concentration fluorescence data in response to both Live and Heat
Killed (HK) pathogens. Figure 6.2 shows examples of fluorescent data captured
by the microscope of calcium spiking due to the stimulation of the pathogen in
bone-marrow-derived dendritic cells, BMDCs (innate immune cells also referred to as
mononuclear phagocytes), the activation of the three cells is due to the bacteria (red

dots).

Figure 6.2 Fluorescent imaging.

The data sets subjected to analysis are described in Table 6.1.

Figures 6.3, 6.4, and 6.5 present the spiking data for each sample, with the
spiking time interval defined from 100 seconds to 250 seconds for each data set. This
interval was carefully chosen through visual inspection, ensuring a consistent selection

capturing the spiking response of each sample while mitigating the initial non-spiking
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Table 6.1 Data Statistics for the In Vitro Data Analyzed

Sample Statistics
Duration of | Sampling | Number of

Sample Name Recording | Frequency | Samples
Ecoli DHb5a (HK) 301 s 1.0 Hz 169
Ecoli DHb5a (Live) 301 s 1.0 Hz 223
Ecoli MC4100 (HK) 301 s 1.0 Hz 174
Ecoli MC4100 (Live) 301 s 1.0 Hz 202
Listeria (HK) 301 s 1.0 Hz 212
Listeria (Live) 301 s 1.0 Hz 226

response and tail inaccuracies inherent in the sample measurement process. Observe

the markedly stochastic nature of the resulting calcium signaling.

DH5a Live DH5a HK

FiFg—1
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T T T T T T T T T T T T T T T T
100 120 140 160 180 200 220 240 100 120 140 160 180 200 220 240
Time [s] Time [s]

Figure 6.3 Calcium concentration spiking in response to E.Coli DHba. Left: Live
pathogen. Right: HK pathogen.
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Figure 6.4 Calcium concentration spiking in response to E.Coli MC4100. Left: Live
pathogen. Right: HK pathogen.
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Figure 6.5 Calcium concentration spiking in response to Listeria. Left: Live
pathogen. Right: HK pathogen.

Data preprocessing was performed for each sample to ensure that the resulting
stochasticity reflects the inherent variability of the biological process rather than the
experimental measurement.

We began by mitigating the trend in the data by subtracting the rolling mean[140],
using a window size of 0.1 times the sample length. This window size was chosen based
on visual inspection to optimize data processing. Figure 6.6 presents an illustrative
example in which the raw data are colored black, and the data with the subtracted
trend line is colored blue.

Following this, the data was smoothed using a Hanning window [140] with a
length of 9 data points. Similarly to rolling mean subtraction, the choice of this window
size was made by visual assessment for optimal data processing. The smoothed data
are red in Figure 6.6.

This preprocessing step facilitates accurately identifying calcium spikes and their

corresponding timings.

Spike identification was performed using the find_peaks function from Python’s
Scipy library’s signal module (https://docs.scipy.org/doc/scipy/reference/signal.html).
Initially, we determined the prominence and width for all spikes across all samples

within a given treatment condition (e.g., Live E.Coli DH5a). Then, the mean and
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Figure 6.6 Example of data preprocessing.

standard deviation of width and prominence were calculated. Subsequently, spikes
within X standard deviations of the mean were selected, where X was varied for
different analyses, as described below. This rigorous selection minimizes the potential
influence of aberrant signals within the dataset. See Figure 6.7 for an example using

1, 2, and 3 standard deviations.

Live Ecoli DH5a - Cell17.3

ogd ® 1.00 sDV ﬁ

x  2.005DV
+ 3.005DV
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Figure 6.7 Example of peak selection. Spikes selected within 1, 2, and 3 standard
deviations (SDV) from the mean.

To assess the distribution of the number of spikes across the samples, refer to
Figures 6.8, 6.9, and 6.10. The selection process ensures consistent spike counts across

samples, contributing to the reliability of subsequent analyses.
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The Interspike interval (ISI) was calculated for each pair of spikes, i.e., the time
between subsequent spikes. The resulting distribution is plotted in Figures 6.8, 6.9,
and 6.10 alongside the distribution of the number of spikes across each sample. Spikes
that fell within one standard deviation of the mean width and height of the spikes in

each sample were selected. A difference between the Live and Heat Killed appears

consistent across the samples.
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Figure 6.8 E.Coli DHb5a. Left ISI distribution. Right, Spike counts across samples.
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Figure 6.9 E.Coli MC4100. Left ISI distribution. Right, Spike counts across samples.

A comprehensive frequency analysis was performed to determine potential
differences in signal patterns between data sets; for each sample, the time domain
data were transformed into the frequency domain using Python’s rfft function
(https://numpy.org/doc/stable/reference/generated /numpy.fft.rfft. html).
Subsequently, the average power spectral density and frequencies were computed across

multiple samples within each condition. The power spectra convey the distribution of
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Figure 6.10 Listeria. Left ISI distribution. Right, Spike counts across samples.
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signal power across various frequencies, while the frequency distributions portray the
occurrence of specific frequencies within each data set. The resulting distributions
and power spectral densities for specific datasets are presented in Figures 6.11, 6.12,
and 6.13. In addition, violin plots of the frequency distributions show the statistical
significance of the difference between distributions. To get the significance level, a
Mann-Whitney U rank test for two independent samples was performed using Python’s
Scipy Stats library (https://docs.scipy.org/doc/scipy/reference/stats.html). There
appears to be a consistent difference between the Live and HK samples, with the HK
samples comprising a wide range of significant frequencies, which can be associated

with greater randomness in the spiking.

Realtive Power
°

00 01 0.2 03 04 05
Frequency [Hz]

DHSa

Figure 6.11 Power spectral density (left), frequency distribution (center) and violin
plot (right) for E.Coli DH5a.

A comparison between the frequency analysis for the DH5a versus Listeria Live

samples indicates a statistically significant, although smaller, difference between the

76



» 3 MC4100 HK
£ MC4100 Live 06 . =™
025 — = Lve
10
os
020
- & 04
2 -
- &)
8 o1s o £
2 g6 203
H ¢ g
T . %00
005 01
2
00
000
0
00 o1 02 03 04 05 y 01 02 03 04
Frequency [Hz] Frequency [Hz] MC4100

Figure 6.12 Power spectral density (left), frequency distribution (center) and violin
plot (right) for E.Coli MC4100.
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Figure 6.13 Power spectral density (left), frequency distribution (center), and violin
plot (right) for Listeria.

two samples, as can be seen in Figure 6.14
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Figure 6.14 Power spectral density (left), frequency distribution (center), and violin
plot (right) for DH5a compared to Listeria.

In contrast, no significant differences are observed between the frequency
distribution of the MC4100 and DHba Live samples frequency distribution as seen in
Figure 6.15.
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Figure 6.15 Power spectral density (left), frequency distribution (center), and violin
plot (right) for MC4100 compared to DHba.

6.5 In Vitro Numerical Results
The model’s parameters «, (the rate constant for the opening of channels) and « (the
rate constant for the closing of channels) were determined numerically by calculating

the MLE as described in Subsection 6.2. Table 6.2 summarizes the parameter values

obtained.

Table 6.2 Parameter Values From MLE Results

Qo [%] 0% [%]
DHb5a HK 0.436932 0.358845
DHba Live 0.377017 0.362093
MC4100 HK  0.465579 0.360245
MC4100 Live 0.400927 0.366744
Listeria HK 0.478608 0.373902
Listeria Live  0.410899 0.361924

Stochastic simulations were performed once the parameters were obtained as
outlined in Subsection 6.3 above. The results of ISI obtained from these simulations are
plotted along with the distribution of the ISI obtained directly from the experimental
data in Figures 6.16, 6.17, and 6.18. The goodness of fit indicates that the model
captures, at least, the first-order dynamics of the system. Table 6.3 presents a statistical
comparison between the experimental data and the simulated data generated by the
stochastic model for each sample, key statistical measures such as the number of data

points, minimum, maximum, mean, variance, skewness, and kurtosis are provided.
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Markov Chain Monte Carlo (MCMC) simulations assessed the uncertainty in the
parameter estimates. The 16th, 50th, and 84th percentile values of the parameters «,
and ay; are reported in Table 6.4. These percentiles provide a measure of the variability
and reliability of the parameter estimates obtained from the simulations. The results
from the MCMC simulations indicate that the parameter estimates are reasonably
well-constrained, with narrow intervals between the 16th and 84th percentiles (i.e., a
standard deviation). This suggests a good confidence level in the estimated parameters

derived from the MLE.
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Figure 6.16 Simulation (orange) versus Experimental (blue) ISI distributions for
Dhba. Left: HK. Right Live. Below each distribution are the results of the MCMC
showing the distribution for the parameters o, and «a;.
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Figure 6.17 Simulation (orange) versus Experimental (blue) ISI distributions for
MC4100. Left: HK. Right Live. Below each distribution are the results of the MCMC
showing the distribution for the parameters o, and ayy.
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Figure 6.18 Simulation (orange) versus Experimental (blue) ISI distributions for
Listeria. Left: HK. Right Live. Below each distribution are the results of the MCMC
showing the distribution for the parameters o, and ayy.
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The comparison between experimental and simulated data (Table 6.3) demon-
strates that the stochastic model reasonably approximates the experimental obser-
vations across different bacterial strains and conditions. Notably, the means and
variances of the simulated data are in close agreement with those of the experimental
data. However, there are discrepancies in the skewness and kurtosis values, which
may indicate areas for further model refinement but may also be inherent to the
stochastic nature of the simulation, the amount of experimental data, and the overall
stochasticity of the system. The model fits for the Live sample appears better than
for the HK samples, which may be further indicative of less structured dynamics for

the HK samples.

82



€8

Table 6.3 Statistics Comparing the Experimental and Simulated Data

Data points Minimum Maximum Mean Variance Skewness Kurtosis
DHba HK Experimental 1231 4 100 14 106 3 13
Simulated 50014 4 111 16 106 2 5
DHb5a Live Experimental 1399 4 100 16 136 2 8
Simulated 50012 4 156 17 133 2 6
MC4100 HK  Experimental 1347 4 71 14 7 2 8
Simulated 50009 4 122 15 94 2 5
MC4100 Live Experimental 1369 4 75 16 83 2 5
Simulated 50006 3 113 16 122 2 6
Listeria HK  Experimental 1673 4 107 13 72 3 14
Simulated 50017 4 100 15 93 2 5
Listeria Live  Experimental 1552 4 91 15 119 3 10
Simulated 50007 4 143 16 118 2 6




The parameter estimates from the MLE and their respective uncertainties from
the MCMC (Tables 6.2 and 6.4) show consistency across different strains and conditions.
These results validate the robustness of the stochastic model in capturing the dynamics
of calcium concentration in cells, providing a solid foundation for future studies and

potential model improvements.

Table 6.4 16th, 50th and 84th Percentile Parameter Values From the MCMC

(0% Qe

16th 50th 84th 16th 50th 84th

DHb5a HK 0.428141 0.437171 0.446455 0.352003 0.358821 0.365775
DHba Live 0.369815 0.377209 0.384409 0.355974 0.362125 0.368510
MC4100 HK  0.456408 0.465706 0.474710 0.354025 0.360308 0.366852
MC4100 Live 0.393421 0.401310 0.408892 0.360105 0.366815 0.373528
Listeria HK ~ 0.470267 0.478335 0.487188 0.367825 0.373851 0.380103
Listeria Live  0.403597 0.411012 0.418652 0.356017 0.362072 0.368369

Overall, the statistical analysis and parameter estimation underscore the
effectiveness of the stochastic modeling approach in replicating experimental calcium
concentration data, paving the way for more detailed investigations into the underlying
biological processes.

To determine whether there is a significant difference between the Live and HK
samples, we compared the parameter values «, and o obtained from the Maximum
Likelihood Estimation (MLE) and their respective uncertainties from the Markov
Chain Monte Carlo (MCMC) simulations across all samples.

For the parameter «,, which represents the rate constant for calcium channels
opening, the MLE results show that Live samples consistently have lower values
compared to HK samples across all strains. DHba: 0.377017 (Live) vs. 0.436932 (HK).
MC4100: 0.400927 (Live) vs. 0.465579 (HK). Listeria: 0.410899 (Live) vs. 0.478608
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The MCMC results further support this observation, indicating non-overlapping
or minimally overlapping 16th to 84th percentile ranges for the 'Live’ and "HK’ samples,
suggesting a statistically significant difference.

For the parameter ay;, which represents the rate constant for calcium channels
closing, the differences between Live and HK samples are less pronounced. DHba:
0.362093 (Live) vs. 0.358845 (HK). MC4100: 0.366744 (Live) vs. 0.360245 (HK).
Listeria: 0.361924 (Live) vs. 0.373902 (HK).

The MCMC results show overlapping a standard deviation for Live and HK
samples, indicating that the differences in «a,; are not statistically significant. This
leads us to conclude that there is a significant difference in the parameter «, between
'Live’ and "HK’ samples, with "HK’ samples consistently showing higher «, values.
There is no significant difference in the parameter a,; between 'Live’ and "HK’ samples,
as the values are comparable and their uncertainty ranges overlap.

To further highlight this difference, Figures 6.19, 6.20, and 6.21 plot the
probability of a channel opening or closing over time for the respective parameters.

The consistent difference between Live and HK across all samples is observed.
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Figure 6.19 Opening and closing probabilities for optimal parameters for DH5a.

This analysis indicates that cell viability significantly impacts the dynamics of
calcium channel opening, specifically «,, across different bacterial strains. In contrast,

the dynamics of calcium channel closing, o, remain relatively unaffected.
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Figure 6.20 Opening and closing probabilities for optimal parameters for MC4100.
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Figure 6.21 Opening and closing probabilities for optimal parameters for Listeria.

Similar to what we saw in the frequency analysis, the MLE values and the
percentile ranges from MCMC suggest that «, is higher in Listeria Live samples
compared to DHba Live samples. The 16th to 84th percentile ranges for «, do not
overlap significantly, indicating a statistically significant difference between the two
samples. The MLE values and the percentile ranges from MCMC indicate that a
values for DHb5a Live and Listeria Live are very close, overlapping the 16th to 84th
percentile ranges. This overlap suggests no statistically significant difference in the
rate constants for calcium channel closing between the two samples. This leads to
the conclusion that there is a statistically significant difference in the parameter «,
between Live DHba and Live Listeria samples, with Listeria Live having a higher rate
constant for calcium channel opening. There is no statistically significant difference in
the parameter o, between Live DHb5a and Live Listeria samples, as the values are

comparable and their uncertainty ranges overlap.
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In contrast to the frequency analysis, the MLE values and the percentile ranges
from MCMC suggest that «, is slightly higher in MC4100 Live samples compared
to DHb5a Live samples. The 16th to 84th percentile ranges for «, do not overlap
significantly, indicating a slight statistically significant difference between the two
samples. The MLE values and the percentile ranges from MCMC indicate that ay
values for DHb5a Live and MC4100 Live overlap the 16th to 84th percentile ranges. This
overlap suggests no statistically significant difference in the rate constants for calcium
channel closing between the two samples. There is a statistically significant difference
in the parameter «,, between Live DH5a and Live MC4100 samples, with MC4100 Live
having a higher rate constant for calcium channel opening. Although this difference is
less significant than that of the Listeria sample, There is no statistically significant
difference in the parameter o, between Live DH5a and Live MC4100 samples, as the

values are comparable and their uncertainty ranges overlap.

6.6 In Vivo Experimental Data Analysis
In addition to the above dataset, we were fortunate to receive an in vivo dataset
from our collaborators. Calcium variation over time was measured in dendritic cells
within the spleen of mice after injection of bacteria. Once again, we have Live and
HK samples.

The data sets subjected to analysis are described in Table 6.5:

Table 6.5 Data Statistics for the In Vivo Data Analyzed

Sample Statistics

Sample Name Duration of | Sampling | Number of
Recording | Frequency | Samples
Ecoli DHb5a (HK) 270 s 1.0 Hz 128
Ecoli DHba (Live) 418 s 1.0 Hz 179
Listeria (HK) 690 s 1.0 Hz 164
Listeria (Live) 276 s 1.0 Hz 162
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Figures 6.22 and 6.23 present the spiking data for each sample, with the spiking
time interval defined from 100 seconds to 250 seconds for each data set. This is
consistent with what was done for the in vitro data. Observe the markedly stochastic
nature of the resulting calcium signaling. We note that a time shift mapping was

performed on these datasets to align them with the in vitro data.
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Figure 6.22 Calcium concentration spiking in response to E.Coli DHba. Left: Live
pathogen. Right: HK pathogen.
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Figure 6.23 Calcium concentration spiking in response to E.Coli MC4100. Left:
Live pathogen. Right: HK pathogen.

The preprocessing and spike selection were performed identically to that
performed for the in vitro data.

The ISI was calculated for each pair of spikes, i.e., the time between subsequent
spikes. The resulting distribution is plotted in Figures 6.24 and 6.25 alongside the

distribution of the number of spikes across each sample. Spikes that fell within one
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standard deviation of the mean width and height of the spikes in each sample were
selected. A difference between the Live and Heat Killed appears consistent across the
samples. We note that there is less consistency in the number of spikes across the

samples for the in vivo samples when compared to the in vitro samples.
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Figure 6.24 E.Coli DHba. Left ISI distribution. Right, Spike counts across samples.
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Figure 6.25 Listeria. Left ISI distribution. Right, Spike counts across samples.

Similarly, as with the in vitro data, a comprehensive frequency analysis was
performed to determine potential differences in signal patterns between data sets. The
resulting distributions and power spectral densities for specific datasets are presented
in Figures 6.26 and 6.27. violin plots of the frequency distributions show the statistical
significance of the difference between distributions. There appears to be no statistical
difference between the Dhba Live and HK samples. A small significant difference is

observed between the Listeria Live and HK samples.
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Figure 6.26 Power spectral density (left), frequency distribution (center) and violin
plot (right) for E.Coli DHb5a.
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Figure 6.27 Power spectral density (left), frequency distribution (center), and violin
plot (right) for Listeria.

A comparison between the frequency analysis for the DH5a versus Listeria Live
can be seen in Figure 6.28. No statistically significant difference is observed between

the samples.
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Figure 6.28 Power spectral density (left), frequency distribution (center), and violin
plot (right) for DH5a compared to Listeria.

6.7 In Vivo Numerical Results
The model’s parameters «, (the rate constant for the opening of channels) and « (the

rate constant for the closing of channels) were determined numerically by calculating
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the MLE as described in Subsection 6.2. Table 6.6 summarizes the parameter values

obtained.

Table 6.6 Parameter Values From MLE Results

Qo [%] o7 [%]

DHb5a HK 0.489308 0.374295
DHb5a Live 0.523938 0.378663
Listeria HK  0.462825 0.387598
Listeria Live 0.522040 0.403095

Stochastic simulations were performed once the parameters were obtained as
outlined in Subsection 6.3 above. The results of ISI obtained from these simulations are
plotted along with the distribution of the ISI obtained directly from the experimental
data in Figures 6.29 and 6.30. The goodness of fit indicates that the model captures,
at least, the first-order dynamics of the system. Table 6.7 presents a statistical
comparison between the experimental data and the simulated data generated by the
stochastic model for each sample, key statistical measures such as the number of data
points, minimum, maximum, mean, variance, skewness, and kurtosis are provided.

Markov Chain Monte Carlo (MCMC) simulations assessed the uncertainty in
the parameter estimates. The 16th, 50th, and 84th percentile values of the parameters
a, and «a are reported in Table 6.8. These percentiles provide a measure of the
variability and reliability of the parameter estimates obtained from the MCMC
simulations. The results from the MCMC simulations indicate that the parameter
estimates are reasonably well-constrained, with narrow intervals between the 16th and
84th percentiles (i.e., a standard deviation). This suggests a good confidence level in

the estimated parameters derived from the MLE.
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Figure 6.29 Simulation (orange) versus Experimental (blue) ISI distributions for
Dhba. Left: HK. Right Live. Below each distribution are the results of the MCMC
showing the distribution for the parameters o, and ayy.
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Figure 6.30 Simulation (orange) versus Experimental (blue) ISI distributions for
Listeria. Left: HK. Right Live. Below each distribution are the results of the MCMC
showing the distribution for the parameters o, and ayy.
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Table 6.7 Statistics Comparing the Experimental and Simulated Data

Data points Minimum Maximum Mean Variance Skewness Kurtosis
DHb5a HK Experimental 261 4 65 13 67 3 9
Simulated 50019 4 123 15 89 2 D
DHba Live Experimental 321 4 70 12 65 3 12
Simulated 50016 4 128 14 81 2 5
Listeria HK  Experimental 504 4 68 14 75 2 8
Simulated 50012 4 129 15 101 2 5
Listeria Live Experimental 144 5) 82 12 73 5 30
Simulated 50001 4 100 15 86 2 5t




Table 6.8 16th, 50th and 84th Percentile Parameter Values From the MCMC

A %)
16th 50th 84th 16th 50th 84th

DHb5a HK 0.467998 0.489768 0.511232 0.360290 0.374866 0.389398
DHb5a Live  0.503293 0.524894 0.546767 0.365501 0.378915 0.392719
Listeria HK  0.449229 0.463869 0.478328 0.376750 0.387855 0.399115
Listeria Live 0.493171 0.523821 0.554447 0.382678 0.403914 0.425749

Comparison of the rate constants for the opening (a,) and closing (ay;) of the
calcium channel between the DHb5a Live and DH5a HK samples show no significant
difference. For a,, DH5a Live has a higher MLE value (0.523938) than DH5a HK
(0.489308), but the 16th to 84th percentile ranges overlap slightly, suggesting no
statistically significant difference. For a.;, the MLE values for DH5a Live (0.378663)
and DHb5a HK (0.374295) are very close, with overlapping percentile ranges, indicating
that there is no statistically significant difference in the rate constants for the closing
of the calcium channel between the two samples.

Comparison of the rate constants for the opening (a,) and closing (o) of
calcium channels between the Live and HK Listeria and Listeria samples has revealed
significant differences. For «,, Listeria Live has a higher rate constant (0.522040
MLE) than Listeria HK (0.462825 MLE), with non-overlapping 16th to 84th percentile
ranges, indicating a statistically significant difference. Similarly, for «,;, Listeria Live
also shows a higher rate constant (0.403095 MLE) than Listeria HK (0.387598 MLE),
again with non-overlapping percentile ranges, suggesting a significant difference in the
rate constant for channel closing between the two samples.

Based on the analysis, the following conclusions can be drawn from the in vivo
data. For the DHba sample, we did not observe a significant increase in the rate
constant for the calcium channel opening () in the Live samples compared to the
HK samples. In addition, there is no significant difference in the rate constant for the

calcium channel closure (). For the Listeria sample, there are statistically significant
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increases in the rate constants for calcium channel opening («,) and calcium channel
closing () in Live samples compared to HK samples.
To highlight the resulting rate functions further, Figures 6.31 and 6.32 plot the

probability of a channel opening or closing over time for the respective parameters.
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Figure 6.31 Opening and closing probabilities for optimal parameters for DH5a.
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Figure 6.32 Opening and closing probabilities for optimal parameters for Listeria.
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CHAPTER 7

LARGE DEVIATION PRINCIPLES FOR CALCIUM SIGNALING

7.1 Large Deviation of PDMP
This section establishes a LDP for Piecewise-deterministic Markov process (PDMP).
We derive specific Euler-Lagrange equations to calculate the most likely trajectory by
which the system produces a stochastic calcium puff.

The simplicity of the new proof lies in its original approach. By transforming the
PDMP system into a group of homogeneous Poisson Processes using a time-rescaling
technique, we directly link to the known LDP for the Poisson Processes through
the Inverse Contraction Principle. Furthermore, we identify the specific form of the
Euler-Lagrange equations, which is essential for determining the optimal first-hitting
times. These equations allow us to formulate the problem as an optimization problem

over the period [0, T] under the constraint imposed by the slow processes.

7.1.1 Notation and Definitions

Let [|-||, denote the supremum norm over [0, ], i.e.

2]l = sup |z].
s€0,t]

Let D([0,t],R) be the cadlag space of real functions from [0,¢] to R that are right-
continuous and have left-hand limits. Define A; as the class of strictly increasing
continuous mappings of [0, ¢] onto itself (so that any A € A; is such that A(0) = 0 and
A(t) = t. Following Billingsley [17], for any A € A, define

(7.1)

log M) — 2(8)

t—

IAll; = sup
s<t

97



Define the Skorohod Metric on Dy,

i) = jnf (I A s Jels) =y ()]} (72)

It is proved in Billingsley [17] that df is a metric and that D, is complete and separable

with respect to the topology induced by df. Next, for a € Z* define the pseudometric

dS : D(]0,00),R) x D([0,00),R) = R* to be

a

CZZ(JI, y) :dZ(gax, gay) Where (73)
lift<a—1
9a(t) = 0ift>a (7.4)

a—tifa—1<t<aq

Then define the metric d2, : D(]0, 00),R) x D([0, 00),R) — R* to be

o0

a2 (z,y) = Zinf {27, 4 (x, y)}. (7.5)

a=1

It is proved in Billingsley [17] that d2 metrizes convergence over D([0, c0), R).

7.1.2 Large Deviation Principle for PDMPs

A chemical reaction network [4] consists of the following triple: Species ., which are

the chemical components whose counts we wish to model dynamically. Complexes €

which are nonnegative linear combinations of species that describe how the species

can interact, and Reactions % which describe how to convert one complex to another.
Let £, € R be the reaction vector corresponding to the a'* reaction (it takes

values in Z), assuming that there are M reactions overall. The intensity of the n'®

reaction is defined to be

N (z(1), u(t)), (7.6)
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where ), : R x R™ — R7 is continuous and bounded. It is assumed that reactions

cannot produce a negative concentration: that is, it is assumed that if z € R‘i and

u € R™, and a € Z are such that x + N7'¢, ¢ R%, then necessarily A\, (x,u) = 0.
The ordinary differential equation takes values in a state space R™ and is such

that

du
== A(u(t),x(t)), (7.7)

where A : R™ x R?Y — R? is continuous. The initial conditions are taken to be

non-random constants, i.e.
u(0) := 45 and z(0) := 7. (7.8)

and it is assumed that the following limits exist

. AN o~

A}l_l’gouo = 1y (7.9)
. AN _ 4

1\}520% = Tp. (7.10)

Finally, it is assumed that the initial jump rates are always non-zero in the large N

limit, i.e., it is assumed that

inf Ao (o, tig) > 0. (7.11)

aEXA

We assume the following uniform growth bounds: for all ¢ > 0, and v € R™, and all

1<n< M,

1ACu, X < K (1 [Jull + [1X1]) (7.12)

A (X u)| < K. (7.13)
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Second, we assume that A and ), are both uniformly Lipschitz in their arguments:

that is,

| A X) - A, )| < C{ e —al + X - 11} (7.14)

sup [| A (u, X) — A (@, X)|| < C{flu—al + | X — X]|}. (7.15)

neR

Standard ODE theory dictates that for any particular value of x, there is a unique
solution to the ODE in (7.7).

Let Z,(t) count the total number of o € Z reactions across the network. The
linearity of Poisson Processes ensures that Z,(t) can be represented as, writing

{Ya(t)}aca to be independent unit-intensity Poisson Processes [4],

Zo(t) =Y, (N / t AN (a:(s),u(s))ds) (7.16)

0

2o(t) =N"'Z,(t) with initial condition (7.17)

24(0) =0. (7.18)
Writing y,(t) = N7'YN(Nt), it may be observed that

2a(t) = 1a ( /0 Y ((s), u(s))ds) (7.19)

and we have that

X(t) = Z Zo(t)€, and we define the scaled number of reactions (7.20)
aEX
2(t) = N'X(t) = za(t)éo (7.21)
aEX

The main result of this paper is the following theorem. Further below in Equation

7.25, we specify T to be the state space in which the triple (z,z,u) lives (and we also
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define a topology). The sequence of probability laws of (z,z,u) satisfies the following
asymptotic estimate on the space T as N — oo. The proof of this theorem is given in

Appendix B.

Theorem 7.1.1. Suppose that O, A C T, with O open and A closed, are such that
for any T > 0,
inf  inf inf A, (x(s),u(s)) > 0. (7.22)

(z,z,u)€ AUO a€R s€[0,T]

Then there exists a function J : T — R (specified in Subsection 7.1.3) that is

(1) lower-semicontinuous and (ii) has compact level sets such that

T ar—1 .
]\}E%ON log P((z,z,u) € A) < érelg J(B) (7.23)
lim N~ 'log P((z,7,u) € O) > — inf J(3) (7.24)
N—oo BeO

7.1.3 Topological Definitions
Before we state our main result, we must briefly note the topological space to which

our variables belong. Write the state space for (z,z,u) as T, i.e.,

Y= {(z,a:,u) € D([0,00), RY)M x D([0, 00), R*)? x C([0, 00), R)™

where
7.25
0 S alt)e = (t) (729
.. du A
(i) for all £ > 0, 2 = A(u(t), (1)) and u(0) = u}

and endow YT with the product topology. Since the values of z and u are effectively
determined by z, we only need to metrize the convergence of z. The following lemma

captures this.

Lemma 7.1.2. T is a closed subset of D(]0, 00), R*)M x D([0, 00), R*)Ix C*([0, 00), R)™.

In addition, Y is separable and metrizable. Furthermore for any t > 0, there exists
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¢ > 0 such that for all 6 > 0,

{(z,x,u), (Z,z,0) € T x Y :supd;(za, Za) < 5}

acR

c {(z,:c,u),(g,:z,a> ETXT:d(23) <4

(7.26)
and sup |z(s) —Z(s)| < ¢d
0<s<t
and sup |u(s) —a(s)] < ct(S}
0<s<t
We can now define the rate function J(z,xz,u) : T — R,
J(z,x,u): T — R, (7.27)

starting by stipulating that it is infinite in the case that z, : RT™ — R* is not absolutely
continuous for any o € R. Next, we stipulate that J(z,z,u) = oo in the case that

(z,z,u) ¢ T, where T is the closure of T C 7T, that is,

A

T = {(z,z,u) € T : There exists y € H; such that Equation 7.19 is satisfied}.
(7.28)

Otherwise, if
(i) (z,7,u) € T and

(i) z, is absolutely continuous for every a € R (which means that it must have a

derivative Z, for Lebesgue almost every time),

for any realization of z, define the set

U(z,r,u) = {t € RT : For any a € R, 2,(t) # 0 and A\, (x(t),u(t)) =0}  (7.29)

102



and define the rate function J(z,z,u) = oo if V(z,x,u) is of nonzero Lebesgue

Measure, else otherwise

= _ ) x(r),u(r))dr
I(zmu) = %/R%,w,u)f (ot ay) e uenar @)
where
l(a) =aloga —a—+ 1. (7.31)

7.1.4 Euler-Lagrange Equations

In this section, we determine the structure of the Euler-Lagrange equations that
determine the most likely trajectory followed by the system in attaining a specified
state. Computing estimates for first-hitting times is one of the most important
applications of Large Deviations Theory. For the application of Large Deviations
Theory to first-hitting-time estimates, see, for example, [48, 65, 104]. The ‘fast
processes’ (i.e., the ODE in u(t)) are implemented as a constraint (with Lagrange
multipliers). We start by describing the problem in terms of reaction fluxes; that is,
we wish to determine the most likely trajectory followed by the system to reach a

target reaction flux z* € (R*)l at time 7. We must determine the trajectory,
(z,2,u) € CLR)M x CY(R)? x C'(R)™
such that Jr is minimized, where

JIr = Z/o L(Z(s),x(s),u(s))ds, (7.32)

aER
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where L : RM x R x R™ — R* is the integrand of the rate function in (7.30), that is,

L(gq,z,u) = Zf(qa/)\a(x,u))/\a(x,u)
aEZX (733)

l(a) =aloga —a+ 1.

subject to the following constraints and boundary conditions

W A,
2(t) =2(0) + Y _ Za(t)a-
u(0) =i " (7.34)
2a(0) =0
2a(T) =27

We introduce Lagrange Multipliers {n’(t) }1<;<m corresponding to the m constraints

i
duy

Our task is now to find the critical points of the functional

Tr(z,u,m) :/0 L(%(s), z(s), u(s))ds where (7.36)

E(é(s),x(s),u(s)) =L(2(s), z(s),u(s)) — an(s){u’(s) — A'(u(s),z(s))} such that

i=1

(7.37)

2(t) =2(0) + Y _ Za(t)a- (7.38)

aEA

We now take the Frechet Derivative of (7.36), that is, for w € C'([0,T],R)™ and
v e CH[0,T],R)™, and x € C*([0,T], R)™, with boundary conditions w(0) = 0, w(T) =

0,v(0) = 0, and the boundary conditions for x are not yet clear. Thanks to the
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constraint in (7.38), we have that

@ Z ig@. (7.39)

We, therefore, find that

DJr(z,u,n) - (w,v, k) == lim e {jT Z 4 ew,u+ €v,n + €r) — jT(z,u,n)}

64)0""

- aAk d OL
- {3, (e L) - gt

+i/ { dn+§;nk%ii} G = a0
# 3 {0 D)) <>ai (£(0), 2(0), u<o>>}

Z —1'(0)v"(0) },

and to obtain the above expression, we have used integration by parts to write

Z/ wa(t)g—idt =) {wa(T)%L(Z(T),x(T),u(T))

QER

—wa(O)%L(Z(O),:B(O),u(O))—/0 walt )%g—idt} (7.40)

and

> [ i od =Y @) - e - [iecoe)
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Setting the coefficients of w,, v and k* to zero, we obtain the equations

d m
oL LA N d oL
Z(axi§a+2" 8xi§o‘) T @on,

=1
" OAF
K _
8u’ Z out (7.42)

du’
dt

— A'(u(s), z(s)) =0

n'(T) = 0.

Noting that £(a) = loga, we compute that 887La = log m, and therefore

AOL _d (1 P
At 0z, dt \""° X (x(t), ul®)) (7.43)
24 1 d |

Thus in the case that A\,(x,u) > 0, the Euler Lagrange equations are such that for

1<j<m,aeZand1<i<d,

za 1 d)\

aA]
- ZZ” Bk

k=1 j=1

Za
d773 & k AP
dt 8uﬂ Z Ou

2'(t) =2'(0) + ) _ za(t)€, for all t > 0 (7.44)
aEA
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For the sake of completeness, we note that

dAa ) WP, ) S

=YD sty e Al (), 2(1)) (7.45)
BEZX i=1 =1

oL ONe %

ou’ _QEZ;] ou’ (1 B )\_a) (7.46)

It can be seen that this system amounts to an ODE boundary value problem. One
way one may attempt to solve this problem is via the shooting method [48]. At time
0, the unknowns are {2,(0)}acz and {1?(0)}1<j<m. The shooting method requires
guessing the values of unknowns at time 0, (ii) integrate the equations forward to time

T, and then (iii) implement the constraints {Z,(7) = Z..a }acz and {n?(T) = 0}1<j<m.

7.1.5 Simplified Euler-Lagrange Equations

Usually, one wants to know the first-hitting-time for the concentrations {z*(T)}1<i<4,
rather than the first hitting time for the reaction fluxes. That is, for a fixed z, € R¢,
one wishes to estimate the probability that z; ~ x, and also determine the optimal
(most likely) path followed by the system in attaining this point. For this reason, it
can be simpler to eliminate the reaction fluxes and reduce the problem to one purely
in terms of concentrations and ODE variables {u’(T)}1<;<,m. To this end, for any

i €RY z € (RT)? and u € R™, define the set

E(d,w,u) = {2 0 &7 =) iap C (RHY (7.47)

aEA

Then, define the function

A

L(&(s),z(s),u(s)) = inf { L(2,z(s),u(s)) : % € E(d,z,u)} (7.48)
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In the case that =Z(&, z,u) = (), define i(m(s), x(s),u(s)) = co. Thus, one can define

the contracted rate function,

jT ZCac([Oa T]v <R+>d) x CGC([O’ T]’ Rm) — R
(7.49)

jT(I,U)Z/O L(&(s), z(s), u(s))ds,

and it is immediate from the Contraction Principle [45] that J governs the Large
Deviations of (z,u). The following convexity property makes it easier to compute

optimal trajectories.
Lemma 7.1.3. L is convez in its first argument.
Proof. This is because = is linear in &, and L is convex in its first argument. ]

Next, we outline the Euler-Lagrange equations for Jz. The derivation parallels

that of the previous section. Our task is to find the critical points of the functional

jT(x,U,n):/O j}(i(s),x(s),u(s))ds, where

L(i(s), (s), u(s),n(s)) =L(&(s),2(s),uls)) = Y _n'(s){@'(s) — A'(uls), z(s))},

=1

(7.50)

and n € C'([0, T],R) is the Lagrange Multiplier.
We now take the Frechet Derivative of (7.50), i.e. for w € C*([0,T],R)™ and
v e CH[0,T],R)™, and x € C*([0,T], R)™, with boundary conditions w(0) = 0, w(T) =
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0,v(0) = 0, and the boundary conditions for x are not yet clear,

DJr(z,u,n) - (w,v, k) == 11151 € 1{jT (x 4+ ew,u + ev,n + €r) — jT(m,u,n)}
T d m k
B oL L OA d 0L
_/0 ;wz(t){(axl +Z;77 8:1&) dt@az’}dt

ST (0L dyt N L OAF
+Z/ v(t){ai—l—%ﬂLan&ui}
k=1

i=1 Y0

i du’ i
—K { e A (u(t),x(t))}dt
=3 (@) — (0 0))

The Euler-Lagrange equations are thus, for 1 <: < dand 1 <j < m,

OL <~ ,0A"  d oL

or T2 G G

OL dif = 0AF

o0 a2 G =0
du’ ;

o~ Aluls),z(s)) =0

For the sake of completeness, we note that the derivative assumes the form

ga_ﬁ_gd: PL ., Gl N~ 0L dw
atoit e\ 90" x’@:ﬂ < ilow dt

7.2 Application to Calcium Signaling

(7.51)

(7.52)

In this section, we apply the theory of Section 7.1 to determine estimates for the typical

time it takes for cells with stochastically opening and closing calcium channels to

change from most of the channels being closed to most being open [47]. To begin with,

we must outline a simple microscopic model of stochastic calcium effects. Following,
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for example, [36, 85, 118, 119], we employ a hybrid model: with the calcium diffusion
modeled deterministically, the IP3 concentration constant throughout the cell, and the
channel opening and closing modeled stochastically; see Chapter 6 for more details.
Our primary aim is to determine the probability of calcium puffs and waves by studying
a stochastic model similar to [36, 85, 118, 119]. The calcium and IP3 concentration
throughout the cluster is assumed to be homogeneous to calculate the probability of a
calcium puff in a cluster. However, there is a feedback effect on the opening/closing
of the channels: when these bind or unbind the calcium / IP3, they alter the local
concentration. Thus, the opening and closing of channels within a cluster are not
independent because the channels communicate via the calcium / IP3 concentrations.
We assume the system requires a critical number of channels to open together to cause
a spike in the cell’s overall calcium. In that case, we aim to find the path the system

will likely take through the probability space for such an event.

7.2.1 PDMP Model of Calcium Dynamics
The following model is based on the one derived in Chapter 6 fitted for the subsequent
formulation. We assume that there are N channels distributed on the cell membrane.
The spatial effects are assumed to be negligible, so calcium concentrations can be
modeled as approximately spatially homogeneous using ODEs. Let u; be the calcium
concentration in the cellular cytosol and uy be the (explicate) calcium concentration
in the endoplasmic reticulum.

We take the number of stochastic variables corresponding to each channel to
be 1. That is, Z; = 1 if the channel is open and Z] = 0 if the channel is closed.

Employing a standard model [47] for the calcium dynamics, we obtain (as before) that

du
L (802 = 00) = ) + S = A7)
(7.53)

du
d_; :rsterca(Ul) - rykf‘r(t)(lb - ul) - ’leeak = A2(U, JI),

110



Where

Vi(uy)?

Jserca(U1) :m

Jleak (U) :kleak (UQ - ul)

One may observe that

d
a(vul +uz) =0, (7.54)

which means that we can eliminate us from the dynamics, and write u := u;(t), and
A(t) == Al(u, ).

Now
1
() =+ ; 7zl (7.55)

The Markovian switching of the channel that goes from 1 to 0 with intensity A (u, z) =
a_jz (a constant) and stoichiometric constant is (; = —1, and the switching from 0
to 1 with intensity As(u,x) = cyuq(1 — x) with stoichiometric constant is (; = 1.

Let z(t) count the number of times that reaction 1 occurs and z(t) count the number

of times that reaction 2 occurs. Then it must be that

x(t) = x(0) + 29(t) — 21(t). (7.56)

7.2.2 Large N Limiting Dynamics
As N — oo, it is a classical result that the concentration of open channels converges

to the following ODE [93].

— = Xo(u,z) — A (u, ). (7.57)
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We compute the fixed point analytically. That is, solve (7.57) and (7.53). Take this

fixed point as the starting point for your Euler-Lagrange equations.

7.2.3 Euler-Lagrange Equations
Working with the contracted rate function in (7.48) seems easier. We first find a much

simpler form for the contracted rate function.

Lemma 7.2.1.

where % is such that

4 (a: + 2'1) = A (z,u)\a(x, u). (7.59)

One must choose the root of the above quadratic that is such that Z; > 0.
Proof. It must be,
T = 29 — 2.

Thus, upon substitution, the Lagrangian assumes the form in (7.58). We must choose
Z1 to minimize (7.58), subject to the constraint 0 < 2; < &. We obtain the following

by differentiating (7.58) with respect to Z; and setting the derivative to zero.

log ( " (2 u)) +log ( ;21(;’ i)) 0. (7.60)

Exponentiating both sides, we obtain (7.59). O
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Adapted to the calcium signaling model of this section, the original Euler-

Lagrange equations in (7.51) are thus, for i € {1, 2},

i (OA" _ d 0L
ox dt 0z

ou (7.61)

The following lemmas are needed to continue the calculation. The first-order derivatives

are,

Lemma 7.2.2. First-order derivatives

oL 4\ 04 &+ 4 04
95 o8 (Mx,u))% +log (W,u)) (“%)

where (7.62)
04 ___4
i 25+
Notice also that the derivative assumes the form
d oL a?i 2. 0L du,
== — 7.63
it or  9i 8:)3093 Z < 0idu; dt (7.63)

and the second-order derivatives are,
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Lemma 7.2.3. Second-order derivatives

822'1 21 T
— = —— — |1+ = .
o2 (2% +1)? 25 + 2
2A 2 . . . . .
L 28 % log <)\ Z(2+ #) ) N A (x,u) (1 N 8z1)
1

o2 T 02 (,u)Ao(x, u) T+ 2 i (7.64)
o021, _ OM(mw) 1 05 OM(zu) 1 m 0% ‘
Oidr or  M(z,u) 0z or Aoz, u) ot
2L ~ OM(mu) 1 9% OM(xu) 1 m 0%

Equations (7.61) now lead to second-order systems of ODEs,

du Vou?

d_tl = krr(ug —uy) — ]{%TL% + Kiear (ug — uq)

dU,Q _ du1

it~ e

d771 T+ 2 2K Viuy

== — k ——— + Kiear | —a1(1 —
B TED =) (ke + g+ ) — (1= )
dn

d_t2 = (ym2 — m) (kg + Kiear) (7.65)
4

d—f = (24 + 7)x

<04—1 - % —oqug + ((gitle)) + miky(u2 — ur)

— ok (us — uy) — (ﬁ) o (Uil) %)

7.2.4 Optimal Trajectories

We wish to predict the probability for the proportion of open calcium channels being
significantly greater than its equilibrium value at some time 7. We write the 'target’
proportion of the channels as & € (z*,1]. We thus wish to compute the trajectory

(z,u) € A C C*([0,T],R) x C([0,T],R?) such that

Jr(z,u) = inf {JT(y,v) :(y,v) € A} (7.66)
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and A C C*([0,T],R) x C*(]0,T],R?) consists of all (z,u) such that

2(0) = 27(0),
2(T) = %, (7.67)
u(0) = u*,
and for all ¢ € [0, T
Ccil_? = A(u(t), z(t)). (7.68)

The trajectory that minimizes Jr indicates the most likely means that a significant
proportion of calcium channels open over the time interval [0,7] due to stochastic
effects. The second order ODE for x(t) is stated previously in Subsection 7.2.3. The
dynamics of the Lagrange multiplier 7(¢) is given by, and the boundary value at time

T is

(7.69)

Our system thus amounts to a boundary value ODE. It is solved using the shooting
method. The unknown derivatives at time 0 (which must be solved for using the
shooting method) are 7;(0), 72(0), ©(0). Three constraints at time 7" are used to
solve for the unknowns at time 0 and for the boundaries given in Equation 7.67 and

Equation 7.69.

7.2.5 Numerical Results

Figure 7.1 shows an example of the numerical solution for a path trajectory. We have
demonstrated that LDT can be used to compute the most likely trajectory followed
by N stochastic channels / diffusing calcium to make the spark-to-wave transition

[47]. The final time, Ty = 46 ms and & = 0.9 were chosen to clearly show the system
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finding a path for any (even exaggerated) given conditions. The orange lines represent
the equilibrium trajectories. The green line shows the shortest path to contrast with

the optimal path.

0.070
0.068
0.066

o 0064
0.062

0.060

0.058

0 10 20 30 40 0 10 20 30 40
t[ms] t[ms]

Figure 7.1 Example 1: Numerical results of optimal path trajectory.

To further highlight that the optimal path is calculated for a given set of
boundary conditions, Figure 7.2 shows another solution for the optimal path, this
time for 7t = 1 ms. Note the difference in the system’s path trajectory to achieve the

desired result.
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Numerical results of optimal path trajectory.
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CHAPTER 8

CURRENT AND FUTURE WORK

One notable advantage of working with biological systems is the perpetual opportunity
to enhance the complexity and biological relevance of the models. This inherent
flexibility provides numerous avenues for further research and model refinement,
critical for advancing our understanding of complex biological phenomena.

This dissertation presented the neural network model under connectivity-
independent initial conditions. This simplification has allowed us to develop
foundational insights into the model’s behavior. However, it is also desirable to
consider connectivity-dependent initial conditions, as the primary motivation is that
over longer timescales (that diverge in N), the system will attain other parts of the
random energy landscape, so this would be necessary to understand better how this
affects the dynamics. This scenario is inherently more complex, necessitating a uniform
Large Deviation Principle (LDP) for the conditioned probability laws. Our forthcoming
paper [105] (submitted to Annals of Applied Probability at the time of this writing)
will address this challenge, comprehensively analyzing connectivity-dependent initial
conditions, in addition to those mentioned in this work. This extension is expected to
yield more profound insights into the neural network’s dynamics, mainly how initial
connectivity influences long-term behavior and emergent properties. Addressing these
complexities will enhance the accuracy and applicability of our predictive models,
making them more relevant to real-world neural systems.

Our current efforts focus on developing a specially extended version of the
calcium signaling model that captures a broader range of biological phenomena
and interactions. The existing one-dimensional model has laid the groundwork for

understanding fundamental signaling dynamics. Nevertheless, extending the model
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will allow us to incorporate additional biological details, such as spatial heterogeneity
and temporal dynamics. The Barbet laboratory’s experimental data reveal that the
wave has a clear spatial aspect and is also very spatially heterogeneous, highlighting
the value of this work.

Concurrently, we are establishing a LDP for this extended model. The numerical
validation process is critical to our ongoing research. This process is computationally
intensive for the spatially extended model and requires significant resources, but it is
essential to verify the robustness and applicability of our model. This validation will
ensure the model accurately reflects biological reality and can be used confidently in
further studies and applications.

These ongoing and future projects are expected to significantly contribute to
the field by providing more precise and comprehensive models that better reflect
the complexities of biological systems. These models’ continuous development and
validation will facilitate discoveries and a deeper understanding of the underlying
biological processes. Ultimately, this work will contribute to the broader goal of
developing predictive, mechanistic models that can be used to design experiments,
interpret data, and generate new hypotheses in studying biological systems.

By pushing the boundaries of current modeling approaches and addressing the
complexities inherent in biological systems, we aim to provide tools and insights
to drive future research and innovation in the field. The progress outlined here
underscores the importance of an iterative approach to model development, where
theoretical advancements and numerical validations work in tandem to enhance our

understanding of complex biological phenomena.
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CHAPTER 9

CONCLUSION

This dissertation focused on developing stochastic models and applying the Large
Deviation Theory (LDT) to them, with a particular emphasis on biological systems.
Exploring two key examples, random neural networks and calcium signaling in
biological cells, provided significant insights into the behavior of complex stochastic
processes.

The primary contributions included establishing a Large Deviation Principle
(LDP) for a spin glass type system and developing one for a PDMP) modeled system.
In the first example, a random neural network was analyzed using LDT. By examining
systems with independent Brownian Motions, the large N limit of the empirical
measure was determined, and convergence to a fixed point was shown. This analysis
afforded a relatively concise macroscopic description of the behavior of a large ensemble
of neurons. Additionally, the dissertation demonstrated a uniform LDP for uncoupled
systems and derived an LDP for the coupled system by performing an exponential
change of measure using Girsanov’s Theorem.

The second example focused on calcium signaling in biological cells. A PDMP
model for calcium concentration dynamics was developed and characterized by
deterministic flow, switching rates, and probability measures. This model was validated
through parameter fitting and Markov chain Monte Carlo (MCMC) analysis, accurately
representing observed calcium dynamics. Applying LDT to this model enabled the
estimation of probabilities for cell-wide calcium waves, providing detailed insights
into the spark-to-wave transition and identifying the most likely trajectories for this
critical biological process. The transformation of the PDMP system into homogeneous

Poisson processes via time-rescaling was linked to the general LDP through the
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Inverse Contraction Principle. This technique framed the problem as a constrained
optimization task and allowed the derivation of Euler-Lagrange equations for optimal
trajectories, advancing the theoretical framework of LDT.

In summary, this dissertation advanced the theoretical framework of stochastic
modeling and large deviation theory, applying these concepts to complex biological
systems. Integrating theoretical models with experimental data underscored the
practical relevance of this work and its potential impact across various scientific
domains. The insights gained from analyzing random neural networks and calcium
signaling provided a solid foundation for future research in computational neuroscience
and cellular biology, highlighting the utility of mathematical modeling in understanding

intricate stochastic processes.
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APPENDIX A

BOUNDING FLUCTUATIONS OF THE NOISE

This appendix provides a detailed proof of the Lemma 5.1.1 stated in the main body
of the text in Subsection 5.1, which is crucial for our subsequent analysis. The lemma
asserts that for any given L > 0, there exists a positive constant a such that

lim N~ logP(4"(y) ¢ Q.) < —L. (A1)

N—o0

Here, iV (y) represents an empirical measure associated with a sample y of size N,
and Q, denotes a specified set parameterized by a. This Lemma essentially provides a
large deviation bound indicating that the probability of the empirical measure i (y)
falling outside the set Q, decays exponentially with rate at least L.

For the processes (y{o,T])je 1y that are defined in (5.53), define the empirical

measure
pNy) = N7 D dy € P(C(0, T]RY)). (A.2)
JEIN '

Next, we bound the probability of the empirical being in the set 9,, defined in (5.2),

which we recall

Q. = {,u e P(C([0,T],R™)) : sup sup E*[ sup (w?,, — wan))Q] > Al and

m>a 0<i<m Mely i1
1t € Kq and sup E*[ sup (yf)*] < a} (A.3)

pElp t€[0,T]

where A, = T/m and tz(-m) = ¢T/m. The main result of this section is the following.
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Lemma A.1. For any L > 0, there exists a € Z*+ such that for all N > 1,

sup N 'log PN( Ny) ¢ Q) < — (A4)

(ZO ,gO)

Proof. Employing a union-of-events bound, or any (zg, go) € V%,

N~- 1logPN( (y)géQa) < N~ 1log{PN<sup N_IZ sup (yf’j)2>a)

pEln jeln t€[0,77]

+sz§( sup > supsup [y, — g ZNaAm)Jer]Z(ﬂN(Y)WCa)}-

(
0<t<Ap S 0<i<m—1 pEly Tt

(A.5)

To bound the first term on the RHS, since 357 = 257,
(1) <207 = )" + 247)"

Thus, for a positive constant b > 0,

EF% [exp (b sup Z sup (yf’jy)}

pEln jeln tG[O,T]

< EP= {exp <2b sup Z( P02 4 2 Z sup (y’ zg’j)Q)}. (A.6)

pelnm icry eIy €0, T]

Thus, thanks to Chernoft’s Inequality,

_ ; 2b
N~ 1logPN(sup Nt Z sup (y7)? > a) < w Sup Z( 207)? (A.7)

pEln jely t€[0,T] pEln jeln

+ N tlog B [exp (2b Z sup (y p])Q)} — ba. (A.8)

JEIn t€[0,T)

The first term on the RHS is bounded for all N and all (z, gy) € Y. For the second

term on the RHS, standard theory on stochastic processes implies that the exponential
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moment exists as long as b is small enough. Thus, taking a — oo, the RHS can be

made arbitrarily small. We thus find that

lim sup sup N 'log PZJX( sup N~* Z sup (y77)? > a) = —o0. (A.9)
400 N=1 (Z07g0)€yN pElm jelNn tG[O,T}

The Lemma now follows from applying (A.9), Lemma A.3 and Lemma A.2 to (A.5). O

The following result is well-known. Nevertheless, we sketch a quick proof for

clarity.

Lemma A.2. For any L > 0, there exists a compact set Ky, such that for all N > 1,

sup N 'log P (aN(y) ¢ Ki) < —L (A.10)

(z0,80)eVN

Proof. The following property follows straightforwardly from properties of the
stochastic integral (noting that the diffusion coefficient is uniformly bounded): for
any € > 0, there exists a compact set C. C C([0, 7], RM) such that for all j € Iy such

that ||z)]| < €',

sup szg(y{o,:r] ¢C)<e (A.11)
jEIN
Write
ul = sup N7 x{llydll = e} (A.12)
(z0,80) €YV jeln

and note that our assumptions on Y dictates that

lim lim uY = 0. (A.13)

e—0t N—oo
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For any m € Z", define the set £,, s C P(C([0,T],RM)) to be such that
Lys={peP(C(0,T],RM) : p(Cp-1)>10)} (A.14)
We claim that for any m > 1, there exists d,, > 0 such that

sup  sup N 'log PN (Y (y) ¢ Lins,) < —m (A.15)

N2>1 (zo,g0)eVN

To see this, employing a Chernoff Inequality, for a constant b > 0, for any (zg, g) € VY,

N~ og BY (i (y) ¢ L) <E ZO{exp (bZX{y[OT] ¢ Cp} — Nbé)] (A.16)

< —b5+ N " log {(e+ul)(exp(d) — 1) + 1}N (A.17)

=— b0 +1log {(e +ul)(exp(b) — 1) + 1} (A.18)

Taking € to be sufficiently small and b sufficiently large, we obtain (A.15).

Now, for an integer my, to be specified further below, define I, = Los,,-

m>mpy,

Prokhorov’s Theorem implies that K is compact. Employing a union-of-events bound,

we obtain that

PY(N(y) K1) < 3 exp(—mN) (A.19)
m>myp,
< exp(—mpN) supZexp —jN). (A.20)
n>1]

We thus find that, for large enough my,

sup N ' log P(aN(y) ¢ K1) < —

N>1 -

as required. O
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Lemma A.3. There exists a constant € such that for any positive integer m and any
a >0, writing A, = Tm™! and tl(m) =Ti/m, for any N > 1,
sup N 'log PZ]X( sup Z sup  sup ’yf’jt(m) - yﬁ’i> ’> NaAm> <
(20,80)EVN 0<t<Ap I 0Si<m—1pely T+
a
¢+ logm — —

4
(A.21)

Proof. Define, for ¢ € [0, A,,),

N = Z sup  sup (yp’j - yg’i))Q

(m)
; _ t+t;
jeln 0<i<m—1p€ely, i

Notice that t — f~ is a submartingale. Thus, writing a = (44A,,)7}, exp (aftN) is a

submartingale. Therefore, thanks to Doob’s Submartingale Inequality,

P(fY > Nz) <E|exp (af) — aNz) (A.22)
< {mM(1- 2Am5a)_1/2}N exp(—aNx) (A.23)

= {mM21/2}N exp (— Nz /(4A,,)) (A.24)

O]
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APPENDIX B

PROOFS FOR LDP FOR PDMP

In this appendix, we prove Theorem 7.1.1 found in the main body of the text in
Subsection 7.1.2. The statement of the theorem is as follows:
Suppose that O, A C T, with O open and A closed, are such that for any 7" > 0,

inf  inf inf A, (z(s),u(s)) > 0.

(z,z,u)€ AUO a€R s€[0,T)
Then there exists a function J : T — R (specified in Subsection 7.1.3) that is (i)
lower-semicontinuous and (ii) has compact level sets such that

lim N 'log P((z,7,u) € A) < — inf J(B)

N—oo BeA

lim N~ 'log P((z,z,u) € O) > — inf J(f)

N—oo0 BeO

We apply the contraction principle to the Large Deviation Principle (LDP) for
the independent system. In other words, we will perform a change of variable, which
will transfer known results for the Large Deviations of independent Poisson Processes
[141, Chapter 6]. We first recount the Large Deviations for independent Poisson

Processes (recalling the definition of {y,(t)}ace in (7.19)).

Theorem B.1. The sequence of probability laws of (Ya)acz € D([0,00), RT)YM satisfy
a LDP with good rate function.
That is, for O, A C D([0,00), RNM, with O open and A closed,

. -1 < i

]\}51(1)0]\7 logP(y € A) < égiI(a) (B.1)
lim N~ 'logP(y € O) > — inf Z(a), (B.2)
N—o0 ac0
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and the so-called ‘local rate function’ is

00 in the case that y, is not absolutely continuous for some o € X

Zag@ fooo 5(%(7“)) dr otherwise,

I(y) =

where
Lr)=rlogr —r+1.

(B.3)

Furthermore, the level sets of I are compact.

Proof. The Large Deviations Principle for arbitrarily long finite time intervals is

proved in [141, Chapter 5], with corresponding rate function

1) =Y [ taln)ir (B.4)

acz V0

The first result we must prove is that the Large Deviations Principle must hold

for sets with reaction rates bounded away from zero.

Lemma B.2. Suppose that O, A € B(T), with O open and A closed, are are such

that for any T > 0,

inf  inf inf A,(z(s),u(s)) > 0. (B.5)

(z,z,u)EAUO aeZ s€[0,T]

Then the sequence of probability laws of (z,x, u) satisfy a LDP on the space Y, i.e.

Jim N og P(8 € A) < — inf T(5) (B-6)
lim N~'logP(3 € O) > — inf J(B). (B.7)
N—o0o BeO

J s lower-semi-continuous and the level sets of J are compact.
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Proof. We will prove the LDP using a contraction principle. To this end, define a

mapping ¥ : T — D([0, 00), RT)M as follows. For any (z,z,u) € T, define

Let A' € D([0,00), R be such that

AN ) =inf{s >0 : Ay(s) =t}. (B.9)

o

Note that if infsco.4q Aa(2(s),u(s)) > 0, then A is the function inverse of A,. Write

To = lim A, (2), (B.10)

t—o00

and note that 7, could be co. We define ¥(z,z,u) = (wa) where for any t < 7,,

aER’

Wa(t) = 2o (AL (2)). (B.11)

In the case that 7, < oo, for all t > 7,, we define w,(t) = lim,_,_ - wy(s). One
observes that over sets of the form (B.5), ¥ is continuous and one-to-one. Furthermore,
Wa(t) = Yo (t). The lemma thLemmallows from the Inverse Contraction Principle [45],

and Lemmas B.1 and B.4.

Lemma B.3. Over any set A of the form
Ac= inf inf inf A (z(s),u(s)) >e. (B.12)

(z,z,u)€Y a€R s€[0,T]

U is one-to-one.
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Proof. Let (z,z,u),(2,2,4) € Y. Write

Malt) = [ Nalots) ) ds (B.13
Ao(t) = /0 t Ao (2(5),0(s)) ds (B.14)
wa(t) = 2o (AL (1)) (B.15)
Wa(t) = 24 (AZ1(2)). (B.16)

(B.17)

It is noted in Lemma 7.1.2 that there is a constant C; > 0 such that

sup A, (t) < Cy. (B.18)

a€eR

We are going to demonstrate that for any ¢ > 0, there exists a constant ¢, such that
for all s <,

A (e, 20) < A2y (W, Wa) + Cerd2 (20, 2a)- (B.19)

An application of Gronwall’s Inequality to Equation B.19 implies that if w, = w, for
all @ € R, then necessarily z, = 2Z,. This implies the Lemma.

Lemmathe aim of proving Equation B.19, it follows from Calculus that

A (x(s), u(s)) ds (B.20)

L (s), a(s)) ds. (B.21)
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Our assumptions on the set A, imply that

AME) <te? (B.22)
ANt < tet. (B.23)

Define
Za(t) = wa(A(D)). (B.24)

The triangle inequality implies that
A (20, 20) < d2(2as Za) + A5 (Za, 2a). (B.25)

The definition of the Skorohod metric implies that

/S Aale(r),ulr)) .. (B.26)

cZ?(za, Zo) < sup
s<t

Our assumption that the reaction rates and functions are Lipschitz, together with
Lemma 7.1.2 implies that there is a constant C_’e,t > 0 such that
sup sup [Aq(2(s), u(s)) — Aa((s),(s))] < Cey sup sup |2a(s) — Za(s)]

s€0,t] a€R s€[0,t] a€R

(B.27)

S é€,t sup dg(zou éa)'
a€cR

Since the reaction rates are (by assumption in the statement of the Lemma) bLemmad

from below, we thus obtain that there is a constant (¢, , such that for all s <¢,

SUP 2 (24, Za) < Lo, SUP A2 (Zas Za)- (B.28)
acR " a€R

131



The definition of the Skorokhod metric, together with the bounds in Equation B.22,
also implies

4 (Zas 20) < dg, (Wa, W) (B.29)
O
The following exponential tightness result is a standard requirement for LDPs.

Lemma B.4. For any L > 0, there exists a compact set Ky, C T such that

lim N~'logP((z,z,u) ¢ K1) < —L. (B.30)

N—oo

Proof. We can equivalently formulate the system in terms of an empirical measure,

and the exponential tightness is an immediate consequence. In more detail, write

I«%’I)_

N =N "6, € P(D([0,7],Z7) (B.31)

JEIN

Here w’ := (uﬂa) C D([O,T],Z*)Wl are inhomogeneous counting processes, i.e.

aEA

they are such that

P(w!(t+A) =wl(t) + 1] F) = Ao (z(2), u(t)) + O(A?) (B.32)

P(wl(t+A) = wl(t) | Fr) = 1— Al (2(t),u(t)) + O(A?). (B.33)
Here

2(t) =2(0) + N7 > Lawi(t) (B.34)

JEIN aER

WAt 2(1) (B.35)

dt
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We then find that substituting z,(t) = N~! Zjvzl w? (t), the above system has the same
probability law as the original system. Write D, ([0, T, Z*)W') C D([0, 77, Z*)lﬁ| to
consist of all processes that are (i) equal to 0 at time 0, (ii) non-decreasing.

More precisely, we see that there exists a continuous mapping

v P(D.([0, 7], 27)")

such that (z,z,u) = ¥(4"), with unit probability. For a
positive number L > 0, we are going to define a compact set Kf, C P(D* ([07 T, Z+) \«%I)

such that
lim N~ 'logP(2" ¢ K1) < —L. (B.36)
N—oo

This suffices for the lemma beLemma the continuity of ¥ then implies that W(/Cp) is
compact.

For a positive integer p > 1, write U, C D, ([O, T], Z*)'E%l to consist of all paths
that are less than or equal to p at time 7. It is easy to check that U, is compact
with respect to the Skorohod Topology (there are at most p ‘spike times,” and these
spike times must be in the compact time interval [0, 7]). Write Y to be independent
counting processes of unit intensity. Thus, time-rescaled representation of Poisson

Processes [4] means that we can write

t
wl (t) = YOZ(/ )\a(x(s),u(s))ds) (B.37)
0
For another number b, > 0, we find that

P(a™(w)Upr) <1—1b,) <P (Y)Uprr) <1—1b,). (B.38)
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since A\ < K uniformly. Thanks toChernoff’ss Inequality, for a constant ¢ > 0,

N
P(i" (Y) (Upr) <1=1by) < P(sup N ZX{UJ&(KT) >p}> bp)
aEX =1

N
<|Z|E [exp (CZX{WZY(KT) >p}— Ncbp)] (B.39)

=1

! N
=|2%| {1 + P(wl(KT) > p) (exp(c) — 1)} exp (— Neb,)

Through taking p large enough, and 1 < ¢ < — log ]P’(wg(KT) > p), we find that

P(a™ (w)(Upr) <1—1b,) <exp(—pN). (B.40)

Now define Ky, to consist of all measures u such that for all p > py, (for an integer py,

to be specified below),
p(Up,xcr) 2 by (B.41)

We thus find through a union of events bound that

o

P(ﬂN ¢ /CL) <> P(ﬂNm(up,m) <1- bp)

e (B.42)

< iexp(—p]\f).

=DPL

Thus for large enough py, it must be that for all N > 1,

Nt logIP’(ﬂN ¢ ICL) < —L. (B.43)

We finally note the proof of Lemma 7.1.2.
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Proof. 1t is clear from the definition of x that there is a universal constant such that

l(s) — #(s)I] < C'sup 2a(s) — Za(s)]. (B.44)

aeR

It is demonstrated in Billingsley [17] that convergence in the Skorohod metric implies

convergence in the supremum norm, i.e., as d2 (z, Z) — 0, it must be that

sup sup |za(s) — Za(s)| = 0 (B.45)
a€cR 0<s<t
The Lemma now follows from a standard application of Gronwall’s Inequality. O]

135



[1]

2]

3]

[4]

[10]

[11]

REFERENCES

R. Adler and J. Taylor. Random Fields and Geometry 53. Springer, New York, NY,
USA, 1st edition, 2019.

S. Amari. Dynamics of pattern formation in lateral-inhibition type neural fields.
Biological Cybernetics, 27(2):77-87, 1977.

S. Amari. Homogeneous nets of neuron-like elements. Biological Cybernetics, 17(4):211—
220, 1975.

D. F. Anderson and T. G. Kurtz. Stochastic Analysis of Biochemical Systems. Springer,
New York, NY, USA, 1st edition, 2015.

R. B. Ash and C. A. Doléans-Dade. Probability and Measure Theory. Academic Press,
San Diego, CA, USA, 1st edition, 2000.

R. Azais and A. Muller-Gueudin. Optimal choice among a class of nonparametric
estimators of the jump rate for piecewise-deterministic markov processes.
FElectronic Journal of Statistics, 10(2):3648-3692, 2016.

F. Baccelli and T. Taillefumier. Replica-mean-field limits for intensity-based neural
networks. SIAM Journal on Applied Dynamical Systems, 18(4):1756-1797, 2019.

F. Baccelli and T. Taillefumier. The pair-replica-mean-field limit for intensity-based
neural networks. SIAM Journal on Applied Dynamical Systems, 20(1):165-207,
2021.

M. Bear, B. Connors, and M. A. Paradiso. Neuroscience: Fxploring the Brain, Enhanced
Edition: Ezxploring the Brain. Jones & Bartlett Learning, Burlington, MA, USA,
1st edition, 2020.

G. Ben Arous and A. Guionnet. Large deviations for langevin spin glass dynamics.
Probability Theory and Related Fields, 102:455-509, 1995.

G. Ben Arous and A. Guionnet. Symmetric langevin spin glass dynamics. The Annals
of Probability, 25(3):1367-1422, 1997.

G. Ben Arous, A. Dembo, and A. Guionnet. Cugliandolo-kurchan equations for
dynamics of spin-glasses. Probability Theory and Related Fields, 136:619-660,
2006.

O. Benjamin, T. H. Fitzgerald, P. Ashwin, K. Tsaneva-Atanasova, F. Chowdhury,
M. P. Richardson, and J. R. Terry. A phenomenological model of seizure
initiation suggests network structure 5 explain seizure frequency in idiopathic
generalised epilepsy. The Journal of Mathematical Neuroscience, 2:1-30, 2012.

136



[18]

[19]

[20]

23]

[24]

[25]

H. C. Berg. Random Walks in Biology. Princeton University Press, Princeton, NJ,
USA, 1st edition, 1993.

M. J. Berridge, P. Lipp, and M. D. Bootman. The versatility and universality of
calcium signalling. Nature Reviews Molecular Cell Biology, 1(1):11-21, 2000.

R. L. Beurle. Properties of a mass of cells capable of regenerating pulses. Philosophical
Transactions of the Royal Society of London. Series B, Biological Sciences:55-94,
1956.

P. Billingsley. Convergence of Probability Measures. John Wiley & Sons, Hoboken, NJ,
USA, 1st edition, 2013.

M. Breakspear. Dynamic models of large-scale brain activity. Nature Neuroscience,
20(3):340-352, 2017.

P. C. Bressloff and J. N. Maclaurin. Stochastic hybrid systems in cellular neuroscience.
Journal of Mathematical Neuroscience, 8(1):12, 2018.

P. Bressloff. Stochastic Processes in Cell Biology. Springer, New York, NY, USA,
2nd edition, 2021.

P. C. Bressloft. From invasion to extinction in heterogeneous neural fields. The Journal
of Mathematical Neuroscience, 2:1-27, 2012.

P. C. Bressloff. Stochastic neural field theory. Neural Fields: Theory and Applications:235—
268, 2014.

P. C. Bressloff and J. M. Newby. Path integrals and large deviations in stochastic
hybrid systems. Physical Review E, 89(4):042701, 2014.

P. C. Bressloff and M. A. Webber. Front propagation in stochastic neural fields. STAM
Journal on Applied Dynamical Systems, 11(2):708-740, 2012.

P. C. Bressloff and J. Wilkerson. Traveling pulses in a stochastic neural field model of
direction selectivity. Frontiers in Computational Neuroscience, 6:90, 2012.

N. Brunel. Dynamics of sparsely connected networks of excitatory and inhibitory
spiking neurons. Journal of Computational Neuroscience, 8:183-208, 2000.

A. Budhiraja and P. Dupuis. Analysis and approximation of rare events. Representations
and Weak Convergence Methods. Series Prob. Theory and Stoch. Modelling, 94,
2019.

A. N. Burkitt. A review of the integrate-and-fire neuron model: i. homogeneous
synaptic input. Biological Cybernetics, 95:1-19, 2006.

137



[29] T. Cabana and J. D. Touboul. Large deviations for randomly connected neural
networks: i. spatially extended systems. Advances in Applied Probability, 50:983—
1004, 2018.

[30] T. Cabana and J. D. Touboul. Large deviations for randomly connected neural

networks: ii. state-dependent interactions. Advances in Applied Probability,
50:983-1004, 2018.

[31] P. Cao, G. Donovan, M. Falcke, and J. Sneyd. A stochastic model of calcium puffs
based on single-channel data. Biophysical Journal, 105(5):1133-1142, 2013.

[32] P. Charbonneau, E. Marinari, M. Mezard, G. Parisi, F. Ricci-Tersenghi, G. Sicuro,
and F. Zamponi, editors. Spin Glass Theory and Far Beyond. World Scientific,
Hackensack, NJ, USA, 1st edition, 2023.

[33] D. E. Clapham. Calcium signaling. Cell, 131(6):1047-1058, 2007.

[34] B. J. Cook, A. D. Peterson, W. Woldman, and J. R. Terry. Neural field models: a
mathematical overview and unifying framework. Mathematical Neuroscience
and Applications, 2(1):1-54, 2022.

[35] S. Coombes, R. Hinch, and Y. Timofeeva. Receptors, sparks and waves in a fire-

diffuse-fire framework for calcium release. Progress in Biophysics and Molecular
Biology, 85(2-3):197-216, 2004.

[36] S. Coombes and Y. Timofeeva. Sparks and waves in a stochastic fire-diffuse-fire model
of ca2+ release. Physical Review E, 68(2):021915, 2003.

[37] A. Crisanti and H. Sompolinsky. Path integral approach to random neural networks.
Physical Review E, 98(6):062120, 2018.

[38] A. Crisanti, H. Horner, and H. J. Sommers. The spherical p-spin interaction spin-glass
model. Zeitschrift fur Physik B Condensed Matter, 92:257-271, 1993.

[39] L. F. Cugliandolo and J. Kurchan. Analytical solution of the off-equilibrium dynamics
of a long-range spin-glass model. Physical Review Letters, 71(1):173-176, 1993.

[40] M. H. Davis. Piecewise-deterministic markov processes: a general class of non-
diffusion stochastic models. Journal of the Royal Statistical Society: Series
B (Methodological), 46(3):353-376, 1984.

[41] P. Dayan and L. F. Abbott. Theoretical Neuroscience: Computational and Mathematical
Modeling of Neural Systems. MIT Press, Cambridge, MA, USA, 1st edition,
2005.

138



[43]

[44]

[45]

[46]

[47]

[48]

[51]

[52]

[53]

H. De Garis, C. Shuo, B. Goertzel, and L. Ruiting. A world survey of artificial brain
projects, part i: large-scale brain simulations. Neurocomputing, 74(1-3):3-29,
2010.

G. Deco, V. K. Jirsa, P. A. Robinson, M. Breakspear, and K. Friston. The dynamic
brain: from spiking neurons to neural masses and cortical fields. PLoS
Computational Biology, 4(8):e1000092, 2008.

A. Dembo and O. Zeitouni. Large Deviations Techniques and Applications. Springer,
New York, NY, USA, 2nd edition, 1998.

A. Dembo. Large Deviations Techniques and Applications. Springer, New York, NY,
USA, 1st edition, 2009.

G. Dupont, L. Combettes, G. S. Bird, and J. W. Putney. Calcium oscillations. Cold
Spring Harbor Perspectives in Biology, 3(3):a004226, 2011.

G. Dupont, M. Falcke, V. Kirk, and J. Sneyd. Models of Calcium Signalling, volume 43.
Springer, New York, NY, USA, 1st edition, 2016.

W. E and E. Vanden-Eijnden. Transition-path theory and path-finding algorithms
for the study of rare events. Annual Review of Physical Chemistry, 61:391-420,
May 2010.

C. Eliasmith and O. Trujillo. The use and abuse of large-scale brain models. Current
Opinion in Neurobiology, 25:1-6, 2014.

M. Endo. Calcium release from the sarcoplasmic reticulum. Physiological Reviews,
57(1):71-108, 1977.

B. Ermentrout and D. H. Terman. Foundations of Mathematical Neuroscience. Springer,
Princeton, NJ, USA, 1st edition, 2010.

L. C. Evans. An Introduction to Stochastic Differential Equations, volume 82. American
Mathematical Society, Providence, RI, USA, 1st edition, 2012.

O. Faugeras and J. Maclaurin. Asymptotic description of neural networks with
correlated synaptic weights. Entropy, 17:4701-4743, 2015.

O. Faugeras, E. Soret, and E. Tanré. Asymptotic behaviour of a network of neurons
with random linear interactions. Preprint HAL Id: hal-01986927, 2019.

O. Faugeras and J. Maclaurin. Asymptotic description of stochastic neural networks.
i. existence of a large deviation principle. Comptes Rendus. Mathématique,
352(10):841-846, 2014.

139



[56] O. Faugeras, E. Soret, and E. Tanré. Asymptotic behavior of a network of neurons
with random linear interactions. arXwv preprint arXiv:2006.03083, 2020.

[57] W. Feller. An Introduction to Probability Theory and Its Applications, Volume 2,
volume 81. John Wiley & Sons, New York, NY, USA, 1st edition, 1991.

[58] R. FitzHugh. Impulses and physiological states in theoretical models of nerve membrane.
Biophysical Journal, 1(6):445-466, 1961.

[59] D. Foreman-Mackey, D. W. Hogg, D. Lang, and J. Goodman. Emcee: the MCMC
hammer. Publications of the Astronomical Society of the Pacific, 125(925):306,
2013.

[60] W. J. Freeman III. Waves, pulses, and the theory of neural masses. Progress in
Theoretical Biology, 2(1):1-10, 1972.

[61] M. I. Freidlin, A. D. Wentzell, M. Freidlin, and A. Wentzell. Random Perturbations.
Springer, Berlin, Germany, 1st edition, 1998.

[62] V. N. Friedhoff, L. Ramlow, B. Lindner, and M. Falcke. Models of stochastic ca2+
spiking: established approaches and inspirations from models of neuronal spikes.
FEuropean Physical Journal: Special Topics, 230(16-17):2911-2928, Aug. 2021.

[63] D. D. Friel. [ca2+]i oscillations in sympathetic neurons: an experimental test of a
theoretical model. Biophysical Journal, 68(5):1752-1766, 1995.

[64] E. Gelenbe. Stability of the random neural network model. Neural Computation,
2(2):239-247, 1990.

[65] T. Gratke and E. Vanden-Eijnden. Non-equilibrium transitions in multiscale systems
with a bifurcating slow manifold. Journal of Statistical Mechanics: Theory and
Ezxperiment, 2017, 2017.

[66] J. S. Griffith. A field theory of neural nets: i: derivation of field equations. The Bulletin
of Mathematical Biophysics, 25:111-120, 1963.

[67] J. S. Griffith. A field theory of neural nets: ii. properties of the field equations. The
Bulletin of Mathematical Biophysics, 27:187-195, 1965.

[68] J. S. Griffith. On the stability of brain-like structures. Biophysical Journal, 3(4):299-
308, 1963.

[69] M. Grunwald. Sanov results for glauber spin-glass dynamics. Probability Theory and
Related Fields, 106:187-232, 1996.

[70] A. Guionnet. Averaged and quenched propagation of chaos for spin glass dynamics.
Probability Theory and Related Fields, 109:183-215, 1997.

140



[71] M. Hasler, V. Belykh, and I. Belykh. Dynamics of stochastically blinking systems.
part i: finite time properties. SIAM Journal on Applied Dynamical Systems,
12(2):1007-1030, 2013.

[72] M. Helias and D. Dahmen. Statistical Field Theory for Neural Networks, volume 970.
Springer, New York, NY, USA, 1st edition, 2020.

[73] A. Hening, D. H. Nguyen, N. Nguyen, and H. Watts. Random switching in an ecosystem
with two prey and one predator. SIAM Journal on Mathematical Analysis,
55(1):347-366, 2023.

[74] S. Herculano-Houzel. The human brain in numbers: a linearly scaled-up primate brain.
Frontiers in Human Neuroscience:31, 2009.

[75] R. Hinch and S. J. Chapman. Exponentially slow transitions on a markov chain:
the frequency of calcium sparks. Furopean Journal of Applied Mathematics,
16(4):427-446, 2005.

[76] A. L. Hodgkin and A. F. Huxley. A quantitative description of membrane current and
its application to conduction and excitation in nerve. The Journal of Physiology,
117(4):500, 1952.

[77] K. L. Hyrc, Z. Rzeszotnik, B. R. Kennedy, and M. P. Goldberg. Determining calcium
concentration in heterogeneous model systems using multiple indicators. Cell
Calcium, 42(6):576-589, 2007.

[78] J. R. Ipsen and A. D. Peterson. Consequences of dale’s law on the stability-complexity
relationship of random neural networks. Physical Review E, 101(5):052412,
2020.

[79] B. H. Jansen and V. G. Rit. Electroencephalogram and visual evoked potential
generation in a mathematical model of coupled cortical columns. Biological
Cybernetics, 73(4):357-366, 1995.

[80] S. N. Kalitzin, D. N. Velis, and F. H. L. da Silva. Stimulation-based anticipation
and control of state transitions in the epileptic brain. Epilepsy € Behavior,
17(3):310-323, 2010.

[81] E. R. Kandel, J. H. Schwartz, T. M. Jessell, S. Siegelbaum, A. J. Hudspeth, S. Mack,
et al. Principles of Neural Science, volume 4. McGraw-Hill, New York, NY,
USA, 1st edition, 2000.

[82] I. Karatzas and S. Shreve. Brownian Motion and Stochastic Calculus. Springer, New
York, NY, USA, 2nd edition, 1991.

[83] B. Katz. The Release of Neural Transmitter Substances, volume 10. Charles C Thomas
Pub Limited, Springfield, IL, USA, 1st edition, 1969.

141



[84]

[85]

[36]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

J. Keener and J. Sneyd. Mathematical Physiology: II: Systems Physiology, volume 8.
Springer Science & Business Media, New York, NY, USA, 1st edition, 2008.

J. P. Keener. Stochastic calcium oscillations. Mathematical Medicine and Biology: A
Journal of the IMA, 23(1):1-25, 2006.

J. P. Keener and J. M. Newby. Perturbation analysis of spontaneous action potential
initiation by stochastic ion channels. Physical Review E, 84(1):011918, July
2011.

J. Keizer and G. D. Smith. Spark-to-wave transition: saltatory transmission of calcium
waves in cardiac myocytes. Biophysical Chemistry, 72(1-2):87-100, 1998.

J. Keizer, G. D. Smith, S. Ponce-Dawson, and J. E. Pearson. Saltatory propagation of
ca2+ waves by ca2+ sparks. Biophysical Journal, 75(2):595-600, 1998.

H. Kim, Y. Mori, and J. B. Plotkin. Optimality of intercellular signaling: direct
transport versus diffusion. Physical Review E, Apr. 2022.

B. Kolb, I. Q. Whishaw, G. C. Teskey, I. Q. Whishaw, and G. C. Teskey. An
Introduction to Brain and Behavior. Worth Publishers, New York, NY, USA,
1st edition, 2001.

P. G. Kostyuk. Calcium ions in nerve fiber processes. Annual Review of Neuroscience,
4(1):107-126, 1981.

C. Kuehn and M. G. Riedler. Large deviations for nonlocal stochastic neural fields.
The Journal of Mathematical Neuroscience, 4:1-33, 2014.

T. G. Kurtz. Limit theorems for sequences of jump markov processes approximating
ordinary differential processes. Journal of Applied Probability, 8(2):344-356,
1971.

E. Lang and W. Stannat. Finite-size effects on traveling wave solutions to neural field
equations. The Journal of Mathematical Neuroscience, 7:1-35, 2017.

G. F. Lawler. Introduction to Stochastic Processes. Chapman and Hall/CRC, Boca
Raton, FL, USA, 1st edition, 2018.

S. D. Lawley, J. A. Best, and M. C. Reed. Neurotransmitter concentrations in
the presence of neural switching in one dimension. Discrete and Continuous
Dynamical Systems - Series B, 21:2255-2273, 2016.

P. Lennie. The cost of cortical computation. Current Biology, 13(6):493-497, 2003.
S. Lim and M. S. Goldman. Balanced cortical microcircuitry for maintaining

information in working memory. Nature Neuroscience, 16(9):1306-1314, 2013.

142



[99] W. Liu and F. Tang. An output feedback controller for store-operated calcium entry

[100]

[101]

[102]

103]

[104]

[105]

[106]

[107]

108

[109]

[110]

[111]

and extracellular calcium sensing in yeast cells. In 2010 Chinese Control and
Decision Conference, pages 3748-3753. IEEE, 2010.

W. Liu, F. Tang, and J. Chen. Designing dynamical output feedback controllers for
store-operated ca2+ entry. Mathematical Biosciences, 228(1):110-118, 2010.

F. Lopes da Silva, A. Hoeks, H. Smits, and L. Zetterberg. Model of brain rhythmic
activity: the alpha-rhythm of the thalamus. Kybernetik, 15:27-37, 1974.

J. Lytton, M. Westlin, S. E. Burk, G. E. Shull, and D. H. MacLennan. Functional
comparisons between isoforms of the sarcoplasmic or endoplasmic reticulum
family of calcium pumps. Journal of Biological Chemistry, 267(20):14483-14489,
1992.

J. Maclaurin. An emergent autonomous flow for mean-field spin glasses. Probability
Theory and Related Fields, 2021.

J. MacLaurin and J. M. Newby. Extreme first passage times for populations of identical
rare events. arXiw preprint arXiw:2309.01827, 2023.

J. MacLaurin, M. Silverstein, and P. Vilanova. Population level activity in large
random neural networks. arXiv preprint arXiv:2401.15272, 2024.

A. C. Marreiros, J. Daunizeau, S. J. Kiebel, and K. J. Friston. Population dynamics:
variance and the sigmoid activation function. Neurolmage, 42(1):147-157, 2008.

F. Mastrogiuseppe and S. Ostojic. Intrinsically-generated fluctuating activity in
excitatory-inhibitory networks. PLoS Computational Biology, 13(4):1005498,
2017.

R. May. Will a large complex system be stable? Nature, 238:413-414, 1972.

M. Mézard, G. Parisi, N. Sourlas, G. Toulouse, and M. Virasoro. Replica symmetry
breaking and the nature of the spin glass phase. Journal de Physique, 45(5):843—
854, 1984.

C. Morris and H. Lecar. Voltage oscillations in the barnacle giant muscle fiber.
Biophysical Journal, 35(1):193-213, 1981.

O. Moynot and M. Samuelides. Large deviations and mean-field theory for asymmetric
random recurrent neural networks. Probability Theory and Related Fields,
123:41-75, 2002.

[112] W. Nayler, I. McInnes, D. Chipperfield, V. Carson, and J. Kurtz. Ventricular function

and the calcium-accumulating activity of the sarcoplasmic reticulum. Journal
of Molecular and Cellular Cardiology, 1(3):307-324, 1970.

143



[113] P. L. Nunez. The brain wave equation: a model for the eeg. Mathematical Biosciences,
21(3-4):279-297, 1974.

[114] B. Oksendal. Stochastic Differential Equations: An Introduction with Applications.
Springer Science & Business Media, Berlin, Germany, 1st edition, 2013.

[115] S. Ostojic. Two types of asynchronous activity in networks of excitatory and inhibitory
spiking neurons. Nature Neuroscience, 17(4):594-600, 2014.

[116] G. Parisi and G. Toulouse. A simple hypothesis for the spin glass phase of the
infinite-ranged SK model. Journal de Physique Lettres, 41(15):361-364, 1980.

[117] D. Purves. Brains as Engines of Association: An Operating Principle for Nervous
Systems. Oxford University Press, Oxford, UK, 1st edition, 2019.

[118] L. Ramlow, M. Falcke, and B. Lindner. An integrate-and-fire approach to ca2+
signaling. part i: renewal model. Biophysical Journal, 122:713-736, Feb. 2023.

[119] L. Ramlow, M. Falcke, and B. Lindner. An integrate-and-fire approach to ca2+
signaling. part ii: cumulative refractoriness. Biophysical Journal, 122:4710-4729,
Dec. 2023.

[120] F. Rassoul-Agha and T. Sepp”al”ainen. A Course on Large Deviations with an
Introduction to Gibbs Measures, volume 162. American Mathematical Society,
Providence, RI, USA, 1st edition, 2015.

[121] M. G. Riedler, M. Thieullen, and G. Wainrib. Limit theorems for infinite-dimensional
piecewise deterministic markov processes. applications to stochastic excitable
membrane models. Flectronic Journal of Probability, 17, 2012.

[122] P. A. Robinson, C. J. Rennie, and J. J. Wright. Propagation and stability of waves of
electrical activity in the cerebral cortex. Physical Review E, 56(1):826, 1997.

[123] E. T. Rolls and G. Deco. The Noisy Brain: Stochastic Dynamics as a Principle of
Brain Function, volume 34. Oxford University Press, Oxford, UK, 1st edition,
2010.

[124] R. Rosenbaum and B. Doiron. Balanced networks of spiking neurons with spatially
dependent recurrent connections. Physical Review X, 4(2):021039, 2014.

[125] S. Riidiger. Stochastic models of intracellular calcium signals. Physics Reports, 534:39—
87, 2014.

[126] R. Rudnicki and M. Tyran-Kaminska. Piecewise Deterministic Processes in Biological

Models. Springer Briefs in Applied Sciences and Technology, Cham, Switzerland,
1st edition, 2017.

144



[127] T. C. S"udhof. Neurotransmitter release: the last millisecond in the life of a synaptic
vesicle. Neuron, 80(3):675-690, 2013.

[128] H. Schmidt, W. Woldman, M. Goodfellow, F. A. Chowdhury, M. Koutroumanidis,
S. Jewell, M. P. Richardson, and J. R. Terry. A computational biomarker of
idiopathic generalized epilepsy from resting state eeg. Epilepsia, 57(10):e200—
204, 2016.

[129] M. N. Shadlen and W. T. Newsome. Noise, neural codes and cortical organization.
Current Opinion in Neurobiology, 4(4):569-579, 1994.

[130] I. Siekmann, L. E. Wagner, D. Yule, E. J. Crampin, and J. Sneyd. A kinetic model for
type i and ii ip3r accounting for mode changes. Biophysical Journal, 103:658-668,
2012.

[131] J. Sneyd, K. Tsaneva-Atanasova, D. Yule, J. Thompson, and T. Shuttleworth. Control
of calcium oscillations by membrane fluxes. Proceedings of the National Academy
of Sciences, 101(5):1392-1396, 2004.

[132] H. Sompolinsky, A. Crisanti, and H.-J. Sommers. Chaos in random neural networks.
Physical Review Letters, 61(3):259, 1988.

[133] M. Stern, H. Sompolinsky, and L. F. Abbott. Dynamics of random neural networks
with bistable units. Physical Review FE, 90(6):062710, 2014.

[134] H. Touchette. A basic introduction to large deviations: theory, applications, simulations.
arXiv preprint arXiw:1106.4146, 2011.

[135] C. Van Vreeswijk and H. Sompolinsky. Chaos in neuronal networks with balanced
excitatory and inhibitory activity. Science, 274(5293):1724-1726, 1996.

[136] P. Vanetti, A. Bouchard-Coté, G. Deligiannidis, and A. Doucet. Piecewise-deterministic
markov chain monte carlo. arXiv preprint arXiw:1707.05296, 2017.

[137] J. Vannimenus, G. Toulouse, and G. Parisi. Study of a simple hypothesis for the
mean-field theory of spin-glasses. Journal de Physique, 42(4):565-571, 1981.

[138] C. van Vreeswijk and H. Sompolinsky. Chaotic balanced state in a model of cortical
circuits. Neural Computation, 10(6):1321-1371, 1998.

[139] C. Villarruel, P. S. Aguilar, and S. P. Dawson. High rates of calcium-free diffusion in
the cytosol of living cells. Biophysical Journal, 120(18):3960-3972, 2021.

[140] A. E. Waugh. Elements of Statistical Method. McGraw-Hill Book Co., New York, NY,
USA, 2nd edition, 1943.

145



[141] A. Weiss and A. Shwartz. Large Deviations For Performance Analysis: Queues,
Communication and Computing. Routledge, Milton Park, Abingdon, Oxfordshire,
UK, 1st edition, 2019.

[142] H. R. Wilson and J. D. Cowan. A mathematical theory of the functional dynamics of
cortical and thalamic nervous tissue. Kybernetik, 13(2):55-80, 1973.

[143] H. R. Wilson and J. D. Cowan. Excitatory and inhibitory interactions in localized
populations of model neurons. Biophysical Journal, 12(1):1-24, 1972.

[144] L. Yu and T. O. Taillefumier. Metastable spiking networks in the replica-mean-field
limit. PLoS Computational Biology, 18(6):¢1010215, 2022.

[145] C. Zimmer. 100 trillion connections. Scientific American, 304(1):58-61, 2011.

146



	Large deviation theory in stochastic processes: applications to biological modeling
	Recommended Citation

	Copyright Warning & Restrictions
	Personal Information Statement
	INTRODUCTION
	Overview and Motivation
	Structure of the Dissertation

	MATHEMATICAL FOUNDATIONS
	Stochastic Processes
	Brownian Motion
	Poisson Process

	Stochastic Differential Equation
	Skorohod Space
	Definition
	Topology
	Key theorems

	Empirical Measure
	Piecewise Deterministic Markov Processes
	Radon-Nikodym Theorem and Derivative 
	Radon-Nikodym Theorem
	Properties of the Radon-Nikodym derivative

	Relative Entropy
	Large Deviation Theory
	Large Deviation Principle
	Cramer's Theorem
	Varadhan's Theorem
	Bryc's Theorem
	Sanov's Theorem
	Freidlin-Wentzell Theory


	BIOLOGICAL CONTEXTS AND APPLICATIONS
	Neuroscience
	Physiology
	Overview of historical mathematical modeling

	Calcium Signaling
	Phsyiology
	Overview of historical mathematical modeling


	NEURAL NETWORK MODEL
	Notation and Definitions
	Model Description
	Initial Condition Assumptions
	Main Theoretical Results

	LARGE DEVIATION PRINCIPLES FOR NEURAL NETWORKS
	Large Deviations of the Uncoupled System
	Large Deviations of the Coupled System
	Regularity Estimates and Compactness
	Exponential Tightness
	Proof of Large Deviations of the Uncoupled System
	Proof of Large Deviations of the Coupled System

	CALCIUM SIGNALING MODEL
	Model Description
	Maximum Likelihood Estimation
	Model Simulations
	In Vitro Experimental Data Analysis
	In Vitro Numerical Results
	In Vivo Experimental Data Analysis
	In Vivo Numerical Results

	LARGE DEVIATION PRINCIPLES FOR CALCIUM SIGNALING
	Large Deviation of PDMP
	Notation and Definitions
	Large Deviation Principle for PDMPs
	Topological Definitions
	Euler-Lagrange Equations
	Simplified Euler-Lagrange Equations

	Application to Calcium Signaling
	PDMP Model of Calcium Dynamics
	Large N Limiting Dynamics
	Euler-Lagrange Equations
	Optimal Trajectories
	Numerical Results


	CURRENT AND FUTURE WORK
	CONCLUSION
	 BOUNDING FLUCTUATIONS OF THE NOISE
	 PROOFS FOR LDP FOR PDMP
	REFERENCES

