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ABSTRACT

CONVERGENCE OF THE BOUNDARY INTEGRAL METHOD FOR
INTERFACIAL STOKES FLOW

by
Keyang Zhang

Boundary integral numerical methods are among the most accurate methods for
interfacial Stokes flow, and are widely applied. They have the advantage that only
the boundary of the domain must be discretized, which reduces the number of
discretization points and allows the treatment of complicated interfaces. Despite
their popularity, there is no analysis of the convergence of these methods for
interfacial Stokes flow. In practice, the stability of discretizations of the boundary
integral formulation can depend sensitively on details of the discretization and on
the application of numerical filters. A convergence analysis of the boundary integral
method for Stokes flow is presented focusing on a variant of the method of [22] for
computing the evolution of an elastic capsule in two dimensional strain and shear

flows. The analysis clarifies the role of numerical filters in practical computations.
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CHAPTER 1

INTRODUCTION

Boundary integral (BI) methods, or BIM, are among the most popular methods for
computing interfacial fluid flow. They have been applied to compute the evolution of
vortex sheets in the Kelvin-Helmholtz and Rayleigh-Taylor instabilities [5],[39],[43],
Hele-Shaw flow [25],[31],[15], water waves [9],[26], and crystal growth [30],[42]. They
have also been extensively applied in Stokes flow to simulate the evolution of drops,
bubbles, elastic capsules and vesicles [44],[36],[22]. The methods only apply in
problems that have a Green’s function formulation. In fluid dynamics, this includes
the important special cases of potential flow and Stokes flow. They also apply
to boundary value problems outside of fluid dynamics, including linear elasticity,
electrostatics, electromagnetic wave propagation (i.e., the Helmholtz equation) and
related areas [14],[19].

The main advantage of boundary integral methods is that they reduce the
dimension of the problem by involving only surface quantities [36], which both
simplifies the handling of complex geometries and reduces the number of discretization
points. Another significant advantage is that they can be made to have high accuracy.
Boundary integral methods use a sharp interface formulation, and in contrast to
so-called interface capturing methods such as the level-set or the immersed boundary
method they do not lose accuracy due to ‘smearing’ of the interface. Spectrally
accurate discretizations of boundary integral formulations have been implemented
for 2D interfacial flow, see [27],[28],[35] and references therein. High order accurate
discretizations of axisymmetric and 3D flow problems, although still a subject of
current research, are increasingly common [41], [47]. As a result, boundary integral

methods are a good choice in problems that demand high accuracy.



One of the greatest challenges in the practical implementation of boundary
integral methods for time evolution problems is that they are very sensitive
to numerical instabilities. If left uncontrolled, these instabilities will dominate
and adversely affect the accuracy of computations. Numerical instabilities have
been observed in surface and interfacial wave calculations for inviscid fluids by
Longuet-Higgins and Cokelet [32], Baker, Meiron and Orszag [6], and Dold [17]. In
these prior research, the instability was delayed but not completely eliminated by the
application of smoothing techniques.

Computations of interfacial flows with surface or elastic membrane tension are
much more sensitive to numerical instabilities due to the presence of high-order spatial
derivatives. Straightforward discretizations of surface tension terms may lead to
numerical instabilities. Pullin [39] experienced this difficulty first in computations of
inviscid interfacial flow. Utilizing a boundary integral method for two fluid interfacial
flows, Pullin noticed that small-scale corrugations appeared in regions of high
curvature when surface tension is present. Eventually, the appearance of numerical
instability linked with surface tension led to breakdown of the computations.

Linear analysis of discrete equations about equilibrium has identified common
sources of numerical instabilities in BIM. For example, Baker and Nachbin [4] applied
normal mode analysis to several BI schemes to study the linear evolution of periodic
perturbations of a flat vortex sheet. With this linear analysis, they were able
to identify common reasons for numerical instability. However, their research did
account for the influence of nonlinearites and perturbations far from equilibrium.

Another major challenge in numerical simulations of interfacial flows with
surface tension, especially with elastic membranes, is numerical stiffness associated
with the time discretization. Here stiffness means that there is a constraint that the
time-step size must depend on the spatial-step size. The stiffness is due to terms with

high-order derivatives introduced into the interface dynamics by surface tension. This



kind of numerical stiffness can be removed by utilizing implicit methods, but since the
high derivatives are inside nonlocal operators, this is difficult to implement efficiently.

In [25], Hou, Lowengrub and Shelley, hereafter referred to as HLS, developed an
efficient method to remove the high-order stiffness in computing the motion of fluid
interfaces with surface tension in two-dimensional, irrotational and incompressible
fluids. Their scheme is based on a boundary integral formulation using two natural
variables: the tangent angle 6, and an equal-arclength parameter «, so that g—i is
constant in « (here s(a,t) measures arclength from a reference point at o = 0).
This BI formulation is called the 6 — s, formulation. We adapt this formulation to
Stokes flow with elastic surfaces in our work. HLS further reformulate the equations
to isolate the leading order stiff terms in such a way that they can then be treated
implicitly in time discretizations in an efficient way [25], [24].

There are relatively few analyses of the convergence of BI methods. Beale,
Hou and Lowengrub [9], hereafter referred to as BHL, gave a convergence proof of
a Bl method for water waves in two dimensions with or without surface tension.
Applying a framework developed in [8] for linearized motion perturbed about an
arbitrary smooth solution, BHL discovered that very delicate balances among terms
in singular integrals and derivatives must be preserved at the discrete level in order
to ensure numerical stability. They also noticed that numerical filtering is necessary
at certain places to prevent the discretization from producing new instabilities in
the high modes. This filtering depends on the particular approach for approximating
spatial derivatives and quadrature rules for singular integrals. Ceniceros and Hou [13]
generalized the analysis of [9] to include two-phase flow and surface tension, using the
0 — s, formulation of [25]. Hou and Zhang [26] generalized the analysis of [9] to 3D.
Ambrose, Liu and Siegel [3] prove convergence of a boundary integral method for 3D

Darcy-law flow with surface tension.



Despite the significance of the above mentioned stability and convergence
analysis for boundary integral methods in the water wave problem, there is no
convergence analysis that we are aware of for the important case of interfacial Stokes
flow. In this research, we provide such an analysis. The main difficulty of this analysis,
compared to previous convergence studies for water waves, is a more complicated
boundary integral formulation for the Stokes problem, and the presence of high
derivatives in the boundary condition for an elastic membrane.

In the analyses of the stability of our method, we make significant use of the
stabilizing effects of the highest derivative or leading order terms (so-called parabolic
smoothing) to control lower order terms. In the water wave problem, it was found
that strategically placed numerical filtering was necessary to prevent instabilities due
to aliasing error from growing and destroying the computation. We similarly find
that a targeted application of numerical filtering is necessary to prove stability in
the Stokes-interface problem. This is consistent with numerical implementations of
spectrally accurate methods for the evolution of drops, bubbles and elastic capsules in
Stokes flow [22],[46],[35], which also find the need for some form of numerical filtering
for stability. However, to make use of the parabolic smoothing, we find it important
that numerical filtering not be applied to the leading order or highest derivative terms.
Based on the analysis, we present a numerical scheme that utilizes a minimal amount
of filtering yet is provably stable.

For concreteness, we consider the problem of the evolution of a Hookean elastic
capsule in 2D Stokes flow, for an externally imposed straining or shearing flow. An
elastic capsule is a drop or bubble that is enclosed by a thin, elastic membrane and
suspended in an external liquid. It serves as a simple mechanical model of a cell or
vesicle that is deformed by a fluid flow. Numerical studies of capsules in fluid flow
have been performed with various membrane constitutive laws including Hookean [10],

[22], neo-Hookean or Skalac [16], [45], and inextensible membranes [44]. Pozrikidis



[38] gives an overview of some of the early numerical studies of capsules in fluid flow,
while a more recent review is provided by Barthes-Biesel [7].

In this research, we adapt a spectrally accurate numerical method for the
evolution of a capsule in an extensional flow that was developed in [22]. The method
of [22] was developed for the special case of an inviscid interior fluid and zero bending
stress on the membrane surface. We generalize the method to include both a nonzero
membrane bending stress and a viscous interior fluid, and analyze its convergence.
For the closely related problem of: (i) an inviscid bubble or viscous drop, or (ii)
an inextensible vesicle membrane evolving in an extensional Stokes flow, nonstiff
BI methods have been by developed by Xu et al. [46], Veerapaneni et al. [44],
and Sohn et al. [40] and extensively used in simulations. The nonstiff method
for elastic capsules analyzed in this research is adapted from the method for drops
in Xu et al. [46] to include Hookean membrane tension and interfacial bending
stresses. We utilize the arclength-angle formulation of [25],[46],[27] to remove the
numerical stiffness. Our reformulation makes use of a complex-variable description
of the problem known as the Sherman—Lauricella formulation. Nonlocal convolution
integrals in this formulation can be computed using spectrally accurate alternate
point trapezoidal rule [23].

The governing equations for our problem are presented in Chapter 2. The BI
formulation is presented in Chapter 3. For our BI formulation, we present in Chapter 4
a spectrally accurate numerical discretization. Several preliminary lemmas are stated
and proven in Chapter 5 which provide error estimates on numerical differentiation,
integration, and filtering operators. We then prove consistency of our numerical
method in Chapter 6. The statement of the main convergence theorem, Theorem
7.0.2, is given in Chapter 7. Some preliminary estimates used in the proof of stability
are given Chapters 8 and 9. Evolution equations for the errors are presented in

Chapter 10, and energy estimates and the final proof of stability and Theorem 7.0.2



are given in Chapter 11. Concluding remarks are provided in Chapter 12. A proof
of a critical lemma and estimates of nonlinear terms in the variation are given in the

Appendix.



CHAPTER 2

PROBLEM FORMULATION

We present the governing equations for a single elastic capsule in 2D Stokes flow. The
exterior fluid domain is denoted by €2, and we use a superscript ¢ for variables and
parameters in the inner fluid, and the membrane surface is given by 92 = .

The drop and exterior fluid are assumed to have the same density, so
gravitational effects are absent. On = the unit normal vector n points toward the
exterior fluid. The unit tangent t points in the direction such that the interior
fluid is to the right as v is traversed clockwise. We define an angle # measured
counterclockwise positive from the positive x—axis to t. The geometry is illustrated

Rl

in Figure 2.1. The local curvature of the interface is k = —%Z and is positive when

Figure 2.1 Fluid drop with viscosity A occupying region Q' is immersed in a fluid
with viscosity p occupying region 2



the shape is convex. Here, s is an arclength parameter that increases as v is traversed
clockwise.
In dimensionless form, the Stokes equations governing fluid flow are:

{Aqup,V-UzO, x € (), (2.1)

Mu' =Vp', V-u' =0, xeQ, (2.2)

where p(x) and u(x) are the pressure and velocity fields and A = % is the viscosity
ratio. The fluid velocity is taken to be continuous across the interface, i.e., u(x) =
u'(x) for x € 7.

The area enclosed by the capsule is conserved, and lengths are nondimension-
alized by the radius R of the circular capsule with the same area. Velocities are
nondimensionalized by U, where U will be specified below. Time is nondimension-
alized by g, and pressure by %. At t = 0 the capsule can have arbitrary shape and
membrane tension.

The no slip condition on the capsule surface is given by

d

g u(x,t) forx €, (2.3)
dt

Equation (2.3) satisfies the kinematic condition that 2*-n = u-n on 7. The far-field

boundary condition is taken to be a general incompressible linear flow:

B+ &
lim u(x) = u(x) = “ i X, (2.4)

|x]|—00 G
|= B-¢ -Q

where the dimensionless parameter (@, B, G) are equal to their dimensional counterparts
Q, etc, times the time scale g; ie, (Q,B,G) = g(@w, By, Gso). The far-field flow
is a pure strain if B = G = 0, and a linear shear flow if ) = 0 and G = 2B. At the
elastic membrane interface, we have the additional boundary condition that the total

interfacial stress f is balanced by the jump in fluid stress across the interface:

[T-n] =T, (2.5)



where T' = —p + 2E;; and T! = —pt + 2)\Efj, and where:
1 8u1 8uj
== , 2.6
y 2<axj+'am> (2:6)

is the stress tensor. Here [ . } denotes the jump:

[g} —g—g forxey. (2.7)

An expression for the interfacial stress f on the right hand side of Equation (2.5)
is obtained in [37] by an analysis of interfacial forces and torques, or more specifically,
interfacial tensions and bending moments. The result is given in Equation (3.16) of

[37], which in our notation is:

0
f=——(St 2.8
as( + QBn) (2.8)
where S = S(s) is the surface tension, and gg(s) = 222 with mp = mp(s) the

bending moment. The constitutive equation for the bending moment m is assumed

to be the simple linear relation:

mp(s) = kpk(s) (2.9)

where £ is the (dimensionless) bending modulus, and k(s) is the interfacial curvature.
For the sake of simplicity, we consider a membrane with a Hookean or linear elastic
response, for which the dimensional tension is given by [36]:

~ O0s

Here 7 is the stretch ratio between arclength s of the membrane at time ¢, and
arclength sg in a reference configuration in which there is no tension in the membrane.

The tension is nondimensionalized by E, so that in dimensionless form:

S=n-1. (2.11)



We also now define the characteristic velocity which is used for nondimensionalization

as U = £,
“w
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CHAPTER 3

BOUNDARY INTEGRAL FORMULATION

A boundary integral formulation for an elastic capsule or vesicle in 2D Stokes flow
with an inextensible membrane is given by Veerapaneni et al. [44]. Their formulation

uses a single layer potential S[f](x) to represent the velocity, where:

it = [ Gy, (3.1

and where the 2D Stokes free space kernel G is given by:

rer
p2

1
Gs(Xay) = —(-hlp:[-’-

- ) r=x-y. p=Irl (3.2)

Because of the log singularity in G, Veerapaneni et al. [44] employ a special form
of Gauss—Legendre quadrature due to Alpert [2] to discretize the integral. While
accurate, this quadrature is rather complicated and for this and other reasons an
analysis of the discrete equations for their method is difficult. We instead adapt
the Sherman-Lauricella formulation [29],[27] to the membrane problem. This is a
complex variable formulation, for which the primitive variables are expressed in terms
of integral over a single complex density that is defined on the drop interface and
satisfies a Fredholm second kind equation. It has been used to solve Stokes equations
for fluid flow in [29],[46],[20],[27],[28]. This formulation will be more convenient for
analysis.

A stream function is introduced for each region, so that:

(ula UZ) - (sza _W:E1)7 X € QJ

(uiv ué) - (ngy

—Wi), xeQ. (3.3)

The formulation for each region is similar, so we focus on the exterior region.

11



The curl of Equations (2.1)—(2.2) implies that:

VW =0, x€Q, (3.4)

ie., W(xy,z2) = uy(w1,22) + tus(xy,z2) is a biharmonic function, and similarly
for W(zy,x9) = ul(x1,22) + iub(x,22). It follows that W(xq,25) has a Goursat
representation:

W (z1,22) = Re(Zf(2) + h(z)), z€Q, (3.5)

where f(z) and g(z) are analytic functions of the complex variable z = x1 4+ iz5 on Q

([15],[11]).

The functions f(z) and g(z) = h'(z) are known as Goursat functions. Similarly,
Wi(z1,22) = Re(Zf'(2)+h'(z)) for z € ', where f(z) and h'(z), with g*(z) = k' (z),
are analytic in Q.

The primitive variables and their spatial derivatives in the exterior and interior
regions can be expressed in terms of the Goursat functions; see, for example, [30]. In

the exterior domain, z € €},

—uy +1uy = f(2) + 2f'(2) + @, (3.6)
q+ip=—4f'(2), (3.7)
Eii +iEyy = =By + iEy = —i(2f"(2) + ¢'(2)). (3.8)

Here, ¢ is the fluid vorticity, with w =V x u = (8$1u2 — 8$2u1)63 = ge3. Analogous
expressions hold for the interior domain, with the exception that ¢* + i (%) =4f (2)
for z € Q.

As shown in [11], the far-field velocity conditions imply that:

9(2) = —(B+iQ)z + H(t) + O(|z|7?), (3.9)

12



as |z| — oo, where H(t) is an as yet arbitrary function of time.
The surface stress exerted on the interface v by material in the exterior domain,

per Equation (2.5), is —pn + 2E - n = (f1, f2), which has complex counterpart:
a /— v E—
fitify=25-{ lim (£(z) = 2F'(z) - 9(2)) }. (3.10)

where the limit indicates that z approaches a point 7 on v from the exterior domain.
A similar expression multiplied by A holds for the surface stress due to material in
the interior domain. The difference is equal to the total interfacial stress f given in
Equation (2.8). The stress balance condition can be integrated with respect to s to
obtain:

lim (£(2) = 277 — 9) = A Jim (£'(:) = =77 (2) — (2))

z—71t
1

= —5((8 + KBK?)Ty — KBTsss ), (3.11)

where § = S(7,t). The right hand side of (3.11) is the complex counterpart of
Equations (2.8), (2.9). The freedom of choice in specifying the Goursat functions
allows us to set to zero a function of time that results from the integration.

In the Sherman-Lauricella formulation, the Goursat functions are written in
terms of Cauchy-type integrals that contain a single complex density w(z,t), defined
on the time-evolving interface v, and where the integrals give the modification to the
imposed far-field flow that is caused by the drop. The representation is such that, if

we introduce:

2m/g dc+ &% CHH),

0() _ w((, t) t)dC+w(C t)d¢ Cw(¢,t)
9°(z) = 27r7,/7 (—=z 27rz/(§ z)? 3%

—(B+iQ)z — H(D), (3.12)

13



then the Goursat functions are given by:

(f(2),9(2)) = (f°(2),4°(2)), when z €€,

(f'(2),9'(2)) = (f°(2),9°(2)), when z € ', (3.13)

Here, z is an arbitrary point in the complex plane away from the interface ~, and (
is the variable of integration on the interface contour. In the definitions (Equation
(3.12)), fv can denote integration around ~y in either the counterclockwise direction,
as is the usual convention in the complex plane, or clockwise; the difference is resolved
by a change in sign of w(({,t), and we choose the clockwise direction.

From the definitions (Equation (3.12)), the Goursat functions are analytic
functions of z except for z on the contour . They are also singular as z — oo
to accommodate the imposed flow. The Sherman—Lauricella integral equation is
constructed when the representation of the Goursat functions in terms of w of
Equation (3.12) to (3.13) is substituted into the stress-balance boundary condition
(Equation (3.11)). As z approaches a point 7 on 7, some of the Cauchy-type integrals
that result have local, simple pole contributions from a neighborhood of z = 7 that
can be evaluated by the Plemelj formula [15], and the remaining part of these integrals

is of principal value type. The final form that the equation takes can be written as:

g (~7\ B [T
w(r, t)+2—m_fyw(gt)dln <Z—?> + Tmlw((,t)dZ?

+ B(B — iQ)F + 2BH(t) = —%((5 + RBRY)T, — FBTess), (3.14)

where 5 = E_i and y =

on the left—hand side is removable. The choice that:

1

- Lhe apparent singularity at ¢ = 7 in the two integrals

H(t) = %/w({,t)ds (3.15)

14



removes a rank deficiency of the integral equation (3.14) in the limit when A\ = 0 of
an inviscid drop (see, for example, [4] and [11]), and H(t) = 0 as a consequence of
the constant area of the interior region €)'

The fluid velocity on the interface is found from Equation (3.6) by letting 2z
approach a point 7 on ~ from either Q or Q. The representation of the Goursat
functions in terms of w(z,t) of Equation (3.12) to Equation (3.13) is such that the
local, simple pole contributions to Equation (3.6) from the integrals near z = 7
cancel as z — 7F. The fluid velocity is therefore continuous automatically across the

interface and is given by:

1 d d¢
(w1 + i)}, = —5-P.V. /w(C,t)(C _CT - _C?)
¢

1 [—— (-7 e 1G
+%/YW(C7t)dZTF+(Q+ZB)T_77 (316)

on the interface v. The apparent singularity for ( near 7 in the second integral is
removable, but in the first integral the P.V. indicates that it is to be interpreted as a
Cauchy principal value integral.

The fluid velocity on the interface, in terms of its normal and tangential
components u, and ug, is w = u,n + ust, where the complex counterparts of the

unit vectors n and t are n and sy with sy = —in = 0,7. It follows that:

u, = Re{(u +ius)|,n} and wy = —Im{(us + tus)|,72}, (3.17)

on the interface ~.

For the numerical discretization of Equation (3.14), we introduce an equal
arclength parametrization of the interface . This is constructed following Hou,
Lowengrub and Shelley [25], and is an essential component of the method for removing
the stiffness.

The spatial parametrization of the interface is given by « € [0, 27), and a point

7 on the interface has Cartesian coordinates (1, x2), so that 7 = x1(a, t) + ixe(a, t).

15



The unit tangent vector sy and normal n in complex form are sy = % = T = exp(if)
«

and n = isp = iexp(if). Differentiation with respect to time implies that

Tot = Sar€ + sa0,i€®. (3.18)

When 7 = 7, is a material point on the interface its velocity is equal to the local

fluid velocity, per Equation (2.5), so that:

dTm g :
% = upie 4 uge®, (3.19)

where the subscript m is used to denote material point.

However, the shape of the evolving interface is determined by the normal
velocity component u,, alone. Although u, has physical meaning as the tangential
component of the fluid velocity, if u, is replaced by any other smooth function ¢g(«, t)
in (3.19), then 7 still lies on the interface but is no longer a material point, and
the role of ¢, is simply to implement a specific choice of 7 € ~ and the interface
parametrization via «, without changing the interface shape or evolution. The
interfacial velocity generated by using ¢, instead of u is denoted in the complex

form by:

d ) )
v = d_:f— = upie + ¢ et (3.20)

When this is done, differentiation of (3.20) with respect to a gives a second relation

for 7.,

Tt = ((9s)a — tnba) €™ + ((tn) + dsla)ie™. (3.21)

Equating (3.18) and (3.21), we have:

Sat = (0s)a — Unba, (3.22)
gt - i((un)a - ¢sea)7 (323)

[0}
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where ~y is now described parametrically by s = s(a,t) and 0 = 6(«,t) instead of

r1 = z1(a,t) and x5 = x9(a, t).

The equal arclength frame is chosen by setting s, = s,(t) to be spatially

constant along the interface, so that it varies in time only. Then since s, is always

equal to its mean around 7, it follows from Equation (3.22) that:

1 2w
Sat - (¢S)o¢ - unga = unea/dO/.

_%0

Integration of the second of these equations with respect to a implies that:

bs(a,t) = 0, (unﬁa — <un9a)),

where
1 27

(f)=5-] [fld)dd

:270

is the mean of f, and 9, is defined for a function f with zero mean as

_ = fk ik
o 1p __ L5 pika
« ! k;o ik

k0

(3.24)

(3.25)

(3.26)

(3.27)

In the above, f; are the Fourier coefficients of f. Also, an arbitrary function of time

has been set so that ¢,(c, t) has zero mean. This gives the required tangential velocity

¢, of the equal arc length frame.

When (3.25) is substituted into Equations (3.22) and (3.23), the system by

which the dynamics of the interface is tracked becomes:

1 27
Sat = —5 / un‘ga’dalu
2 Jo

0, = é[@a@f(unﬁa — (unba)) + (un)a}

(3.28)

(3.29)

At each time step (3.28) and (3.29) are integrated forward in time, and (s,, )

are mapped to the Cartesian coordinates (z1,x2) of points on 7. The map is given
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by integration of 7, = s,e? with respect to a and is:

z1(a,t) = 216(t) + 54(t)0;  (cos(0(, 1)), (3.30)

To(a, 1) = oc(t) + 54(t)05  (sin(6(/, 1)), (3.31)

where (x1.(t), x2.(t)) is the constant Fourier mode of (z1(«,t),z2(c,t)), which is

evolved from Equation (3.20) as:

d . "
2 (@1e(t) + iwac(t)) = o(t) = (v), (3.32)

where 0g(t) is the & = 0 Fourier mode of interface velocity v.

Membrane tension:

A formula for the membrane tension S(«,t) in terms of interface shape 7(«,t) and
the initial tension S(«,0) is required to close the system of Equations (3.14)-(3.17),
(3.25), (3.28)-(3.32). We derive this formula by adapting the presentation in [22].

Recall that 7(«,t) is a general nonmaterial parameterization of the interface
at time ¢. Introduce a parameterization 7(ay,0) of the initial profile in terms of a
Lagrangian or material coordinate cy,, and denote the location of the same material
point at time ¢ > 0 by 7(ay,(ay, t),t); this serves as a definition of a forward’ map
apm(ayp,t). We also define the 'backward” map «g(«,t) such that 7(ap(a,t),0) is the
location at t = 0 of the material point that at time ¢ is located at 7(a,t). It follows
that «,,, and g are one to one and inverses.

We desire a formula for S(a,t) that gives the tension in terms of the initial
state of the membrane. Write sy for arclength at time ¢ = 0 and note from Equation

(2.11) that for a Hooke’s law membrane,

S(s0,0) = % 1 (3.33)
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Then for t > 0,

S(s,t) = ——=——1=—=——(1+8(s0,0)) — 1. (3.34)

We determine an equation for the time evolution of %. The arclength at time ¢ is:

s(a,t) = /Oa sq(a t)dd!, (3.35)

and the length of the same material arc at ¢ = 0 is:

ao(a,t)
so(a, t) :/ sa(a’,0)do’. (3.36)
Ozo(O,t)
Hence, in terms of «,
0 olat
- Sal@, ) (3.37)

0so  salao(a,t),0)a)(a,t)

where o (a,t) = %(a,t), so (3.34) becomes
_ Sa(t)
S(a,t) = s(on(e.0). 0)ar(a.D) (1+ S(ap(e,0),0)) — 1, (3.38)

where we have made use of the fact that s, (a,t) = s,(t) is spatially independent.
The formula for the membrane tension therefore requires an equation for the
backward map og(e,t). First, note that, by definition of «,, and «,, the condition

for the motion of a material particle becomes:

(o 1),) = + i, (3.39)

that is,
% a-i-g—;ag—tm o = up + U, (3-40)
at @ = (0, t). An expression for % . is given by Equation (3.20), i.e., which

describes the motion of 7(«,t) at a fixed a with normal velocity u, and tangential
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velocity ¢s. Substitution of Equation (3.20) into Equation (3.40) yields the evolution

equation for the forward map a,,(a,,t):

1 . .
= — [ul + Uy — (uniew + ¢Sele)} (3.41)

Qp To

oo,
ot

at @ = ap (o, t).
The evolution of the backward map ag(«, t) is obtained by noting that «,, and
ap are inverses, so that differentiation of the identity o = avp,(ao(av, t),t) with respect

to time keeping « fixed implies

oo, day, Dag |
ot ap 8am ot la _0’ (342)

where we have set o, = ag(a,t) in the first two derivatives. Differentiation of the

same identity with respect to a keeping t fixed gives:

(3.43)

Oay,

oo (B

Eliminating «,, in favor of ap in (3.41), (3.42) and (3.43) gives the initial value

problem for the backward map:

0 Oag 1 4 .
% — %T— [uniew + ¢ e — (uy + ZUQ)}
Oap 1 ;
2T - o

which together with Equation (3.38) is the main result of this subsection.
In summary, the main equations that govern capsule evolution are given by
Equations (3.14)-(3.17), (3.25), (3.28)-(3.32), (3.38), (3.44). A nonstiff numerical

method for solving this system of equations is presented in the next chapter.
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CHAPTER 4

NUMERICAL METHOD

We construct a continuous in time, discrete in space numerical scheme for the inter-
facial evolution equations by providing rules to approximate the spatial derivatives

and singular integrals.

N
2

We discretize the spatial variable o by «; = jh, where j = —% +1,---,%, 80

that « is defined on a uniform grid of mesh size h = QW” We define a discrete Fourier

transform of a periodic function f whose values are known at a; = jh by:

N
. 1 2 ke N N
fo=% ZN: Floy)e kﬂ,fork=—3+1,---,3, (4.1)
j=—5+1
with the inverse transform given by:
N
- F ko . N N
flagy= > fee™™ forj=—o+1 = (42)

We compute spatial derivatives of f with a pseudo-spectral approximation,
which we denote by S, f. S} is defined by:

— N N
5 (4.3)

(Spf)e = ik fy, for k = —5 Lo

We denote by 6(c;), w(e;), ((a;) ete. the exact continuous solution evaluated at

grid points «y;, and by 0;, w;, (; etc the discrete approximation. Also, we use o(t) to
denote the numerical approximation of s,(t).

Sometimes we may need to apply numerical or spectral filtering to our discrete

solution. Indeed, this will be critical for the stability of our method. Our numerical

filtering is defined in Fourier space as follows [9]:

— ~

(/7). = p(kh) fr, (4.4)
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where p is a cutoff function with the following properties:

p(=z) = p(z) ; p(x) 20, (i)
plz) e C" 5 r>2, (i)
p(Em) = p'(£m) =0, (ii)
plz) =1 for |z| < pm, 0 < p < 1. (iv)

Condition (iv) ensures the spectral accuracy of the filtering. We define a filtered

derivative operator Dj, by

— . N N
(Duf )i = ikp(ki) fu, for k= ==+ 1+, (4.5)

Before discretizing Equation (3.14), we first parametrize the integrals by o and

rewrite the equation in the equivalent form (supressing time dependence):
™ / /
w(a) + - {w(a’)( ld) _____Gala )

2m ) . (o) =7(a)  ((a!) = 7(a)

@) () —rla)
o (e e e )}

+ B(B — iQ)r(a) + 28H(t) = —g (3 a)ei@ _ wzew(a)). (4.6)

~—

Here we have written w(«) for w(7(a,t),t), w(a') for w({(/,t),t), and made use of
the fact that s, = s,(t) depends on time alone. We have also rewritten the right hand
side of Equation (3.14) in terms of 6 and s,. Although the apparent singularity ( = 7
is removable, we shall nonetheless discretize (4.6) using spectrally accurate alternate

point trapezoidal rule [23],

[M]=

/_” fla,a)da' ~ f@i,z;)(2h). (4.7)

j=—5+1

(j—i) odd

This quadrature rule is normally used for singular integrals but we shall also apply

it here for smooth kernels. This is done for convenience (it precludes the need for
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analytical kernel evaluations at & = o), but more importantly, it allows the use of

several important quadrature estimates from [9]. We thus discretize (4.6) as:

. Bh &l of SkG  SkG —( SG G T =
R :Z;H {wj <<j — i C_j—ﬁ) T (C_j—ﬁ (C_j—ﬁ)25h<”>}
(=) 2Odd
-\ — X i0; HBS}%@ ;10

where

y
Hy(t)=7 Y wjo. (4.9)
N
>
We note that filtering crucially has been applied to the density w and its conjugate
in the smooth integrands of (4.8) and Equation (4.12), but not to the leading order
singular term Hw. This targeted application of filtering is found to be necessary to
make use of parabolic smoothing to prove stability of our method.
We next consider the velocity Equation (3.16). To obtain a stable scheme, a
careful treatment of the principal value integrals is required. We first parameterize

the integrals by «, then we add and substract the periodic Hilbert transform

Hw(a) = %P.V. /7r w(a’) cot (a _2 O/)do/, (4.10)

—T

from the first integral in Equation (3.16) to obtain:

(ug + dug)|,

L ) G@) 0
=Hw(a) — o /7T {w(a ) [C(CY') o) + @) — @) + cot < 5 ﬂ
o Gl) ) =)
@\ @ @) —rap 1}
+(Q +1iB)T — %7’. (4.11)
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It is easy to see that the integrand (in curly brackets) in Equation (4.11) is a smooth
function of o and /. This is due to the substraction of the leading order singular
part Hw. The singular integral Hw and integral with smooth integrand in Equation
(4.11) will be treated differently with regard to filtering, which will be essential in
our design of a stable scheme.

The velocity Equation (4.11) can be discretized using alternate point trapezoidal

rule as:
N
. h 2 oy — Oéj
U; = (u1 —l—zuz)i = ; Z {chot ( 5 >
j=—3+1
(j—i) odd
G,
— G+ @GP+ (@ + iy - S, (4.12)
2
where
S, . s —
G = o TGy o (U ), (4.13
gj — T C] — T 2
and
S i i — T =
GO = b & S (4.14)

TG-m (G-

In the discrete equations, Sj,7; can be replaced by oe®

*, and similar for S,,¢;, (i.e., the
application of S}, is not needed here), but for notational convenience, we will continue
to use S, 7; to represent the discrete version of 7,. In our method, we need the discrete

normal and tangential velocities,
(un) = —Im{uie™},(us)i = Re{ue™" }, (4.15)

which follow from Equation (3.17) with n; = ie®. Care must be made in the
discretization of u;e?, for reasons which will become apparent later. We compute

u;e in the following way. Decompose u; = Hpw; + (ugr);, where Hpw; is the leading

24



order part, and from Equation (4.12)

N
(ugr); = - Z { - w?G’Ej) + w?GEj)} +(Q +1B)T; — n (4.16)
j=—5+1
(j—i) odd
is the 'remainder’. Then we discretize
wie™" = Hy(wie ) — [Hp, e ] (w?) + (ug)ie™, (4.17)
where [Hy,, e ] (w!) is the commutator, defined by
[Hn, €] (wF) = Hp(e¥wl) — e Hy (w?). (4.18)

It is illustrative to consider the important special case of viscosity matched
fluids, for which g = 0 and y = % Then the integral or nonlocal term in Equation
(4.8) drops out, leading to a considerable simplification. Henceforth, we focus our
analysis on this special case, and later generalize for the full problem for arbitrary
0<y<land —1<pg<1. Taking =0 and x = % in the discrete equation for w;

(Equation (4.8)), we see that:

- 1 KB
oW _ _Z (g ;D o229
wie 5 (SZ 1 Shez). (4.19)

Inserting this into (4.17) and taking the imaginary part per Equation (9.46) gives:

() nb Hin(S30;) +Im{ — [Hp, e ] (wh) + (ur)ie ™ }. (4.20)

=30 :

The significance of the decomposition (4.17) is now apparent: by moving e~ into
the argument of discrete Hilbert transform, the leading order term of the normal
velocity, namely ;T%H(S%Hi), is linear in 6; with a spatially constant coefficient that
has the right sign to take advantage of parabolic smoothing. This will be critical

in energy estimates. We similarly decompose the tangential velocity. Recall that
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(us); = Re{u;e™}, then insert Equation (4.19) into Equation (4.17), and take the

real part to obtain:

(us)i = —g?—[h (Si) + Re{ — [Hn, e ]w? + (ug)ie ™ }. (4.21)

We next consider the discretization of the # and o equations. The semi-discrete

(continuous in time, discrete in space) equations for 6, o are:

(6), = %(Sh(“n)i + (¢5)iShbs), (4.22)

O = —<unSh9>h, (423)
where: N
1 &

(Fhn=~ ':XN:H fis (4.24)

is the discrete mean computed using trapezoid rule. In order to recover the interface
location from 6; and o, we need to introduce the pseudo-spectral antiderivative
operator defined in Fourier space on functions f of mean zero by:

_— =fi  for k#£0,

(Sh'f), = (4.25)
0 for kK = 0.

Then the discretization of Equations (3.30), (3.31) can be written:

Ti=T1.+5;"! (O’@w - <aei9>h)i, (4.26)

where 7, is the zero (constant) Fourier mode of 7;, and is evolved from Equation (3.32)

as

dr,
dt

— o = (V) (4.27)
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where vy is the zero Fourier mode of the discrete velocity v;. Similarly, Equation

(3.25) is discretized as:

(¢5)Z = Sfjl (unshg - <Un8h9>h)i, (4.28)

and the surface tension Equation (3.38) is:

g
O'ODhOéOZ‘( 0) ( )

where Sp; is the discrete initial tension, and o is the initial value of s,. The semi-

discrete equation for ayp; is obtained from Equation (3.44) as:

Do

((¢s — us)e”),. (4.30)

(Oé[)t)i = O'@iei

In summary, the principal equations for discrete scheme are Equations (4.8), (4.20),
(4.21), (4.22)-(4.23), (4.26)-(4.30), and are the main result of this chapter.

An example numerical calculation from Higley et al. [22] is shown in Figure
4.1. Their BIM is similar, but not identical to, that described in this chapter. In
particular, the BIM given in this chapter generalizes that of [22] to include nonzero
interior viscosity and membrane bending stress. Numerical results using the method

given in this chapter will be presented in later work.

(e} ()

Figure 4.1 The time evolution of a capsule in (a) a pure strain flow and (b) a simple
shear flow with Sy = 1. The capsule profiles are shown at intervals of (a) At = 1.0
and (b) At = 0.5.

Source [22].
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CHAPTER 5

PRELIMINARY LEMMAS

We define the Sobolev norm in a general region 2 C R? as follows:

1
[ulwmr@) = ( > HD‘“UHZ(Q)> : (5.1)

la<m

Another equivalent definition, with respect to the Fourier transform F, is:

fulbwnsion = |77 (14 47 * )]

. 5.2
@ (5.2)

A particular Sobolev space, which we use in this paper is H* = W*?2, defined by the

following:

|mu:(§ju+wmimﬁf (5.3)

k=—o00
The subsequent analysis makes use of the Sobolev embedding theorem:
Theorem 5.0.1. If m > 1 and m — % >1— g , then W™P(Q) C Wh(Q).
This theorem can be found in [1].

The first lemma gives the accuracy of the pseudo spectral derivative.

Lemma 5.0.2. (see [18]) Let f() be a periodic C*T—m, w| function. Then:
151f(05) = falon)| < ch* |l (5.4)

The same inequality holds for Dy in place of S.

Proof. Let f,j to be the exact Fourier coefficient of f. Then:

r re re N N
fk:fk+;fk+w,fork::—§+1,---,E, (5.5)
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(see [18], section 5) is the computed coefficient from Equation (4.3), where the sum

represents ‘high wave numbers’ modes (i.e., those with |k| > &) that are aliased to

ke [—%+1,5]. Introduce the notation |k| < Né defined as {k: 5§ +1 <k < T}

and similarly the notation |k| > NTI is defined as {k : § < kor k < —%}. Then we

have the estimate

Snf(a:) = fala) = | D ((fa), = (o)™ = D= (fa)re
k| <2 || > 2
<| D K= e+ | Y kfiet
k<X |k|> 25"
< O EIA = fil+ D IR
Ik|< 2 k> 2

(5.6)

The first term on the right hand of (5.6) is the aliasing error, and the second term is

the truncation error. We use Equation (5.5) to bound the aliasing error as follows:

Z |k||fk—f1§| = Z |k?| Zfl§+Nj

Ikl< 2 k< | #0
< Ok F NI fE gl < >0 TR
k| < |kI> 5
J#0

where k = k + jN, with j # 0. The last line of (5.7) follows from

- . . N N
F = k+N| > Ikl = jINI| > |5 = N| = 5

29
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Then this aliasing error is further bounded by (dropping the tilde):

e L
2 WKlAl < > Sl
k> 5 k|>%
A o\ 3 1 \2
< < Z |k [2+D) 1§|2>2< Z W) , using Cauchy-Schwartz
|k|>5 |k|>5
1
<l fllgse (N724) 2,
2
< ch® 3| fllos1, using h = . (5.9)
N
Here we have used the bound:
1 —2s+1
> e eN72FL (5.10)
N

k|>5

which follow from the integral test:

00 —2s+1
—2s z
/N o o —2s54+1

2

o0

= cN >t (5.11)

N
2

The truncation error term is bounded as (starting from Equation (5.6)):

re ‘k|s+1 re
Z kIl fel = Z W|fk|,
|| > 2 || > 2
1 1
< ( 3 k[ f,:|2)2( 3 ]k|‘28>2, by Cauchy-Schwartz
| > 2 |k|> 2
< ch* 2| f]lasa- (5.12)

Combine the estimates of aliasing error and truncation error to obtain:

[Snf () = fal@i)] < eh* 7| fllosa: (5.13)

The proof of (5.13) for D), instead of Sy, is similar. O

The next lemma is a well-known result on the accuracy of trapezoid rule for

periodic functions.
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Lemma 5.0.3. Let f(«) be as in Lemma 5.0.2. Then:

faph— [ fa)da
o= [

Proof. This is derived from the Euler—Maclaurin formula. For more details, see

< e fllosa. (5.14)

Ml‘z M ol

j=

[21]. ]
Similarly for the pseudo—spectral integral operator we have:

Lemma 5.0.4. Let f be a periodic, zero—mean, C*[—x, x| function. Then:
|02 Flag) = S flag)| < b2 f]ls. (5.15)
Proof. We estimate from Equation (4.25):

102" f(az) = Sy f(ay)]

_ Z fe iko; Z fk tkoy
k=—0o0 |I<:|<N/
fe ko fk+N
S DI D DD D
|| > 2 k<X 5#0
(% 'J;j b Y i) (5.16)
oy L N,I | =

where we have used Equation (5.5) in the second equality. The first term in (5.16)

corresponds to the truncation error, and the second term to the aliasing error.
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Then the aliasing error is bounded by:

S S Vel < S Sl el
|kl

k<X 3#0 k|< A J#0
Ae k s Ae .
< Z el = Z Ik%\fﬂ, by Equation (5.8)
k> 5 k> 5
R 1 1 \%
S( Z ’k|28‘f§|2>2< Z Wy, by Cauchy-Schwartz
[kl>% Ik|> 5
<e( 3 IkPIER) N
k> 5
<ch*z|| f[ls,

and the truncation error is bounded by:

|Az§|7 Z k|® s
2 = 2 e
&[> || > 5

. 1 1 1
S( Z \k\%‘ff’?)Q( Z |/<;]2(s+1)>2’ by Cauchy-Schwartz

k| > k| >
<o 5 W) e,
k>
<c|[ fsh"F = ch*tz||f].

Thus, the total error is bounded by:

102" F(ay) = Si flay)] < eh* =2 f]]s.

(5.17)

(5.18)

(5.19)

]

The next lemma provides a result on the accuracy of the pseudospectral

smoothing of f.
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Lemma 5.0.5. Let f € C*[—m,w| be periodic, and let fP be as defined in Equation
(4.4) with conditions (i)— (iv). Then:

|7 (ci) — flaw)| < ch*~z|f],. (5.20)

Proof. The proof is similar to that for Lemma 5.0.2, and is omitted here. [

Remark 5.0.6. Due to the asymmetry of the discrete Fourier transform, we will
zero out the k = % mode of (@)k This will be tmportant for utilizing the smoothing
properties of the highest derivative term. It is easy to see that zeroing out this mode

does not affect any of the estimates in this chapter.
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CHAPTER 6

CONSISTENCY

We calculate the error when the exact solution is substituted into the discrete
system of equations. Assume the exact solution is regular enough so that 0(-,t) €
C" -7 7], w(-,t) € C™ =7, 7] and (-, t) € C™ -7, 7). We also assume the
initial tension S(+,0) is in C™[—m, 7]. The different levels of regularity for the different
functions follows from an analysis of the continuous evolution equations. We denote
by un(ay), (un)n(ci), (¢s)n(;), ete. quantities that are evaluated by substituting the
exact solutions w(-,t),0(+,t), so(t) into the discrete equations. We make repeated use

of the estimate

() = 7o + Sy (5067 — (s0€®)1) (i) = 7(c;) + O(h™F3). (6.1)

which follows from Equation (4.26), Lemma 5.0.4, and the assumption on the

regularity of the exact solution.

Consistency of w equation:

We first assess the smoothness of the integrand in the continuous equation for w,
Equation (4.6). Let F(a,a’) denote the integrand (terms in brackets) in Equation
(4.6). We note that by Lemma 5.0.5, the filtered density w? can be replaced by an
unfiltered w, incurring an O(A™2) error based on the regularity of F(a,a/) (see
Equation (6.3)). Now, the apparent singularity in F(«, «’) is removable, and

2

elajr(oyi(o)) 62)

Sa

lim F(a, ') = i(w(a)/a(oz)sa +

o =«
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Recalling that w(-) € C™71, 7,(-) = 5,€C) € C™*! and that s, is bounded away

from zero, it follows that:

F(a,-) € C™ 1, (6.3)

Now consider the discrete sum in Equation (4.8) with integrand F' = F},, where the
subscript h denotes its evaluation using 7 = 7, ( = (3, and the exact w. By Equation
(6.1), we can replace 7,(q;) and (,(a;) in this sum by 7(q;) (respectively ((«;)),
incurring an order O(h™"2) [mjin (¢(ay) — T(ai))}_l = O(h™ 2) error. There is no
error in Sy,(¢(a;)) since the exact solution s,e™(@) is substituted for this term. We
compute the truncation error of the alternate point trapezoidal rule sum in Equation

(4.8). Let

F(o, )b+ O(R™2), (6.4)

where we have used the above remarks to replace Fj, with F', and define the truncation

error

™

Ji(i) = Jn(ay) —/ F(a;,a')da!. (6.5)

Then by the error estimate for trapezoidal rule integration (Lemma 5.0.3), we have:

| T ()| < eh™ M F (o, ) lm-r = O(R™ ). (6.6)
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Note that if 7 is even,

2J; (i) — Jgp(cu)

™

S Filos,a5)2h - / Flag, o)da! = O(h™ ). (6.8)

N —T

A similar argument shows that if 7 is odd

N
2 ™

S Fulas,a5)2h - / Flag,o')do = O(h™ ). (6.9)

N —T
2

Fh(ai,aj)Zh—/ F(ay,a)da’ = O(h™ 1), (6.10)

which gives the truncation error for the alternate point trapezoidal rule quadrature
in Equation (4.8). Error estimates for other terms in the discrete w equation are

obtained using Lemma 5.0.2. For example, the last term in Equation (4.8) satisfies:

S}%Q(Olz) B eaa(ai) _ O(hm—%)’ (6.11)

2 2
Sa Sa
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where we have used that 7,(+) is in C™ " [—7, 7|. The other terms are found to have

higher-order error in h. It follows that:

wlay) + b > Fulas, 05)2h + B(B — iQ)h(ay) + Bh Y w(ey)Symh(w)|

== J=1

which shows the consistency of the discrete scheme Equation (4.8).

Remark 6.0.1. When 8 =0 and x = %, Equation (4.8) provides an expect relation
forw; in terms of 0;, 0 and S;. Let wy(«;) denote the quantity obtained by substituting
the exact solution 0(-,t), so(t) and S(-,t) into Equation (4.8). Then the above remarks

show that:

ot

wp(ay) = w(a;) + O(h2?) (6.13)

Consistency of velocity:

Let G(a, ') be the integrand (quantity in curly brackets) in Equation (4.11). We
once again use Lemma 5.0.5 to replace the filtered w? with unfiltered w, incurring an

O(hm_%) error per the regularity of G given below. Then:

Tim G(a, /) = —w(a)Re(%) + imm(a)7a8<j), (6.14)

and it follows that G(«,-) € C™!. Using the same argument as that which led to

Equation (6.10), we deduce the quadrature error,

Grlou, oj)2h — / Gy, a)da’ = O(h™ 1), (6.15)

—Tr

[] =

j=—5+1
(j—1%) odd
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Let:

N
1 e
Huwlan) = 3= D w(ozj)cot<a 20‘1)% (6.16)
=%
(j—1) odd

denote the discrete Hilbert transform. Then it is shown in [9] that:

Hypw(a;) — iP.V./ w(a’) cot (a _2 c )do/

o= = O(h™?). (6.17)

—T

This is a special case of a result proven in Chapter 2 of [9], where it is shown that
the order of accuracy of the quadrature in (6.16) is related to the regularity of w,()
which here is C™~2. Tt follows that

wo) = Ho(o) ~ 5= Y Gala )20+ (Q + iB)ru(a)

j=—5+1
(j—1%) odd
o
) o)+ 02, (618

which shows the consistency of Equation (4.12). From this it is easy to see that,

(us)n (i) = ug(az) + O(h™?), and (6.19)
(tn)n () = up () + O(R™2), (6.20)
Sh(un)n () = Sp(tn + O(R™ ) () = (un)alc) + O(A™?). (6.21)

We note that a better estimate (i.e., one with higher order error) can be obtained

for (us)n, but (6.19) will be sufficient for our purposes. In addition, from Equation

(4.26),

(@s)n(ei) = S ((un)nShb — ((un)nSub)n) (i) = ¢s(cs) + O™ ), (6.22)

with the latter equality follows from Lemmas 5.0.3-5.0.4, (6.20), and u,(-) € C™1.

In particular, note that the leading source of error in (6.21) and (6.22) comes from
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the O(h™2) term in Equation (6.20). Combined, the above results show that the

truncation errors for the 0, s,, oy evolution Equations (4.22)-(4.23), (4.30) are given

by
20(a) = [Sauanlen) + Si0(a) 0 Inlex)] + O, (6.23)
9 s = () (ISH00 e + O("2), (6.21)
200 ) = —S;Zi—?ﬁff ((un)nie” + (6)ne™ — un) () + O(h™ ). (6.25)

We also need to check consistency of the discrete version of kinematic condition

(Equation (3.20)). Differentiate Equation (4.26) with respect to ¢ to obtain:

where from Equation (4.27),
‘Z: = (V). (6.27)
Then it is easy to see that:
%%%):%%ma+omm%. (6.28)

Taken together, the above results prove the following consistency result:

Lemma 6.0.2. Under the assumption that 0(-,t) and a(-,t) are in C™[—m ],
So(+) is in C™[—7, 7], and w(-,t) is in C™ 1 [—m, 7|, the exact solution of the evolution
equations satisfy the discrete equations with a truncation error at most of size

O(h™=3).
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CHAPTER 7

STATEMENT OF MAIN CONVERGENCE THEOREM

To show convergence of the numerical method, we need to establish the stability of
the discrete scheme. We first do this for special case of viscosity matched fluids, for
which =0 and x = % Define the errors between the exact and numerical solutions

as.
0; = 0; —0(ay),
wj = w; — wp(ay),

U = u; — up(ey), (7.1)

and so forth. To show stability, we plan to obtain a system of evolution equations for
these errors and perform energy estimates to show they remain bounded for ¢t < T,
where T is the assumed existence time for an exact solution to the continuous problem.

To illustrate this idea, let us find an equation for 0. First, substitute the exact

solution into Equations (6.23)—(6.24) and use the consistency lemma to get:

o, 1
i o [Sh(un)i + Snbi(s):]
- Uih[sh(un)h(%) + Sp0(ci) (¢s)n(cw)] + O(R™)
do;
dt = Sn(@s)i + (Snb;i)(un)i

= [Su(@)n(@s) + Sub(a) (wn)a(as)] + O(R™)

= —((un) Sh(0()))i + {(tn)n () Sn(0(c)))n + O(A™ ). (7.2)

Now, the right hand side of the above equation can be written in terms of 0;, 5., and

the variations in velocities:

(un); = (un)i = (un)n(@s), (65); = (9,)i = (9s)n(as). (7.3)
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Therefore, our first task is to estimate quantities such as (un)l and ((bs)l in terms
of the errors 6;,¢;. This can be done by identifying the most singular part in the
variation 4; = u; — up(a;) of the complex velocity. The estimates can be separated
into linear and nonlinear terms in éi, 0;. The nonlinear terms can be controlled by
the high accuracy of the method for smooth solutions. Thus the leading order error

contribution comes from the linear terms.

Remark 7.0.1. If(;'ﬁ 15 a scalar quantity, we will sometimes use the notation O(gb)

to denote a bounded operator in 12, i.e.,

10(&)[l> < €l (7.4)

Thus, O(¢) is equivalent to Ag(¢). For example, if f(-) € Cl—m, 7], then f(a;)(¢) =
0(9).

We now state the convergence theorem for our numerical method:

Theorem 7.0.2. Assume that for 0 < t < T, there exist a smooth solution of the
continuous problem (Equations (3.22)—(3.23), (3.20), (4.30)) with 6(-,t), ag(-,t) in

C™—n 7] and S(-,0) € C™[—7, 71| for m sufficiently large, and that:

min_ Sa(t) > ¢, for some ¢ > 0. (7.5)

If oy, and 0y, denote the numerical solution for s., 0, then for h sufficiently small:

lon(t) = sa(t)llz < e(T)h*,
16n(8) = OC, )i < ()R,
70 () = 7( D)l < «(T)R?,

[(@0)n(t) — o, B)[l2 < (TR, (7.6)
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where s = m+1—1 and 0 < | < m is small positive integer that is independent of

m(i.e., s is near m). Here:

N
2
lulle =h Y Juyl. (7.7)

j=—3+1
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CHAPTER 8

STABILITY: PRELIMINARIES

Following [13] and [9], we introduce an n-th order smoothing operator A_, which

satisfies:

IDE(A—(9) 2 < cllélliz and [ A—u(S(6))lle < cllllie for 0 <k <n.  (8.1)

where D), is the spectral derivative operator with smoothing. When n = 0, Ay(¢)

denotes a bounded operator in [2,

140(6) 12 < ell Sl (8.2)

Remark 8.0.1. Note that if f(d;) = Ao(¢), then h*f(d;) = A_,(¢;). However,
f(di) = A_y(&;) does not imply f = O(h®). An example is f(¢;) = 1+ h3d;, which is
an A_,(¢;), but not O(h*).

Remark 8.0.2. We use the expression A,s(gzgi) to denote a generic high—order
smoothing operator. Generally, s will be an integer near m, e.g., m + 1 or m — 1,
where m gives the regularity of the continuous solution (i.e., 0(-,t) € C™T1 etc.).
Similarly, we use the expression O(h®) to denote a high order discretization error,
again where s is near m. At the end of our proof, we may choose m and s large

enough, so that all the estimates go through.

Remark 8.0.3. Unless otherwise noted, we use the phrase ”smooth function” to

denote a generic function f € C*°|—m, 7] with high order reqularity.

Remark 8.0.4. We sometimes will use the notation A,s(ngi, 1@, W) = A,S(éi) +
A_ () + ...+ A_y(@).
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We first recall that we have defined a time:
. . ; : . 7
T =sup{t:0 <t <T,[|o]e 10, [Clle, o]l < h2}. (8.3)
The power of h in the above definition is chosen for convenience, so that the estimates
below easily go through. All the estimates we obtain are valid for ¢ < T™*. We ”close

the argument” and prove Theorem 7.0.2 by showing at the end that 7" = T. We

make repeated use of the inequalities:

10]lse < 13, ||6]lse < A%, and ||dg||ee < A®, for t < T* (8.4)

The above estimate on @ follows from h|f;|> < [|0]|%, for t < T*, so that ||| <

h=2||0]|;2 < A3, with similar estimates applying to [|6|e and ||cio]|sc.

Preliminary Lemmoas:

We state a number of preliminary lemmas that will be repeatedly used in the analysis.

First, we will frequently encounter a discrete operator of the form:

M vl

Ri(¢i) =

(7—9)

flai, a;)p;(2h), (8.5)

1
d

[

T+
od

where f(«,a’) is a smooth periodic function in both variables, and ¢ is a generic
periodic function. Beale, Hou and Lowengrub [9] prove the following estimate on Ry,

applied to a filtered discrete function ¢?.

Lemma 8.0.5. Assume f(«, ') is a smooth periodic function in both o and o, with

f(1,-2) € C" forr > 2, then Ry, defined in Equation (8.5) satisfies:

Rp(¢") = A_1(9). (8.6)
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If, in addition, p(x) satisfies p'(£m) =0 and f(-1,-2) € C" for r > 3, then:

Rh(¢p) - A—2(¢)- (8'7)

Unless otherwise noted, a superscript p will henceforth denote a filter satisfying
p'(£m) = 0. We note that the application of the filter is essential for the results in
Equations (8.6) and (8.7) due to aliasing error. To see this, consider the following

example adapted from [9]. Let g(a) = €** and define:

o) = 5-(a(0) — gla)) cot (25 5), flawa) = 221 sy

and let ¢; = ¢(5=D_ Then from the Lemma 8.0.7 below, and using the fact that

(N 1) - 1 i (— N
ez +1) ig aliased to e’ (~2+1) we have:

N
2oy 2 ) o
Ru(¢;) = 62 Z eiei (3D cot (QZ Oéj)(?h)
" j=—5+1
(j—1) odd
N
1 2 N a; —
—gr O et (T ) (2m),
T
j=—5+1
(j—%) odd

. i aos (N — o (— N
:_Z(€21a,€zal(2 1)+€zal( 2+1))’

= —2ie™ 2+ = _2ig(0)¢; = Ao(). (8.9)

Remark 8.0.6. If no filtering is applied, then it is easy to see that:

Ry (¢) = Ao(0). (8.10)
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Indeed we note that by the Schwartz inequality,

| Ra(@)lle = (h 3

i=—Z8+1

> floi,a5)05(2h)

j==5+1

2> %
(j—1) odd

<4hlolle Y (h > |f(az‘>aj)|2>

+1 j=—4t
(j—1%) odd

< 4| fllezl| b ]2, (8.11)

[z
o[z

|2

i=—

where

m‘z

2

|f(ai,aj)|2) , (8.12)

M vl

Il = (7

N N
1=—5+1lj=—5+1

which gives the result in Equation (8.10).
The Hilbert transform #(w) is the leading order part (i.e., least regular term)

in velocity expression Equation (4.23). The discrete version of H(w) is:

Halw;) = % | ZV: w; cot (O"' . O‘J')(zh). (8.13)

This will be seen to play a crucial rule in the stability of our discretization. The

continuous Hilbert transform satisfies:

— N

(), = —isgn(k) fi, (8.14)
H(H[(a)) = —f(a), (8.15)
H(fo)(@) = (Hf)ala) (8.16)

for a periodic function f. The following lemma from [9] shows that the discrete

transform acts in the same way.

Lemma 8.0.7. Assume that [ satisfies fo = f% = 0. The discrete Hilbert transform

defined by (8.13) satisfies the following properties:
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~

(Hu )y = —isgn(k) fu, (8.17)
Hu(Hufi) = = fi, (8.18)
Hu(Sufi) = Su(Hafi) = % Z (2h). (8.19)

where Z is defined in (8.21) below. The first equality above also implies
—i) odd

Hthsz = 171l

Proof. We transform the kernel in Equation (8.13) from a representation in the
periodic domain to an equivalent representation in the infinite domain. This involves

application of the formula [34],
1 J—
= t = - 8.20
9 <0 z + ; 22 — 2k7r ( )

from which it is easy to obtain (see [9] for details):

1o &P sy
o — O . o
5> flajeot (F5)2h), = lm o YT LS (an),
j=—4+1 j==M(N+H+1
(j—1) odd (j—1) odd
Z f O‘J 2h (8.21)

From Equations (8.13) and (8.21) with f; in replace of f(«;), it follows that:

’Hh(fi):% > %(%), (8.22)

o —
(j—i) odd ° J

which is an equivalent form of the discrete Hilbert transform. This form is proven to

satisfy properties (Equations (8.17)-(8.19)) in [9]. O

We will also need the following lemma on the commutator of the discrete Hilbert

transform and a smooth function, from [9].
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Theorem 8.0.8. Let g(-) € C" forr > 3, and define the commutator

[Hn, 9] (87) = Ha(g(ai)¢”) — glai)Ha (o). (8.23)

Then [Hn,g](¢7) € A_1(¢P). If in addition p(z) satisfies p'(£m) =0 and g(-) € C
with v > 4, then [Hp, g](F) € A_s(¢P).

Proof. Let:

f(a.0') = o (g(0) - g(e)) cot (25 C) € ot (8:24)

and apply Lemma 8.0.5. The result follows from noting that for this f,

Rh(@f) = Hn(g9(w)9?) — Q(Oéi)Hh(Qf)' (8.25)

]

We will also need a lemma on the commutator of the filtering operator and a

smooth function. The proof can be found in [12].

Lemma 8.0.9. Let f(o;) € C" forr > 2, and ¢ € [*. Define:

Gh(¢i) = (f(%’)@)p — flau)ot. (8.26)

Then G (¢;) = hAo(;).

In our stability analysis, we will need an analogue of the product rule for discrete

derivative operators, proven in [9].

Lemma 8.0.10. Assume f(-) € C* and w € [*. Then we have:

Dy (f(ai)wi) = few) Dp(wi) + wy foew) + hAo(ws), (8.27)
where ©f = wrq(kh) and q(z) = 2 (zp(x)), and Ay is a bounded operator.
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We will apply the following lemmas to obtain expressions for the variation of

velocities and other quantities in our problem. Define the error to be:

fi=fi— fla). (8.28)

Lemma 8.0.11. Let f;, §; and f(c), g(a;) be as defined in (8.28). Then (figi) =
figaq) + f(ew)gi + figi-
Proof.
(figi) = figi — flew)g(en)

= figlaw) = fla)g(ew) + figi — fig(ai)

= (fi = flew))g(ew) + fi(gi — 9(u))

= figlaw) + fig

= figlaw) + (f(w) + fi)d

= fig(aw) + f(ai)gi + figi- (8.29)

Note if f; is O(h™), and if ¢; has error O(h™?), then (fg)Z is Q(pmintmima}), O

The above lemma can be easily extended to product of three or more quantities.

We also have:

Lemma 8.0.12.

l L fz f?
(5) =77 200 " Plad(f(o) + 1) (8.30)
Proof.
Iy_ 11 :f(o‘i)_fi:_ fi
<fi> fi fle) fif (o) Flan) (Flaw) + i) (8.31)

where in the last equality, we have eliminated f; using f; = f(a) + f;. After
decomposing the right hand side of (8.30) into a sum of linear and nonlinear parts in

fi, we obtain the result (8.30). O
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We will need the following results on 6 = 0 — s,.

Lemma 8.0.13. Let f be a smooth function and (f(-)o), = 0. Then:

St (f()6), =68, (£(), = A=s(63), (8.32)

where A_¢(d;) is here interpreted for the spatially independent & as

A_(6i) = o9(v) (8.33)

for some smooth function g.

Proof. The relation (Equation (8.32)) follows from the spatial independence of 4.

The second equality follows from the smoothness of f. ]
Similarly we have:

Lemma 8.0.14. Let f be a smooth function. Then:

Su(f(-)0), = falai)o = A_s(63) + O(R%), (8.34)
and the same is true for Dy, instead of Sp,.
Proof. We have

S (£()6), = S (0) = 6 fulew) + O"), (8.5)
and (8.34) immediately follows. O

We will make repeated use of the following result from [13]:

Lemma 8.0.15. For 0,5 satisfying ||0]|cc < b3, ]|6|lsc < h®, then:

(Ueie)% = i5a6?@0, + )5, + A_4(6;) = O(R?). (8.36)
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Proof. We have:
(Ueie)% — geiti _ Saez‘e(ai)7
_ Saew(ai)(eiéi . 1) + (a . Sa)eie(ai)ei@’

= saew(ai) (zQZ + T(ez)) + d’i€i6(ai) (1 + Zez + T(@z)), (837)

where ||7(8)[l2 < [|6?]l2 < h?||0]l;2. The first equality in Equation (8.36) follows by
using ||7||s < h?® and the above estimate on ||r(6)]|;2 to show that the nonlinear terms
in the variation are A_3(f). The second equality in Equation (8.36) readily follows
from Equation (8.37) and the bounds [|6]|s < h?, ||5]|ec < h?, and the above estimate

on ||7(0)|- O
Lemma 8.0.16. Let (; represent the discretized interface. Then:

& = iS5, (a00) + A_3(d,) + A_(6) + L. (8.38)

It will also be shown later that ¢, = O(hg)

Proof. Recall that
G =9y (o€ — <aei9>h)i + ¢, (8.39)

where (. = (AO is the time dependent k£ = 0 Fourier mode of (;. Taking the variation,

we have:

G =5y ((0e™); = ((o€”))n) + ¢ (8.40)

We now substitute the first equality in Equation (8.36) and use Lemma 8.0.19 below,
which states that for f € C* and an arbitrary variation ¢, (f(-)¢), = A_,(¢). Hence,
& =08, (0e08) + 5,1 (906)
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Finally, from Lemma 8.0.14, the second term on the right hand side of the above

relation is A_4(¢), which proves the result. O

Remark 8.0.17. Ewvidentally, we also have from Equation (8.40):

SuGi = ((o€?); — ((0e™)i)n), (8.42)

and following the same reasoning as in the proof of Lemma 8.0.16:

Sp(; = isae? @, + A—3(éi) + A_4(0)

= Ao(6;) + A_,(5). (8.43)

Since |02 < h2, ||6]l2 < b2 and ||0]lee < b3, ||6]lcc < h®, we see from this analysis

that ||SuCllie < b3 and ||Sh¢l|ae < B3

In estimating the variations, we will make use of the discrete Parseval equality.

First, recall that we may write the [? inner product as:

o), = S T (5.44)

for f,g € [?. Then, we have:

Lemma 8.0.18. (Discrete Parseval’s equality). Let f,g € I*>. Then:

N
2 I
(fag)h:27T Z TGk (8.45)
k=—2+1
In particular, when g; = f;:
N
2 A
1Al =27 > 14 (8.46)
k=—24+1

A simple consequence of Parseval’s equality is that derivatives can be trans-

formed to a smooth function, similar to integration by parts.
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Lemma 8.0.19. Let f(-) € C*™! and g € I?, then:
(f<>7 Shg)h = _(Shf<')>g)h € Afs(g>

The same result holds for the discrete average:
(f()Shg)n = —(gSnf())n € A_s(g).

Thus, when considered as an operator ) on g,

Q(g) = (f()g)n € A—(s+1)(9)
Proof. By Parseval’s equality:
(F(),Sn9), =27 > fulik)g
k=—%+1
=2m Y (=ik) il
k=—Z4+1
—(Su(f(),9),

The result on discrete average follows from:
1 —

(FOgh = 5
T

(8.47)

(8.48)

(8.49)

(8.50)

(8.51)

]

Note these results also hold for Dj. We will also make use of the fact that S, ' (f(-)$);

is a smoothing operator on ¢. The proof of this includes, as a by product, an

‘integration by parts’ formula for S, L

Lemma 8.0.20. Let f € C3, ¢ € 1%, and assume f(-)¢; has zero mean, i.e.,

(8.52)

(f(-)p)n =0. Then:
S, f()Shd)i = =Sy (Snf()d)i + f()ds + Ao(9s),
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and hence:

S (f()e)i = Ai(i).- (8.53)

The proof of Lemma 8.0.20 is technical and relegated to the appendix.
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CHAPTER 9

ESTIMATES FOR THE VARIATION OF VELOCITIES

The discrete equation for velocity is given by Equation (4.12). We rewrite the equation

as u; = Uy + Us; + Us; + Uy, where:

h Sk P — Q
Ui=Hyw = —— Z w? 2Re(h—@) + cot <a aj) , (9.1)
’ ™ ~ J Cj — T; 2
j:_7+1
(j—1) odd
7 p
h WISy,
Ugﬂ' = — Z _j—hg, (92)
" j=—5+1 G =T
(7—1) odd
R
h W i — T; S :
Upi=—= Y 1] 32%ﬁ (9.3)
™ J—*%+1 (gj - Tz’)
(5—1) odd
o,

Usi = (Q+iB)m — =, (9.4)
for 1 = —% +1,--- ,%. Note that Hp(w;) has been substituted for the sum with
cotangent kernel in Equation (4.12).

Variations of the U;,l = 1,2,---,4 are calculated using Lemmas 8.0.11 and

8.0.12. We represent these variations as the sum of linear and nonlinear quantities in

the variation, so that:

’ : h - . ShC, (O‘j) Q; — Q
D=t 2 4 (2me( Gy ) e (“5)
(s bdd
_h . (e Sn _ SnCn(aj) s >
- j:zN:+1 ((.U (OCJ)ZRe(Ch(aj) _ Th(Oéi) (Ch(Oéj) _ Th(ai))2 (CJ Tz))
(—i) odd
+ U, (9.5)
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where:

=t 3 () ) o (s (1))
0 bad
" “’p(@j)m([cﬁ(a» - <ai§<(?a)§g—_<cz> T, - w)) } oo

Note that the third term within brackets the above comes from the nonlinear term

in the variation of (——)", via Equation (8.30). Similarly,

Ci—Ti
) h > EShCh(Oéj) + ﬁ(aj)Sth — . wnley)Shén(a;)
U. P J — — (¢ —Ti) = j j
) " j—zN:—H [ Ch(o‘j) - T_h(ai) << T) [Ch(Oéj) - T_h(Oéi ]2]
(- odd
+ U, (9.7)

To compactly represent the nonlinear term, introduce the notation:
[fir g0 il = figih(ow) + fig(ou)hi + f(cw)gih, (9.8)

which gives the nonlinear terms in the variation of the product fgh. A similar
notation is used for the nonlinear terms in the variation of a product with four or

more functions. Then,

“NL _
Usiw =

3|
Mw\z

j=—5+1

{ [w;’, ShCjs #]
(j—i) odd

- w_h(aj)sh_@(%)(@ —7i) . } (9.9)
[Chley) = Tn(ai)? (Culey) — Trlas) + & — 77)
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where for example in [wg,Sth,?j%ﬁ]', if gj = Si¢, then g(a;) = SpCu(ay).

Continuing,
Us; = —% > [(c’u—f[ch(aj) — 7h(a) | SuCh(ay) + &P(ay) [¢ — 7] Snlalay)
0o odd

+@7(0) [Gulay) — ()] $ny) (5(a ) i r_h(a')>2

B 2wP (o) [Ch(aj) - Th(ai)}m(oﬁ) [CJ - ;1] ]
[Gn(a;) — ()]’

+UE, (9.10)
where,
. h % —5 - 1 1 .
Us;N,iL = —; j_ZNH { |:wj7Cj - TmSth, —] —ﬁ-’ ?J — ﬁ]
(j—1) 2odd
N ?(%’) [Cn(ay) — Th_(%)}%(%’) [C;_— T'_i]_z } 0.11)
[Chle) = Tw()]2 (Cnley) — Tnlas) + ¢ — 72)
Finally,
Usi = (Q+iB)7, — Z(;T (9.12)

In the next section, we compute the leading order contribution to the variation

in the velocity. This computation uses the following integral estimates.

Lemma 9.0.1. Let § € [? be a variation of some quantity, and let:

. h : fla;)g;
L = & _ %)% 9.13
=2 2 oy - 913)
(j—z')zodd
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with f(a) and ((a) smooth, and (,(«) # 0. Define:

N

Kunlf, l@:) = % i % [C(agﬁ(i{@(ai) N 2202?;)1) ot (%‘ ; ai)]' (9.14)

j=—5+1
(j—1i) odd
Then:
o f (o) . .
Ing; = an(ai>7'[hqz + Kl f, ¢l(&:), (9.15)

and Kip[f, C1(¢7) = A_a(q}), when filtering is applied.

Proof. The decomposition in (9.15) follows from adding and substracting — Qéi?;)l)?{hqi'
The fact that K4, is a smoothing operator on ¢” then follows by noting that the kernel

within brackets in Kj is smooth, and applying Lemma 8.0.5. O]

Lemma 9.0.2. Under the same assumptions as in Lemma 8.0.18, let:

N
2

b G-
S o 9.16
" j=§+1 [¢(ay) = ¢(w)] (9.16)

(j—1) odd

and define:
b e F(a) F(a)
Konlf, ;)= — =G — — o o
ol el 4 j:zg;ﬂ G- [[C(O‘j) - C(Oéi)f 4¢3 () sin® (252
(j—17) odd
fa(ai> - %#(aof))fa<ai) a5 — oy
- 22 (cn) cot< 5 ) . (9.17)
Then:
: f(Ozl) . fa(ai) - Cgaa((;:i)) fa(ai) :
= 0 ) T T gy G
+ Kan[f, C)(G), (9.18)
and:
K[, CJ(¢]) = A2(C]). (9.19)
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Proof. Write:
h - f(aj)(éj - Cz) _h fow) ki G —G
v 2 Te)—c@l [4<z<az-> P ey
(j—4) odd (j—i) odd
falow) = S=l00p (o) 2 o
2<2§<;;)) (C] - Cz) cot ( J @ )]
j=—5+1
(j—i) odd
+ (£, () (9.20)

by adding and subtracting 2 times the quantities in brackets. Next use the identity

=1 Z (z — 2n7r (9.21)

% n=—oo
to write:
N . . N(M+1) . .
2 2
Z CJ a.Cza' — 4 lim Z Cj Cz -, (9'22)
N, S ( v l) Mmoo 1 (a Oz‘)
j=—5+1 ~NMA4L)+1 W T
(j—17) odd (j—1%) odd
Henceforth, we will use the notation

where we have used the periodicity of ¢
N(M+3)
Substitute (9.22) for the first sum within the brackets

E = lim E
M—o0
(Goi) odd = N(M+ )4
(j—1%) odd

n (9.20), and note that:
h
n(SnGi) = = (9.23)
™ Q;
(j—1) odd ]
and:
5
: h (67
HiG = = Z (¢ — &) cot ( ), (9.24)
j=—F+1
(j—1%) odd
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to obtain Equation (9.18). In Equation (9.24) we have used the identity

N

2

| Y ficot (O‘j S O‘i) ~0 (9.25)

which holds for a generic f. Finally, Equation (9.19) follows from the observation

that the quantity within brackets in the definition of Ky, in Equation (9.17), namely,
f(a) f(a)

99 = @) — C@P ~ 4 (a) sin? (52
fala) = Cg‘f(f;) fala) o —a
- 22(a) cot ( 5 > (9.26)
is a smooth function of o and /. O

Remark 9.0.3. If filtering is not applied, then it is easy to see that K-, ]¢ = Ao(q)

and K|, ]( = Ao(¢)~ Indeed, this is a consequence of the remark following Lemma

8.0.5.
The following lemmas are derived similarly and are presented without proof.

Lemma 9.0.4. Under the same assumptions as Lemma 8.0.18, let:

Ch & flep)(Clas) = Clan)ds
Lngi = — > 9.27
T j_%l [cay) — Clau)] o

(j—1i) odd

and define:

SN
]

(Cloy) = ¢la) fley)  flaw)ala) cot <Oéz‘ - %’)]
5 .

Kanf, Cl(q:) = lj — —
[f, Cl(d:) = q [C(Oég) B C(@@)} 2C2(av;)
(j—1i) odd
(9.28)
Then:
Ludi = _%M + Kanlf.€1(60) (9.29)

60



and Ksp[f, (@) = A-2(di)-

Lemma 9.0.5. Under the same assumption as Lemma 8.0.18, let:

et 3 dlte) GG

)

(j—i) odd
and define:
Kalf0G) =2 Y G-3) [(C({;ﬂ(;_} f(jzggf 2
ZJi;)?O—Sil ’ Z
A GO CD) plai) (0=
ot (o) ey 2 >]’
where:
\ _ Sal@i)f(ai) (Caalai)  3Caa(ai) o) ol
plas) = =2 mER (0N — Ty ) Gada(a).
Then:
Mha = —MH}L(%) - M?—lha-l- Kulf, C](a);

263 (ev) 263 (eu)

and Kun[f,c](C7) = Ao (D).

9.1 Leading Order Velocity Variations

(9.30)

(9.31)

(9.32)

(9.33)

We identify the most singular part in the variation ; of the complex velocity. First,

note that in Equations (9.5)-(9.7), we can replace (;, with ¢ and Sy}, with (,, incurring

by consistency an O(h®) error. (Recall that the expression O(h®) is used to denote

a generic high-order discretization error). Now, consider U; in Equation (9.5). We

denote first sum in Equation (9.5) by Ko,(w!), and apply Lemmas 9.0.1 and 9.0.2 to
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find,
Ui = M (r) — Kon(?) — Kunlw?, (J(Sns) — Kunlw?, € (Snés)
— wh () (2?—}{3) + C-C-> + KoplwCy, C](Q) + K2h[wC_aa Z] (5)

+ UM+ 0, (9.34)

where c.c. denote the complex conjugate of the previous term. The leading order

contribution to Ugi in Equation (9.7) is determined from Lemmas 9.0.1 and 9.0.2 as

I TG =y W)
Uy = 5 Ca(Oéz)Hh% + K11 [Cas CJ(w]) — 2o I)Hh(ShCz) + Ky [wP, C](Sh¢;)
M _ 1 P o) — P (au QG Yo Qi _
+ QZi(ai) Hh(ShCl) + 262(6@) (( Ca)a( z) ( l)<a< z)Cacx( z))Hh(Cz)
— Kon [0, (C) + UNE + O(h), (9.35)

Similarly, we find from Equation (9.11) and Lemmas 9.0.2, 9.0.4 and 9.0.5 that

Gl L P, (o)
3,4 — Qca(al)Hh i KSh[Cow C]( 1) + 2<_a(041> ( hCz) QCQ(OQ)H}LQ
WP () Cal ) : — oy pla) =
— Kop|wP (o, (G —Hh SpGi) — Kap|w?, (J(ShGi) — —3 Hi (G
wrla, Q&) — 23 (o) (Shéi) [wP, C](Sh¢s) 2 (o) (Gi)
+ Kun[20°G,, CJ(G) + UNE + O(h), (9.36)
where:

plai) = (i) (Caal)Calr) = 3Caal)Calas)) + 2¢a i) (WCa )alai). (9.37)

Finally, U47Z~ is easily seen to consist only of low order terms, i.e., involving smoothing

operators. A more precise statement is given in the summary below.

9.2 Summary of Velocity Variation
The leading order contribution to the velocity variation is the sum of the contributions

from U, for | = 1,--- ,4. We anticipate the leading order contribution will come from
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Hpw; in Equation (9.34) (the equation for w is derived and analyzed below). The
leading order th_f term in the sum of ng + ng cancels out. This is related to the
fact that the sum of the variation Uzﬂ' + Ugﬂ- comes from the discretization of the

integral

/w((,t)dg_i, (9.38)

-7

for which the kernel is smooth, i.e., the integrand is a smoothing operator on w.
Surprisingly, the next order terms in U2Z + U3Z containing %hShéi and its conjugate,
also cancel out. This is expected to have important consequences in the stability
of the discrete equations in the drop problem, i.e., with & = constant and kg = 0;
although this is beyond scope of current thesis.

To identify lower order terms in the velocity variation, we first use the Remark
8.0.17 to see that S,¢; = Ao(éi) + A_4(6;). Therefore, applying Remark 8.0.6, we

have:

Kl ](Shé) = Ag(0:) + A_(6). (9.39)
and similarly
Kal-,1(Q) = Ao(6:) + A_(6). (9.40)
Lemma 8.0.5 implies that:
Kinl J(@P) = A (wP), (9.41)
and
Kon[-, (@) = A_y(P). (9.42)
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We also need to estimate Uy defined in Equation (9.12). From Lemma 8.0.16, we

immediately see that:

U4,i = A71(9i> + A_y(0) + O(éc)' (9.43)

Note that Uy is the only velocity term in which (.(¢) appear. The other terms in our
velocity decomposition, Uy, - - -, Us depend only on the difference ¢; — 7;, for which (.

cancels out. In the appendix, we show that the nonlinear term satisfies

4

aMt =Y "UNE = Ag(0) + A_i(6) + O(h*). (9.44)

)
n=1

Putting all the above facts together, we find from Equations (9.12),(9.34),(9.35),(9.36),
and (9.43) that

4
i =Y Uy = Haoi + A_a(F) + Ao(6:) + A_(6:) + O(|¢]) + O(h),  (9.45)
=1

which is the main result of this section. Estimates on w, which are combined with

(9.45) to give 1; in terms of §, & and d are provided in Section 9.3 below.

9.3 Tangential And Normal Velocity Variations

The discrete normal velocity is given by:

(Up); = Re{um_i} = Im{uie_iei}, (9.46)

using n; = ie®. We need the variation ,;. From Equation (4.20), this is:

), = B 20y 4 B
(tn)s = 75 Ha(S305) + 2 (

[0}

1
202

) HalBua(as)) + Im{ — [H, e ] (@F)

= [Hn: (e )] (wP(cw)) + (p)ie™™ ) +up(ai)(e™); } + ()" + O(R%), (9.47)
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N

where (u,)N* represents the nonlinear terms. It is straight forward to estimate each

of the terms in Equation (9.47). Clearly,

KB <i)'%h(ew(ai)) — A_(63), (9.48)

4 \o?
(see e.g., Lemma 8.0.14). By Theorem 8.0.8,

[H, e 0] (WF) = A_y(w?). (9.49)

)

It is also easy to see by following the same steps as the proof to Lemma 8.0.15 that

(=), = —ie @, + A_4(6;), = O(h?), (9.50)

)

and the first equality combined with Remark 8.0.6 show that

(M, (67)i] (P (i) = Ao (0). (9.51)

Indeed, we can write

[Hn, (7)) (wP () = Ha ((e7)i(wP () — w” (i) Ha((e);)

e (0 H ((€);) —(e);H (o (c1). (9.52)

and note that the first two terms combine to form an integral operator with a smooth

kernel on the (unfiltered) (e?);, and similar for the latter two terms. Remark 8.0.6

79

then implies (9.51). Furthermore, it is easy to see from Equation (4.16) that

(i) = Aa() + Ao(6) + A_y(6) + O(C.) + O(h"). (9.53)

Finally, it is straightforward to show using the second equality in (9.50) and the

previous estimate that

il = B*(Aa(w) + A(6) + A_(6) + O(C) + O(h)),  (9.54)
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which we write as

(1 )N = A_5(wP) + A_3(0) + A_,(6) + O(h3(,) + O(h®). (9.55)

Therefore, we have shown that

(tin)i = ~ 2 Hu(S20:) + Aa(W!) + Ao(0) + Ay(5) + O(C) + O(R*).  (9.56)

=
4s2

We will also need the variation in the tangential velocity 1, since this appears in
the evolution equation for ¢y. We leave it to the reader to show, using the same

arguments as for (un)z, that:
(), = =5 HA(S:) + A-a(?) + Ao(0s) + A-,(6)

+ 0(&) + O(h?). (9.57)

Expressions for S; and &; are given in Equations (9.62) and (9.74) below. These
imply S in Equation (9.57) can be replaced by —f(a;)Dhag + A_y(cip), where f(a)
is defined in Equation (9.63) and A_(w?) in Equations (9.56) and (9.74) replaced by
A_1(dp).

Summarizing, we have shown that

) K : : ) . : s
(tn); = ﬁﬂh(sﬁei) + Ao(0) + A—s(6) + A_1(ao) + O(() + O(h?), (9.58)
(1), = 5 Hn(F (@) Dudi) + Ao(6) + A-(6)

+0(¢) + O(h), (9.59)

which give the variation of the normal and tangential velocities in terms of 9, o, Qo
and (., and is the main result of the section.
We next consider the variation of the surface tension S. It is easily seen from

Equation (4.29) and Lemmas 8.0.11 and 8.0.12, that
. 1+ So(a) o Sa(1+ Sol))

, Dhai N L s |
SZ Soaaoa(ai) SOaa%a(Ofi> hcto + Sz T O( )7 (9 60)
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where we have assumed So = 0, i.e., the initial tension Sy; is exactly Sp(e;), and

similarly ¢y = 0. An estimate for SZN L is obtained by noting that

SNL = O(62 + (Dpap)?),

— th,s(é') + h2A0(Dh020),

— A (6) + At (do), (9.61)

where we have used ||¢||oo, ||00llec < h? and ||Dy(cdp)||ee < ch® Tt follows that

Equation (9.60) can be written as

S; = A_o(6) = f(ou) Dyévg + O(h), (9.62)
where
fla) = %S(;Z—;(()S)) (9.63)

is a smooth, real and positive function. The positivity the f (o) will be seen to be
critical. Indeed, it is found to be necessary for the well-posedness of the continuous
equations. We note that f (c;) Dy = Ao(Dpcvg), but for later use we retain the
specific form in (9.62).

The next quantity we need to estimate is the variation of ¢,. Recall the discrete

equation for ¢, given by Equation (4.28). Taking the variation of this equation, we

find
(05)i = Sy (tinfa() + () — (tnba() + wal-) 1),
+O(h*) + (81, (9.64)
where
(@) = Sy (tinSnb — (1in S0}, (9.65)
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and recall the O(h*) term comes from, e.g., replacing u,(-) with w,(-). We readily

obtain from Lemma 8.0.19, Lemma 8.0.20 and Equation (9.58), the estimate

()i = Ao(Snbi) + A_s(dos) + A_s(6) + O((.) + O(RY). (9.66)

In obtaining this estimate, we have used A_;(S20) = Ay(Sp0), and the nonlinear
terms have been estimated using ||S,0]|s < %H@HOO < h? and Equation (9.58), and
are found to be smoother than terms already present in (9.66).

In order to complete the estimates, an estimate of w is required.

9.4 Leading Order Variation Of w
For the case of viscosity matched fluids, in which g =0 and x = %, the integral term
in the continuous equation for w (or equivalently the alternate point trapezoidal rule
sum in the discrete equation) drops out, and the equation localizes. From Equation

(4.8) with =0 and x = 1, it is easy to see that
w; = —Z(Siew(o“) + S(ai)(e");)

+ 2B [i0a () (€7); + i) S2,]

4s?
+ g 1€ aa0) (),
+ wMNE, (9.67)
where Wl contains nonlinear terms in the variations (%)Z, (e);, S;, and discrete

derivatives S, and S?6. We now give estimates for each of the terms in (9.67).

Lemma 8.0.15 will provides the estimate (taking o as one),

(), = ie?@)f; + A_5(h). (9.68)

The variation S is given in Equation (9.60). An estimate on the nonlinear term,

WV = A_1(0) + A_,(¢) + O(R%C.) + O(h?) (9.69)

1
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is derived below. We also need the following estimate for (%)

Lemma 9.4.1. Assume that |6z < h? and s, > a > 0 for some positive constant

a. Then
(%) - _% * sg(sj2+ )’ (570)
We also have
(%) — O(h?), (9.71)
and
f(ai)G)' = A_(&) for smooth . (9.72)

Proof. We have from Lemma 8.0.12,

(1)' _ s, (9.73)

o 52 2(sat+0)

which gives (9.70). Relation (9.71) follows from (9.70) the boundedness s, away from

zero, and ||¢||e < h3. O

Together, Equations (9.67), (9.69), (9.60) and the above comments tell us that

etfas) . 1 . - .
i = R St AoB:) + ALL(6) + 5 o) (Sucio): + O(RC) + O(h?),
(9.74)
where f(a) is given by Equation (9.63). This further implies that:
Aa(@) = Ao(0) + Ay (0) + A (co) + h*Ce + O(?), (9.75)

and therefore A_(wP) can be replaced with A_;(dp) in Equations (9.45), (9.56),

(9.57), which leads to Equations (9.58), (9.59). We note that there are no Ag(Sy0)
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terms in Equation (9.74), since these have canceled out. This will lead to an important
simplification in the energy estimates developed later.

We complete the derivation of Equation (9.74) by giving details of the estimate
(Equation (9.69)) for the nonlinear term wZN L. This term contains products of the
form (e=%);S;, (e=);SP6; for p = 1,2, (Sp;)?, (5) (S40;), ete. We use (e=): = O(h%)

(see Lemma 8.0.15) to obtain

(77 S1bs = h* A(S76) = Ay-4(0) (576)

for p =1, 2. Similarly, from Equation (9.62),

(e_w)ési = A—s(di) + A—2(050) + O(hs)) (977)

and using S,0 = O(h?),

(Sp8;)? = A_1(6;). (9.78)
Also, from Equation (9.71),
IR )
(-) Snl; = A_(6)). (9.79)
o/

where the latter equality we have used Equation (9.72). The estimate Equation (9.69)

readily follows. This verifies Equation (9.74) which is the main result of this section.

70



CHAPTER 10

EVOLUTION EQUATIONS FOR THE ERROR

An evolution equation for @ is formed by first substituting the exact solution s, 0(a;)
into Equation (4.22), using consistency, and substracting the result from Equation

(4.22). This gives

dj; 1
== ~[Su(uwn); + (64):816,]

= L [Sulunnlan) + (6.)n(0)Siblan)] + OGF)

Sa

_ Si(gh(@n)i + du(i) Sn(6:) + B () (4),)

+ %((un)a(az) + Qbs(ai)@a(ai))

+oNL Lo, (10.1)

o

where the nonlinear term contains products of the variations. In (10.1), we

have also used consistency to replace, for example, S,(0(a;)) with 6,(c;), incurring
an O(h®) error. It is easy to see from Equations (9.59), (9.66) and Lemma 9.4.1 that

the nonlinear terms satisfies

ONL — Ay(6) + A_,(6) + O(h*C.) + O(hY), (10.2)

where for the leading order part, we have used the estimate

(1) (Su(un)); = Oh®) (SnAo(S20) + A_y(6) + O(&) + O(h?))

g/

= Ao(0) + A_,(6) + O(R*C.) + O(h®). (10.3)
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The relation (Equation (10.1)) can be further simplified using Equations (9.58), (9.66)

and Lemma 9.4.1, which give

— = ﬁ%h(siei) + SpAo(0:) + Ao(Shb;) + SpA_1(do;)
+ A_y(5) + O(&) +O(h*), (10.4)

In deriving Equation (10.4), we have made use of the fact that éc is spatially
independent and can be pulled outside of a spatial operator.

The evolution equation for ¢ is derived similarly. We substitute the exact
solution into Equation (4.23), use consistency, and substract the result from Equation

(4.23) to obtain

fl_j = —(unSuO0n + ((un)n()ShO()) + O(h?)

— — ()00 () n = (n(-)Sh0)n — ((un)Sh)n + O(R?). (10.5)

The nonlinear term is estimated as

((un) Snb)n = Ag(0) + A_, () + O(R2C.) + O(h), (10.6)

using Equation (9.56) and the bound Shé > < h?. Equation (10.5) can be further
g Lq ( ) l q

simplified using Lemmas 8.0.14—8.0.16, which together with (10.6) gives

do;
dt

= Ao(0) + A_,(0) + O(C.) + O(h?). (10.7)

We also need the variation of the evolution Equation (4.30) for dy. Let

ut(a) = (QbS(CY) - us<a))ei9(a) (108)
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be the difference between the tangential interface velocity at a fixed a and the

tangential fluid velocity at 7(«). Taking the variation of Equation (4.30) gives

(ddo)i ) (Dpa)i — aoa(ai)utmi)d _ oo () ug (@) (e

dt /i sneif(@) 52 ¢if(e) Su(€0(@)?
Qa4 . . s
. Oeig(ai)) (ite); + (cig™ )i + O(R*), (10.9)

where dy™* contains the nonlinear terms, which can be compactly represented as
ciol ™ = O((Shdo)? + 62 + ()2 + (i)?), (10.10)
From Equations (9.59) and (9.66), we have (taking x = %),
e—i@(ai) - . . . )
(u); = — 1 Hp (f () Drcio;) + Ao(Shbi) + A_(6) + A_1(d;)
+0(C) + O(h"), (10.11)
where we have also used Lemma 8.0.15. Define the smooth functions
R V1(C) o fla)(ag)a(@)
fila) = o) and fo(a) = BV (10.12)

where importantly ag,(a) and hence fo() are both positive functions. We note that
apo(a) = 1 at t = 0, and the positive definiteness of g, is a consequence of ag(«)
being a one-to-one mapping, which is related to the physical property that material
fluid points cannot overlap. Using (10.11) and (10.12), Equation (10.9) can be written

< daig

E)Z = fl(@z‘)(Dh%)i - fQ(ai)Hhthoi + A()(Shéi)

+ A_y(6) + A_y(dig;) + O(Ce) + O(h?). (10.13)

The nonlinear terms are smoother or smaller than terms that are already present in
(10.13), as is easily verified by reader.
Next, we derive the evolution equation for CC. We have defined (. as the k =0

Fourier mode of the discrete interface (;. Recall the evolution equation for (. is
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Equation (4.27),

dCe R

déz; = (10.14)
It immediately follows that

dc, :

di =y (10.15)

is the evolution equation for (.. Equations (10.4), (10.7), (10.13), and (10.15) are the

main results of the chapter.
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CHAPTER 11

ENERGY ESTIMATES

We first recall that we have defined a time:

* . A ; . 7
T* =sup {t:0<t < T, |l |16]e, 1], ol < b3} (11.1)

The power of h in the above definition is chosen for convenience, so that the estimates
below easily go through. All the estimates we obtain are valid for ¢ < T™*. We ”close
the argument” and prove Theorem 7.0.2 by showing at the end that 7" = T'. Define

the energy
E(t) =6"+ (6,0), + (do,do), + CI%, (11.2)

N

2
where we recall (f, g)y is the inner product h Z fig;. Take the time derivative of

k=—Z+1
E and use Equations (10.4), (10.7) to obtain

1dE .. y e A
5 ar = 000+ (0.6,), + (do,dor),, + 2Re((Cer).
= 6(40(8) + A_(5) + O(&) + O(h"))

+ (e’, %Hh(s,ié) + S, Ag(6) + Ao(Snh)

+ A (6) +0(C) + O(hs)>h

+ (o, dior), + 2Re(Cley). (11.3)

The first product on the right side of (11.3) is readily bounded using Young’s

inequality:

& (Ao(0) + A_s(0) + O(I¢]) + O(h*)) < cE + O(h?). (11.4)
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We bound the inner product in Equation (11.3) by making use of parabolic smoothing.

The first term in this inner product is evaluated as
81
(0. 3 #(S20), = =15 3 IWPI6 (11.5)

453
Y k=—0 41

where we have used the discrete Parseval’s equality (Lemma 8.0.18), Equation (8.17),

and the real valuedness of 6 (so that 6] = |#_x|). The sum extends to k = T —1,in

view of zeroing out the % mode of S,0. The next term is bounded using Parseval’s

equality and Young’s inequality:

(6, Su(A0(6))),| = \(ShG Ao(0)),]
< Z IO (A0(6)), .

k=—4+1

N1

IS i s i)

k=—S+1

IN

N

§C<E+ 3 k2|ék|2>, (11.6)

k=—4+1

for a constant c. In the last inequality, we have used

N N
21 271

> (Ao, < 1A (O] < cllfh = ¢ S Ik < B (11.7)

k=—4+1 k=—%+1

We similarly bound

N
L |

(6, Ao(Su)), \< Z |ékH<A?s79’>>|

( NZ |ék|2), (11.8)

Ny
C

Z (6el2 + 1 (Ao(Su0)), )]

N
2t

l\')l»—t
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where ¢ > 0 and the last inequality follows from the bound

N N
! 1

Y 1(A(Si)),* < 1Ao7 < cllSublle = Y K16l (11.9)

k=—% 41 k=—N 11

For the next three terms in Equation (11.3), we use the bound

(0, A_s(6) + O(C) + O(h?)), | < cE + O(R*). (11.10)

Next, we estimate the inner product (g, o), in Equation (11.3). We substitute

Equation (10.13) for dj; to obtain

(cios, cio), = (fi(-)Dacio, cig), — (f2(-)Ha(Drcio), cio), + (Ao(Srf)

+ A_y(6) + A_i(dg) + O(C), do), + O(RY). (11.11)

The first inner product on the right hand side of (11.11), which can be written
(fl (+)a, tho) o 18 estimated using the discrete Parseval’s equality and Lemma 8.0.10

as

(f1(-)dio, Dydig), = —(Da(fi(-)co), do),,

= —(/1(-) Do + 6§ fia(-) + hAo(co), cio) - (11.12)

Move the first inner product on the right hand side of (11.12) to the left hand side

(also moving the real function f; to the other side of the inner product) to obtain

2(f1(-)do, Dpcg), = — (g fia () + hAo(di), o), . (11.13)

This shows that the inner product is bounded by the energy, i.e.,

| (f1(-)dlo, Drdig),,| < cE. (11.14)

The second inner product on the right hand side of (11.11) can be written

— (Af o, fg(-)do) ,» Where we have defined A}, = #;,Dj,. To bound this inner product,
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we make essential use of the positive definiteness of fo. We first write:

—(Apdi, fo(-)dio), = —(1/ fa()Abcio, \/ fa(-)dio) . (11.15)

then move 1/ f(-) inside the argument of the operator A}, which by Lemma 8.0.8 and
the discrete product rule Lemma 8.0.10 introduces a commutator and other terms
whose inner product with aq can be bounded by energy. If we define &g = f 2(+) o,

then the preceding statements imply that

—(\/ o )Nocig, \/ fa(-)din),, = — (Aféw, o), + 7 (11.16)

where 7 € R satisfies |r| < cE. The inner product on the right hand side of (11.16)

satisfies
£l
(Abdo, o), = > |klp(kh)|éol* > 0. (11.17)
k=—2+1
Combining (11.15)-(11.17) shows that
(APévg, fo(+)diy), < cE, (11.18)

which gives the desired estimate on the second inner product in Equation (11.11).
The third inner product that we need to estimate is (AO(Shé),do) ,- This is

bounded using Young’s inequality as
o 1 : .
[(Ao($10). o), | < 5 (14018 3 + lliol2).

< c([1Sh0Il: + lldolli:),
N_q
2

gc( 3y \k\215k12+E>. (11.19)

k=—4+1

The first sum above will be controlled by parabolic smoothing (i.e., by the dominant
contribution from the leading order term Equation (11.5)). The second sum above is

bounded by the energy.

78



The other inner products in Equation (11.11) are clearly bounded by cFE.

Putting these estimates together, we have obtained the bound

N
N

(dog, dg), < c< Z |l<;|2|é,§|2 + E) + O(h*). (11.20)

k=—2+1

The final term in Equation (11.3) is estimated using Equation (10.15) and

Young’s inequality as
2|R6(Cc<ct)| S 2|CCH<Ct|7
< 2|C[ol,
< el + [9o]?,

< |Gl + 19117 (11.21)

where we recall that v = (unieie + gbseig)'. From expressions for u,, and ¢4 given in

Equations (9.58) and (9.66), it is easy to see that

1011 < c(ISn0lE + | A—a(éo)llfz + ICcf* + [ A0(0) 72

+ A5 (6) ]Iz + O(h%)). (11.22)
Therefore,
_ 71 .
ARe(Cler)| < e X0 RPIOLE + B +O(r)), (11.23)
k=—Z4+1

which gives the desired bound on the last term Equation (11.3).

We now put these estimates together. First, set

d, = min ~2 (11.24)

0<t<T 28,

and note by assumptions on s, that 0 < ¢; < d; < 00, so in particular d; is bounded

away from zero. Then from Equations (11.5), (11.6), (11.7), (11.8), and (11.23), there
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exists positive constants do, ds, such that Equation (11.3) can be bounded as

N_g
dE x 2
< Y (AP R+ B+ O() (11.25)
k=—% 41
Let 0 < € < d; be fixed. Then (11.25) can be written as
81
i _ > da|O]? + ds E + O(h?) (11.26)
dt = 4|k 3 ) :
k=—4+1
where
dy = — di|k|]? + dok?), 11.27
’ _%rﬁggg( 1[k[? + dok?) (11.27)

(Note that 0 < dy < o00). It readily follows that there exists a positive constant c¢

such that
(11.28)

E
Cii_t < cE+ O(h*), with £(0) =0

for ¢t < T, which is the main result of this chapter.
Stability and convergence of our numerical method now follows from (11.28).

Application of Gronwall’s inequality to (11.28) gives

E(t) < ch®t(1 +¢e') for t < T%, (11.29)
or
E(t) < (T, (11.30)
It follows that
(11.31)

o117, 116117, llaoll%, ISl < e(T*)h,
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where we have used HCHIQQ < ¢F, which follows from Lemma 8.0.16 and ]|CCHl22 < ck.
We choose m large enough, so that s can be picked to satisfy s > 8. (Recall that m

characterizes the smoothness of the continuous solution, and s is near m). Then
. ) . i %\ 7 S T
1lli2, 16]]22, [lciollez (ISl < e(T*)R> < h2 (11.32)
for h small enough. We can therefore extend 7% to T* = T, so that the bounds (11.32)
are valid throughout the entire interval 0 < ¢t < T in which a smooth continuous

solution exists. This completes the proof of the convergence of our method for 5 = 0,

X:%andm3>0.
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CHAPTER 12

CONCLUSIONS

A convergence proof has been presented for a boundary integral method for interfacial
Stokes flow. While previous convergence analyses of the boundary integral method
exist for interfacial potential flow, this is the first analysis that we are aware of for
the important case of interfacial Stokes flow. Our analysis has focused on a spectrally
accurate numerical method, adapted in this research from [22], for a Hookean elastic
capsule with membrane bending stress evolving in an externally applied strain or shear
flow. The method is based on an arclength-angle parametrization of the interface
which was introduced in [25] to remove numerical stiffness in an efficient manner.

The main task in the proof is to estimate the variations or errors 0 = 6; — (),
0 = 0 — s, between the discrete and exact solutions at time ¢. This is done by
estimating the most singular terms in the variations, and seperating into linear and
nonlinear terms in #, &. The nonlinear terms are controlled by the high (spectral)
accuracy of the method for smooth solutions, and thus the crux of the proof is show
the stability of the linear terms in the variation, which is done with the aid of energy
estimates.

The presence of high derivatives due to the bending forces requires a substan-
tially different analysis from previous proofs of the convergence of the boundary
integral method for potential flow. In particular, our energy estimate make significant
use of the smoothing properties of the highest derivative term, or so-called "parabolic
smoothing’, to control lower order derivatives. This allows us to close the energy
estimates and prove stability of the method.

The proof also clarifies the role of numerical filtering in the particular boundary

integral method analyzed in this research. We find that targeted filtering is necessary
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to control the potentially destabilizing effect of aliasing errors and prove stability
of the method. Crucially, however, our analysis shows that the filter should not be
applied to the highest derivative term coming from the membrane bending stress, so
that the smoothing properties of this term can utilized.

In future work, we shall consider the convergence analysis of the boundary
integral method for drops and bubbles without a surrounding elastic membrane. In
this case, the interfacial tension S is constant in space and the bending stress kg is
zero. We may also consider the convergence analysis for an inextensible membrane, in
which § is determined by enforcing the surface divergence of the interfacial velocity

to be zero, i.e.,

Xs - Us(x) =0, for z € v (12.1)

In other future work, we may also consider the convergence of recent algorithms, e.g.,
[33], in which artificial contact forces are introduced to prevent fluid drops or vesicles
from coming into close contact. Since the contact forces act over a small region that
scales with the grid size, it is expected that methods utilizing these forces converge
to solutions of the continuous equations (without contact forces). However, no proof

or demonstration of convergence currently exists.
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APPENDIX A

PROOF OF LEMMAS

Proof. Proof of Lemma 8.0.20 Define:
(A.1)

N 1 u .
oL / f(a)e *da,
2 ),

and let:
N
— A2
) (A2)

. > . N
Fk: Z fk+meOI' —5+1§k§

. Thus:

denote the discrete Fourier coefficients of f, taking aliasing into account

N
2
flagy= > Fpe*, (A.3)
k=—24+1
%
¢ = Z e’ (A.4)
k=—% 41
(A.5)
Our interest is in obtaining an estimate for:
(A.6)

1 — ikous
E(fshqb)kek “

[]=

S (f()Sh)i =
k=—Z+1

E£0

where (m) . denotes the discrete Fourier coefficients of the product fS,¢.
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As a preliminary, we shall need an expression for the Fourier coefficients of the

product of a smooth function with a discrete function. For a given k, define the sets:

N N
[mk:{neZ:—?legk—ngE},

N N
N N
Kmk:{neZ:—?legk—N—ngE}. (A7)

Using Equations (A.3) and (A.4), the product f(«;)¢; can be written as:

f(oazm:( o+ )+

k=—N+2 nel, i

Z ) S Fenbec™, (AR)

N
2

__ N

=—5+1

N
2

where we use the notation Z to represent Z . Equivalently, g%n is set to zero
nG]nyk n:,%+1

nG]nyk
for n outside the range [—% + 1, %] (this is known as 'zero padding’). The wave
numbers in the first and third sums in parenthesis are aliased to k € [—% +1, %]

Rewriting these two sums by replacing k£ with & — N and k + N, respectively, we

obtain the equivalent representation:

N

faddie 3 ( S Bt S P

kf:—%-i—l nelp i neJy i

+ Z Fan$n>€ikai7 (Ag)

nGKn,k

where the requirement n € J,,; in the second double sum of (A.9) and n € K, in

0 N N
the third has allowed us to replace Z and Z, respectively, with Z
k=—X 11 k=2 k=—Z+1
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Equation (A.9), we therefore have for —% +1<k< %:

(f/SE)k = Z inFy_nn + Z inFyy N-nn

ne[’n,k TLGJn’k

+ Y inFin_nbn (A.10)

nEKn,k

and similarly,

neln,k ’nGJn,k

nEKn k

Combining Equation (A.10) with the negative of Equation (A.11) gives for —% +1<

N.
R< X

(FSh0), = —(0Suf) + Y ikEiudh,

ne[n,k:

+ Z ]{?—I—N Fk+N n¢n+ Z kf N Fk N-— n¢n (A'12)

'r‘LGJn k TLEKn k

We next recognize from Equation (A.9) that:

/E)k - Z Fk—ngg)n + Z Fk-&-N—nqgn

ne[n,k ne']n,k

+ Z kaanéna (A13)

neKn,k'

and combining this with Equation (A.11) shows that the Fourier coefficients in

Equation (A.6) can be written as:

(FShd),  (@Suf),

ik ik +(f0 2L
+ Z Fk+N n¢n - Z _Fk N— ngbm (A14)
neJy k nek,
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for =& +1 < k < & with k # 0. The first three terms in Equation (A.14) are the

Fourier coefficients of the first three terms in Equation (8.52). To finish the derivation

of Equation (8.52), we simply need to estimate the two sums on the right hand side

of Equation (A.14). The main difficulty is to overcome the large factor of V.

Each of the two sums in Equation (A.14) is a discrete convolution which

represents the k-th Fourier coefficient of the product a smooth function with ¢;.

Denoting the smooth functions by f; and f,, we form the />-norm of the products

with the aid of the discrete Parseval equality (Lemma 8.0.18),

2
(3 Fin) )

+1 neJn,k

NI

[M] st

111()elle = (27T

k=—

S

and

[]=

( Z Epk—N—ann> ) .

+1 nEKn,k

1f2()@lliz = <2W

N4

We estimate these [>-norms by decomposing the wavenumber range into

and

%2:{k20<’k’<%}.
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The sum over k € sz is bounded using \%| < 4. For example,

lgﬂz (% 3 ﬁwnqzn)T

k€ nedp i
. b
<4 271'2 ( Z pk+Nn§£n) ]
L k€ nEJnyk
- N 1
2 R R 2|2
L k=—%+1 “n€lug
o T
=42 Y Y (Fk_ngbn)] : (A.20)

L k:%-‘rl ne]n,k

0

where in the latter equality we have first replaced Z in (A.19) with Z
k=—4 41 w=—" 41

(per the comment following Equation (A.9)) and then substituted k — N for k. The

[z

expression in (A.20) is clearly bounded by a constant times the extended /> norm of

Equation (A.8),

-

N 27 2
£, = lzvr > (X fidn) ] , (A.21)
k=—N+2 “nel,
for which:
1f)Bllz,, < I fllsoll@llz,, = I fllooll 22, (A.22)

(where |[|¢]|;z , is defined by zero padding).
Hence, in Equation (A.15) (and similarly in Equation (A.16)), the sum over
k € 3 is bounded by c||¢||;2.
The sum over k € s (see Equation (A.18)) requires different estimate. For
example, consider Equation (A.15). For k € s, we have:
)

+1, 5

N N
k—{—N—nzZWhennE[—— 5

; (A.23)
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Moreover, f; (the Fourier coefficients of f) decay like O(k~%), where s is the number

of continuous derivatives of f, and it is easily seen that when s > 1, F}, also decays
like O(k~*).

Hence,

. N\ —s
Fopnon] < clk+ N —n|~ < c<z) , (A.24)

per Equation (A.23). It follows that the sum over k € sz satisfies the bound:

l% > ( > EFHM@)T

k€ nEJn,k

- S ( > %)T

LIS " n€Tnk

Sl

L |k|§% n€Jn k

<N~ 6]l (A.25)
Here we have used Equation (A.24) in the first inequality,
2
(qun) <N?H g2 (A.26)

in the second, and replaced Z by % in the third. It follows that when s >
k|<Zf

, the sum over k£ € s in Equation (A.15) is bounded by c||¢|;2. The sum over

Nt

k € s in Equation (A.16) is bounded similarly. Thus, both Equation (A.15) and
Equation (A.16) are bounded by ¢||¢||;2, which finishes our estimate for the two sums
in Equation (A.14). This completes the derivation of Equation (8.52).

Equation (8.53) readily follows by mnothing that both DS, '(f(-)¢); and

S, (f(-)Sho); are Ag(¢) operators. The latter is a consequence of Equation (8.52)
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and the estimate

Iseole = (3 H28)°

k=—& 41
= [ /ol
< I fllolllliz, (A.27)
where (ﬁ) . is given by Equation (A.13). O
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APPENDIX B

ESTIMATES FOR THE NONLINEAR TERMS IN THE VELOCITY
VARIATION

We estimate the nonlinear terms (Equations (9.6), (9.9) and (9.11)) in the velocity
variation. Consider first the expression Equation (9.6) for UlNL. We expand some of

the variations in this expression using Lemmas 8.0.11 and 8.0.12, for example,

SnGi N Galay) . Sh$;
(Cj — Ti> (C(aj) — 7(a))? (CJ i)+ () — 7(a)
. Cal) (GG — T3)° '
(Clay) = 7(ai))?(C(ey) — 7(ai) + G — 74)
L o), (B.1)

To estimate the terms involving differences in (B.1), we make use of the Fourier series

representation
. N ) .
Cj — 7 2 > etkay _ pikai
J % kZ—%—&-l J %
so that
. N 9
2 2 ~ eikozj _ Jika;
| e N [ ;
o — O l2 o — O
7 % kZ—%—&-l J )
N
2 N
< D 1GP
k=—% 41
= [|Sh¢llie- (B.3)

The first term on the right hand side of (B.1) is estimated by multiplying and dividing
by (o — ozi)2, and using (B.3) to obtain,

H Cal@))(§ — 72)
(Cley) = 7(w))?

<

l2

1Sk¢]le (B.4)

> o
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1
aj—a;

The extra factor % comes from an extra factor of It is easy to see that the
second term in Equation (B.1) is also bounded by %||Sh¢||l2, and the third term is
similarly bounded by £|S¢||%.

Returning the expression for UlNL in Equation (9.6), it follows from Equation

(B.4) that the first sum of the right hand side of Equation (9.6) is bounded by

C - : s ) . s
ool Saclliz +O(%) < e(llbll + o)1) + O(R), (B.5)

where the latter inequality is a consequence of Equation (8.43), and the fact that
|w]|so < ch, which in turn readily follows from Equation (9.74) and the assumptions
(Equation (8.4)). The second sum on the right hand side of Equation (9.6) is similarly
bounded by c(||9||l2 + [|6]liz) + O(h*). For the third term on the right hand side of
Equation (9.6), we multiply and divide by (a; — a;)? inside the summation and use

the estimate

(¢ — 7)?

C .
(G~ epg i
H(Oéj—a,-)3 - 1SKC |2,
< ch?|[Sullle,
5 . .
< chz (|l6]I7 + [|o12) (B.6)

in view of S, = O(h5) (see Remark 8.0.17 and Equation (8.43)). Putting this

estimates together, we have shown that

NL .

U~ = Ag(0) + A_,(6) + O(R?), (B.7)

(using ¢ = A_4(5)). Estimates for U, and Uy are performed similarly to UlNL,

and verify that

aNE = Ag(0) + A_(6) + O(h®). (B.8)
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