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ABSTRACT

BOUNDARY INTEGRAL EQUATION METHODS
FOR SUPERHYDROPHOBIC FLOW AND INTEGRATED
PHOTONICS

by
Kosuke Sugita
This dissertation presents fast integral equation methods (FIEMs) for solving two
important problems encountered in practical engineering applications.

The first problem involves the mixed boundary value problem in two-dimensional
Stokes flow, which appears commonly in computational fluid mechanics. This problem
is particularly relevant to the design of microfluidic devices, especially those involving
superhydrophobic (SH) flows over surfaces made of composite solid materials with
alternating solid portions, grooves, or air pockets, leading to enhanced slip.

The second problem addresses waveguide devices in two dimensions, governed
by the Helmholtz equation with Dirichlet conditions imposed on the boundary. This
problem serves as a model for photonic devices, and the systematic investigation
focuses on the scattering matrix formulation, in both analysis and numerical
algorithms. This research represents an important step towards achieving efficient
and accurate simulations of more complex photonic devices with straight waveguides
as input and output channels, and Maxwell’s equations in three dimensions as the
governing equations.

Numerically, both problems pose significant challenges due to the following
reasons. First, the problems are typically defined in infinite domains, necessitating
the use of artificial boundary conditions when employing volumetric methods such as
finite difference or finite element methods. Second, the solutions often exhibit singular
behavior, characterized by corner singularities in the geometry or abrupt changes in
boundary conditions, even when the underlying geometry is smooth. Analyzing the

exact nature of these singularities at corners or transition points is extremely difficult.



Existing methods often resort to adaptive refinement, resulting in large linear systems,
numerical instability, low accuracy, and extensive computational costs.

Under the hood, fast integral equation methods serve as the common engine
for solving both problems. First, by utilizing the constant-coefficient nature of the
governing partial differential equations (PDEs) in both problems and the availability
of free-space Green’s functions, the solutions are represented via proper combination
of layer potentials. By construction, the representation satisfies the governing
PDEs within the volumetric domain and appropriate conditions at infinity. The
combination of boundary conditions and jump relations of the layer potentials then
leads to boundary integral equations (BIEs) with unknowns defined only on the
boundary. This reduces dimensionality of the problem by one in the solve phase.
Second, the kernels of the layer potentials often contain logarithmic, singular, and
hypersingular terms. High-order kernel-split quadratures are employed to handle
these weakly singular, singular, and hypersingular integrals for self-interactions, as
well as nearly weakly singular, nearly singular, and nearly hypersingular integrals
for near-interactions and close evaluations. Third, the recursively compressed inverse
preconditioning (RCIP) method is applied to treat the unknown singularity in the
density around corners and transition points. Finally, the celebrated fast multipole
method (FMM) is applied to accelerate the scheme in both the solve and evaluation
phases. In summary, high-order numerical schemes of linear complexity have been
developed to solve both problems often with ten digits of accuracy, as illustrated by

extensive numerical examples.
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CHAPTER 1

INTRODUCTION

The first part of this dissertation is concerned with the accurate and efficient
computation of velocities, pressure, and tractions (surface forces) in flows over
superhydrophobic surfaces, sometimes referred to as superhydrophobic (SH) flow.

When a rough hydrophobic solid is submerged in a fluid, gas bubbles can
become trapped within the grooves in the solid surface, resulting in a stable mixed
state known as Cassie state. This leads to the formation of a superhydrophobic
surface, which is of great interest within the fluid mechanics community due to its
tendency to exhibit reduced resistance to liquid motion (Quéré [70]). The study of
flows over SH surfaces typically focuses on two types of canonical problems. The first
problem involves an idealized scenario of externally imposed shear flow over a single
SH surface (Philip [68]). The second problem, which is more representative of realistic
configurations, involves pressure-driven flow within SH channels (Rothstein[74]). In
both cases, the focus is not on the intricate details of the flow, but rather on a
suitable aggregated or coarse-grained quantity that represents the decreased friction
resulting from superhydrophobicity. In the first case, this quantity is represented by
the intrinsic slip length (Davis and Lauga [22]), which is solely determined by the
geometric characteristics of the surface. In the second case, it is represented by the
effective slip length (Lauga and Stone [59]), which accounts for the excess volumetric
flow in the channel. As part of this work, we develop an efficient method for computing
these coarse-grained quantities over complex and highly irregular surfaces.

SH surfaces appear not only in the engineering development of nano-fluidic
devices, but also in nature. Some examples of naturally occurring SH surfaces are

shown in Figure 1.1. This figure also shows SH surfaces that have been manufactured



for nano-fluidic applications. An idealized model of flow in a channel with one or

more SH surfaces is shown in Figures 2.12 and 2.13 in Chapter 2.

’
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Figure 1.1 Examples of superhydrophobic surfaces. Top left: a surface of a lotus
leaf [78]. Top right: manufactured hollow hybrid superhydrophobic surfaces (from
Dash et al. [21]). Bottom left: a magnified mosquito eye [1]. Bottom right: a
magnified surface of a butterfly wing [29].

There is a vast literature on SH flow problems. We review some of the prior work
that is relevant to the current study. An important early theoretical investigation is
the seminal work of Philip [68], who mathematically derived exact solutions to various
SH flow problems subject to mixed boundary conditions for a flat or undeformed
interface. Since then, there have been many theoretical and numerical investigations
of flow over SH surfaces in different geometries. For example, Teo and Khoo [77]
numerically investigated the effects of interface curvature on the transverse SH flow
through micro-scale channels and tubes. Yariv and Siegel [83] analyzed the rotation of
an infinite cylinder with air-bubbles or grooves as a model of the rigid-body motion of

an SH particle in a viscous liquid. Crowdy [20] mathematically analyzed longitudinal



shear flow over a no-slip surface with partial slip circular bubbles. Yariv and Schnitzer
[82] studied a similar longitudinal flow with closely spaced circular bubbles using
asymptotic analysis. Nearly all of the numerical studies involve a regular periodic
geometry, where the solution needs only to be computed over a single solid-groove cell.
In contrast, the method developed here will be capable of computing over irregular
geometries with many cells.

In the above studies, two types of flow alignment are typically considered:
longitudinal flow or transverse flow. Longitudinal flow refers to the case where
the fluid motion is parallel to the gas-filled grooves, while transverse flow involves
fluid motion which is perpendicular to the grooves. A relatively small number of
mathematical and numerical studies have focused on the transverse flow compared
with the longitudinal flow. Hence, we concentrate in this work on the development
of a numerical method for transverse flow. However, the algorithm developed here,
with modifications, also applies to the case of longitudinal flow.

The presence of mixed boundary conditions and corners on the boundary of
a given domain introduces significant difficulties for numerical computations. The
existence of corners and boundary transition points, where boundary conditions
change type, leads to flow singularities, i.e., singularities in the velocity and stress
fields. A standard approach to dealing with the singularities, adaptive mesh
refinement, leads to numerous unknowns, ill-conditioned linear systems, and a loss
of accuracy. Previous approaches based on the finite element method (FEM) have
been implemented and studied (e.g., Teo and Khoo [77], Lam et al. [58], and Kirk
et al. [50]) and some software packages are available. The reported numerical results
show a few digits of accuracy. A drawback of these methods is the need to discretize
the whole computational domain with a large number of elements (105-10° elements
per a single solid-groove cell). Another approach that applies to Stokes flow over SH

surfaces is the Boundary Integral Equation (BIE) method, which has the potential



to achieve high accuracy. However, there has been much less work applying BIE
methods to SH flow, with Kelmanson [49], Yariv and Schnitzer [82] among the few
studies. In the BIE method, one only needs to discretize the boundary of the domain,
so that the dimension of the problem is reduced by one in the solve phase. When
applied to mixed boundary value problems, however, the BIE methods require either
adaptive refinement or special techniques to achieve high accuracy due to the presence
of corners and boundary transition points. Whereas research efforts to develop the
BIE methods on Stokes equations on complex geometries are ongoing, with recent
work including Askham and Rachh [4], Rachh and Askham [71], Helsing and Jiang
[39], Rachh and Serkh [72], and Wu et al. [80], the boundary conditions discussed in
their work do not include mixed boundary conditions.

Related work on adaptive mesh refinement for mixed boundary value problems
in the context of Laplace’s equation is given by Helsing [37] who develops the
Recursively Compressed Inverse Preconditioning (RCIP) method (Helsing and Ojala
[42]) for that application. A significant part of the current dissertation is to extend
for the first time the RCIP method to mixed boundary value problems of the Stokes
flow. We also adapt the RCIP method to SH flow problems. An additional challenge
in the latter case arises due to the nonstandard ‘hybrid” form of boundary conditions
for SH flow, which is described in section 2.2.6. We will reformulate the discrete
problem for the SH flow so that it is compatible with the RCIP method.

In the first part of this dissertation, we develop an accurate and fast numerical
method based on the BIE method for interior mixed boundary value problems for
Stokes equations, and apply it to the SH flow. Our method allows the boundary
of a given computational domain to have corners and mixed boundary conditions
that occur at the juncture between solid surfaces and bubble menisci in SH flow.
The proposed numerical method in this work is summarized as follows. First, we

choose a layer potential representation for the solution and derive the associated



boundary integral equations. Then, we design a numerical method that makes
use of or adapts the following numerical techniques: the RCIP method, a matrix
scaling technique, kernel-split quadratures, and the Stokes FMM. The combination
of these methods has several advantages. The RCIP method, introduced in Helsing
and Ojala [42] and further described in Helsing [37], Helsing and Holst [38], Helsing
and Jiang [39], and Helsing [36], can accurately handle flow singularities at corners
and boundary transition points and leads to an optimal number of unknowns in the
discretization. Singular and nearly singular integrals are calculated via high-order
kernel-split quadratures in [37] which gives high accuracy, even for the evaluation
of nearly singular layer potentials at target points close to the boundary. A matrix
scaling technique is adapted from Helsing and Jiang [39] to stabilize the linear system
obtained by discretizing the BIEs. The fast multipole method (FMM) by Greengard
and Rokhlin [34] is incorporated to accelerate the computations of matrix-vector
products for evaluating layer potentials and reduces the space complexity and CPU
time of the numerical simulations. We illustrate the combined method by computing
challenging examples of SH flow in geometries with corners and boundary transition
points. The examples show that the method is able to achieve high accuracy and
linear scaling complexity, and can handle geometries with hundreds of cells.

The second half of this dissertation is focused on computational electromagnetics
and its applications to integrated photonics, discussed in Chapter 3. Our objective
is to devise an efficient and accurate numerical method that is capable of handling
large-scale simulations for the development of integrated photonics.

In the photonics industry, there is high demand on efficient and accurate
simulations on the propagation of electromagnetic waves for designing integrated
photonic devices. In integrated photonics, the optical circuits consists of basic
components such as star couplers, arrayed-waveguide gratings, reconfigurable optical

add/drop multiplexers (ROADM), matrix switches, lattice-form programmable dispersion



equalizers, etc. Figure 1.2 shows one typical device and its schematic interior
design, and Figure 1.3 shows the images of computational domains for two kinds
of waveguides. While the integrated photonics industry has been growing rapidly, the
lack of efficient and reliable design software has become one of the bottlenecks for its
development. This is an extremely difficult problem in computational mathematics.
Unlike integrated eletronic circuits that admit a simplified model, one has to solve
three-dimensional Maxwell’s equations for photonic devices. The wavelength of the
incident wave in integrated photonic devices is about 1.55 micrometers, while the
devices are usually on the scale of centimeters in two-dimensional plane and at least
tens of micrometers in thickness. Thus, when measured in terms of wavelength, the
size of the device is about 10 x 1000 x 1000. By the Nyquist-Shannon sampling
theorem that states at least two points per wavelength are required to resolve an
oscillatory signal, it is easy to see that one needs hundreds of millions of discretization
points for a very low-accuracy calculation. All existing software packages for
integrated photonics rely on either the finite difference time domain (FDTD) method
or the finite element method (FEM), both of which require the discretization for the
whole volume. And accurate numerical simulations become impractical even if the

design engineers have some of the most powerful computers at their hands.
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Figure 1.2 Left: a packaged arrayed waveguide grating (AWG) module [24]. Right:
a plane geometry of an AWG [66].
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Figure 1.3 Modeled images of waveguides from [88]. Left: a planar optical
waveguide. Right: an optical fiber.

Here we propose a scattering matrix formulation for the simulation of photonic
devices. By design, the input and output channels of photonic components consists of
straight waveguides that admit a finite number of so-called propagating modes. The
scattering matrix is a matrix of finite dimension converting the incoming propagating
waves to reflected and transmitted outgoing propagating waves. It is clear that
the scattering matrix provides all information of a photonic device. In practice,
various functional components inside a photonic device are well separated from
each other so that the interference between any two components can be neglected.
Thus, the scattering matrix for each component offers a black-box characterization
of its functions, and the scattering matrix for the whole device can be constructed
to satisfactory accuracy by assembling the scattering matrices of each component
together. To the best of our knowledge, a systematic study of the scattering matrix
formulation has not been carried out for photonic devices. In this dissertation, we
study the scattering matrix formulation for the simplified model problem - waveguide
structures in two dimensions with the Helmholtz equation as the governing equation
and the boundary condition being the zero Dirichlet condition. We analyse the
mathematical properties of the scattering matrix and present detailed numerical
investigation of the scattering matrix formulation for the model problem. Once

again, we apply fast integral equation methods to solve this problem, and state-of-art



numerical tools such as the kernel-split quadrature for close evaluation, generalized
Gaussian quadrature for self and near interactions when building the system matrix,
the RCIP method for point singularities, and the fast algorithms such as the fast
multipole methods and its descendants, are used to achieve 10+ digits of accuracy
within minutes for large-scale simulations.

The rest of this dissertation is organized as follows. Chapter 2 is focused on SH
flow, and Chapter 3 on integrated photonics. In both Chapters 2 and 3, we present
the mathematical formulations to be used, our numerical methods, and numerical
examples as sections in this order, respectively. Finally, we conclude this dissertation

in Chapter 4.



CHAPTER 2

FLUID DYNAMICS AND SUPERHYDROPHOBIC FLOW

2.1 Mathematical Formulation

2.1.1 Governing equations and boundary conditions
We first present the primitive or PDE formulation for multiply-connected interior
Stokes flow in 2D bounded geometries. The mathematical formulation and numerical
method can be easily generalized to exterior flow in unbounded geometries. The
domain is allowed to have nonsmooth boundaries and mixed boundary conditions,
and the numerical method is specially tailored to accurately handle such conditions.
The fluid domain © (an illustration is given in Figure 2.1) is taken to be a
multiply-connected region bounded by M closed curves, I';, for i = 1,..., M. We
denote the outermost or enclosing boundary by I';, and let I' = UM, T; be the entire
boundary. Each closed curve T'; is composed of N; piecewise smooth curves ng ) for
j=1,...,N;, sothat I'; = U;V:"ll“(j). Different boundary conditions (e.g., Dirichlet or

Neumann) will be allowed on the different boundary components FZ(»j ),
The boundary value problem for incompressible 2D Stokes flow in the domain

) with boundary I' is written

—puAu+Vp=0and V-u =0 for x € Q, (2.1)

ng)(u,p)zo for wergj), t=1,...,Mand j=1,...,N,. (2.2)

Here w is the fluid velocity, p is the pressure, and pu is the viscosity which is taken
to be constant in . The functional BZQ )(u,p) (which can also depend on derivatives
of velocity and pressure) prescribes the boundary condition on boundary component
I’Z(-j ). This will typically be either a Dirichlet condition on the velocity u = gl(j )(:v)

or a Neumann condition on the surface force f = hgj)(w), where x € ng ) and f



is the surface force or traction f = on. Here o is the stress tensor defined as

o =0 =—0ip+u <g;‘; + %) and m is the unit normal vector pointing outwards

on the boundary, i.e., into the fluid domain {2 on the embedded objects, and away
from the fluid on the external boundary. Example geometries with mixed boundary

conditions are shown in Figure 2.2.

Figure 2.1 A schematic computational domain where objects with piecewise
smooth boundary curves are non-uniformly placed inside the bounding box. The
fluid region € is the interior of the bounding box, exterior to the objects.

I's

r,:

Iy

Figure 2.2 Extracted samples of boundary pieces in Figure 2.1. The black lines
correspond to Dirichlet boundary condition, and blue dotted lines Neumann
condition respectively.
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The mixed boundary value problem corresponding to superhydrophobic flow is

discussed in Subsection 2.2.6.

2.1.2 Notation and nomenclature

The notation used throughout this chapter is similar to Helsing and Jiang [39], Wu et
al. [80], and Klinteberg et al. [51]. In two-dimensional space R?, we write boundary
integral kernels in the form K(x,vy), and refer to @ = (x1,x2) as the target point and
y = (y1,y2) as the source point, respectively. We define r := & — y and r := |r|, and
denote by n, and n, the unit normal vectors on the boundary I' pointing outward at
x and y, respectively. The outward normal sometimes is denoted by m if the context
is clear. In a slight abuse of notation, we use the same boldface letter to denote an
integral operator, its kernel, and the associated matrix after discretization, with the
meaning clear from context.

In some parts of the presentation (e.g., Section 2.2.3) it will be convenient to
use complex numbers to represent points and vectors in R2. This employs the natural
representation a; + iay for the vector @ = (a1, as) and we use the complex number
v = nq + iny to represent the normal vector n. Note that in complex notation the
dot product of two vectors is represented by a - b = Re(ab).

We shall refer to a point s € I' for which the boundary conditions change type
of s as a boundary transition point. The surface I' can be either smooth or have a
corner at a boundary transition point. We also use s to denote a corner point where

the boundary conditions do not change type.

2.1.3 Integral equation formulation
Stokes layer potentials We now reformulate the problem (Equations (2.2)) in
terms of boundary integral equations (BIEs). Different approaches are available to

write this problem in terms of BIEs, see e.g. Pozrikidis [69]. We will make use of a
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combined-field BIE representation Wu et al. [80] that leads to a non-rank deficient
linear system.

For simplicity, we first consider mixed boundary conditions in which the
boundary I' is composed of a set of curves I'p = {Fl(-j ) (7,7) € Z} on which Dirichlet
conditions are imposed, and a set of curves 'y = I'—I"p on which Neumann conditions

are applied. Here Z denotes the set of indices (i, 7) for which a Dirichlet condition is

applied on boundary component ng ), Later, the more complex boundary conditions
for superhydrophobic flow will be considered.
In a standard way, we write the velocity w and stress f at & € () as a sum of

Stokes single and double layer potentials acting on an unknown density vector p:

u(x) = Sry[pl(x) + Dr [pl(x), (2.3)

f(z) = Sr,lpl(z) + Dr, [pl(). (2.4)

Here St and Dr are, respectively, the velocity single and double layer potentials
over a boundary component I', and S} and Dj. are the traction single and double
layer potentials (cf. Equations (2.6)-(2.9) below). The subscripts I'y and I'p are
used to indicate that we use the single layer representation (i.e., Equations (2.6) and
(2.8) below) on parts of the boundary where a Neumann condition is enforced, and
the double layer representations (2.7) and (2.9) on boundary components where the
Dirichlet condition is imposed. Later, we consider examples involving pressure-driven
flow in a channel for which pressure boundary conditions are imposed on part of the
boundary, denoted by I'p. A layer potential representation of the pressure is given
by

p(®) = St [pl(x) + Dr, [pl(x) + St [pl(2) + Dr, [pl(2), (2.5)

where Sf and D?f are the pressure single and double layer potentials over I'. Note

that we use the single layer representation of the pressure over I'y, the double layer
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representation over I'p, and the total combined field representation over I'p. The
density p is determined by the boundary conditions, as detailed below.

The layer potentials in Equations (2.3)-(2.4) are given by

Sr[pl: = 47TM/FG” x,y)p;(y)dSy, (2.6)
1
Dr|pl; = i Tk (2, Y)p; (Y) Ny £dS,y, (2.7)
T
, 1
Srlpli(@) = =~ Fﬂjk(w,y)pj(y)nw,kdsw (2.8)
, It d d
Drlpli(®) := — 8_xlT”’“ + 5 Ligk — Oully Pi(Y)ny knzidSy,  (2.9)
I 7
1
SHlel(e) = - [ Gl (w)as, (2.10)
1
DE(pl(e) == 4= [ 10, (@, v wnyads, 2.11)

where dS, is an arclength element on boundary component I'.  In the above
expressions, G;;(x,y) is the velocity fundamental solution or Stokeslet, T}, (x,y)

is the associated stress tensor, and I1;;(, y) is the pressure kernel. These are given

by
1 1. .
Gij (x,y) = 0iIn — + iy, (2.12)
4
Tiju(x,y) := T LT (2.13)
1 2
Hik =4 —ﬁézk + szxk s (2.14)
1 z;
Gy === 2.15
J (w’ y) 291 12 ) ( )
where z; := (& — y),, and nyy, is used denote the kth component of the vector ng,

etc. Einstein summation notation is used above and throughout, with indices i, j, k, [
taking values in the set {1,2} for 2D flow.
For smooth p and I', the integral in Equation (2.7) is regular (i.e., with a

smooth integrand) while Equations (2.6), (2.8) and (2.10) are weakly singular. The
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integrals in Equations (2.9) and (2.11) are hypersingular when the target point is on

the boundary I'.

2.1.4 Boundary integral equations

Standard jump relations are used to derive the boundary integral equations from the
layer potential representation (2.4). In the simplified situation in which the boundary
I' is decomposed into a region I'p on which a Dirichlet boundary condition is applied
and a region I'y on which a Neumann or surface traction boundary condition is
imposed, we apply u|. = g(x) on I'p and f|. = on|., for a given surface stress
f, on I'y. Then, the following boundary integral equations can be derived from

well-known jump relations for the layer potentials as can be seen in Pozrikidis [69]

—%p(w) + Drp[pl(x) + Srylpl(z) = lim Dlp](z — hne) = ulp, = €I, (2.16)

So(@) + D [ol() + St [ol(@) = lim §'lpl(e o) = flo, @ eTx (217)

(Note that the signs in Equations (2.16 and (2.17) are for interior problem, for exterior
problem signs on identity terms change.) This system of equations determines the
vector density p. Once p is known, velocities and tractions throughout the domain
2 and on the boundary are determined from the layer potential representations (2.3)
and (2.4).

We first use the layer potential representations above to formulate an RCIP
method for problems with mixed boundary conditions in simple geometries (e.g.,
those in Figure 2.2), so as to validate the numerical algorithm. Later, in Section
2.2.6, we will adapt the formulation and numerical method to deal with the more

complicated boundary conditions exhibited by models of superhydrophobic flow.
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2.2 Numerical Methods
We first describe a standard BIE method employing a panel-based Nystroom
discretization scheme, and discuss some difficulties that occur when applying such
a standard method to geometries like those shown in Figures 2.1 and 2.2. Then,
we describe our numerical scheme into which we incorporate the RCIP method,
kernel-split quadratures, a scaling method, and the Stokes FMM to handle the

difficulties.

2.2.1 Standard procedure of BIE methods
A standard BIE method based on Nystrom discretization typically involves the

following set of steps:

1. Formulate the boundary integral equation (BIE) representation of the problem.
In our example of the mixed Dirichlet-Neumann boundary value problem for
Stokes equations, the BIE representations are (2.16) and (2.17). We assume
that the BIE system of n., integral equations can be written in the standard
form

(I + K.)p.(@) = b.(x), (2.18)

where I, is the identity operator, K, represents the integral operators, p. is the
unknown layer density, and b.(x) denotes the boundary data. The subscript ¢
is used to represent continuous (as opposed to discrete) functions and operators.

2. Apply a quadrature method to discretize the BIEs (e.g., Equations (2.16) and
(2.17)) to obtain a linear system of the form

(I+K)p=b, (2.19)

where I is the identity matrix, K is a matrix of discretized layer potentials with
quadrature weights, p is the unknown density to be solved, and b is the data
given by the boundary conditions.

3. Determine the unknown density values p by numerically solving the linear
system (2.19), typically using an iterative method such as GMRES [76].

4. Evaluate the desired quantities such as the velocities in €2 and surface forces
using the layer potential representations, e.g., Equations (2.3) and (2.4).
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We use ng point Gauss-Legendre quadrature nodes and weights for the
discretization in the second step, where n, = 16 throughout this paper.

If the boundary I is sufficiently smooth and the boundary condition is entirely
Dirichlet or Neumann, then BIEs (2.16) and (2.17) involve integral operators that
are compact and the associated discrete system (2.19) is well-conditioned. Then, the

kernels of the layer potentials contain terms like

r-n,

o (2.20)
but when T' is smooth 7 - n,, is of order r? which makes the integrand of Equation
(2.20) bounded, and hence the associated integral operator is compact. If I' contains a
corner vertex p, then (2.20) is O(r~!) as « and y approach p from different sides. This
is similar to the double layer potential operator for Laplace’s equation. However, it is
shown in Verchota [79] that the Laplace double layer potential is a bounded singular
operator on Lipschitz domains. In this case, the associated discrete system (2.19) is
also well-conditioned. Wu et al. [80] exploit this fact to obtain accurate solutions to
the Dirichlet problem for Stokes equations on domains with corners.

In the current paper, we impose mixed boundary conditions on I' and in addition
the boundary may be nonsmooth. Standard quadrature rules for smooth integrals
then results in a loss of accuracy. There are hypersingular integral operators in K, and
the associated discrete system (2.19) is ill-conditioned. Even if I' is entirely smooth,
the presence of boundary transition points where the boundary condition changes
type leads to hypersingular and nearly hypersingular integrals in K, for target points
on the interface. Without special treatment, this leads to a loss of accuracy.

Adaptive or graded mesh refinement in the neighborhood of a corner or
boundary transition point mitigates the issue. Nevertheless, the size of the discrete
problem grows significantly with refinement level, and it can still be difficult to

obtain satisfactory accuracy due to the ill-conditioning of the linear system when
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standard quadratures are used. Determining an optimal level of refinement to obtain
satisfactory accuracy is also problematic. The density p will be insufficiently resolved
with underrefinement, while overrefinement often leads to numerical instability and
loss of accuracy due to the non-uniform spacing of a graded mesh. A numerical
example that illustrates the poor performance of standard quadrature and adaptive
refinement schemes (compared to the method developed in this paper) is shown in
Figure 2.7 below. To resolve these issues, we adapt the recently the developed RCIP
method and combine it with kernel-split quadratures, a scaling technique, and the
Fast Multipole Method to obtain a fast and accurate numerical scheme. We describe

these pieces in order.

Figure 2.3 Left: rectangular boundary without refinements. Middle: rectangular
boundary with dyadic refinements towards corners. Right: zoomed-in top-right
refined corner. The four coarse panels in the neighborhood of a corner point are
denoted by I'*.

2.2.2 The RCIP method

Overview of the method We provide a brief overview of the RCIP (Recursively
Compressed Inverse Preconditioning) method, which was originally proposed in
Helsing and Ojala [42]. Here, the method is applied at geometric corners and
boundary transition points, i.e., where the boundary condition changes type. Such
points are referred to as singular points. We first describe the application of RCIP in
the neighborhood of a single corner point s € I" and later modify it for the treatment of
a boundary transition point. A detailed exposition of the method applied to Laplace’s

equation and to integral equations of scattering theory is given in Helsing [36]. We
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provide an overview similar to Helsing and Jiang [39] and Helsing and Jiang [40].
One technical difference between the application of the RCIP method to Laplace
and Helmholtz equations and the current work is that, in the former, the BIEs are
scalar equations, while the corresponding relations for Stokes flow are two-dimensional
vector equations.

We assume a discrete system of n., integral equations of the form of Equation
(2.19). The RCIP method employs dyadic mesh refinement toward the singular point,
as illustrated in Figure 2.3. The linear system to be solved after refinement is written

as

(Iﬁn + Kﬁn) Pfin = bﬁn- (22]‘)

Define the number of panels on the coarse mesh before refinement as n,. We denote
the number of subdivisions in the neighborhood of a singular point by 7y

The RCIP method employs dyadic mesh refinement toward the singular point,
as illustrated in Figure 2.3. The method begins with the decomposition or splitting
of the interaction matrix

K=K +K* (2.22)

where K™ is nonzero only when the target and source points are both on the subset
I'* containing the four coarse panels closest to the singular point (cf. Figure 2.3),
and K° is nonzero when the target and source points are not both on I'*. Informally,
K represents the smooth part of interaction matrix, and K* holds the singular and
near singular part due to the presence of the corner. The * and o notation is used on
other matrices to denote the same splitting.

The compressed linear system which results from the RCIP method is

(Icoa + K’ R) ﬁcoa = bcoa7 (223)

coa
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where I, is the identity matrix on the coarse mesh, K  is K° discretized on the
coarse mesh, R is a recursively compressed inverse preconditioner (described below),
and P, is a transformed density discretized on the coarse mesh. The transformed

density is defined by
(Iﬁn + Kﬁn) Pfin = Pﬁcoa‘ (224)

where P is a prolongation matrix which interpolates from points on the coarse grid
to points on the fine grid. The fine grid density py;, and other quantities of interest
can be recovered from p.,, in a postprocessing step, as described in Helsing [36].
The matrix R is a lossless compression of K*. We summarize its computation,
starting with definitions of ‘b-type’ and ‘c-type’ meshes. Define a nested sequence of
graded meshes I'{, ¢ = 1,...,ng, with I'{_; C I'{ and I',,, coinciding with I'*, the
four panels of the coarse or unrefined mesh that are closest to the singular point s.
The meshes I'; for ¢ = 1, ..., nys—1 are recursively obtained from I'; | by subdividing
the two panels closest to the singular point and removing the two panels farthest from
s. Note that I'{ always consists of two panels on either side of the singular point.
We define T'® for i = 1,...,n to be the six panels obtained by subdividing the two
panels closest to s in I'{. An illustration of the different mesh types is given in Figure
2.5. We let n, = 6xngl and n, = 4*n, denote the number of grid points on type b and
c meshes, respectively, per singular point. The operator R is an Ny, X N, matrix,
where Neoq = negnpng, and is constructed sequentially from the deepest refinement

level | = 1 to | = ng,, via the recursion relation

R = PL, (FIR ||+ BY) " P (1<1<n.,) (2.25)

with

Bl = Il,b + Kl,b- (226)
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Matrices and operators in the above equation are defined as follows. P,. is an N, x
N, prolongation matrix, where N, = n.,n, and N. = ne4n., which interpolates neq
discrete functions (the components of p) from points on I'¢ to the refined mesh I'?.
Py := W, P, W ! is a N, x N, weighted interpolation matrix, where Wj and W,
are diagonal matrices composed of Gauss-Legendre quadrature weights on type-b and
type-c meshes, respectively. The target and source points of K;; are on I'?, and K. b
is an N, x N, matrix obtained from the splitting (2.22) applied to K;;. Ip, is an
Ny x Ny matrix on I'? obtained from the splitting of the identity I,. F[-] is an operator
padding Rl__l1 with zeros to expand the matrix size from N, x N, to Ny x N, for [ > 1.
The recursion is initialized by setting F[R; "] = IT, + K7, so that in the first step
we invert the operator I, + K, on the finest type-b mesh FI{. Figures 2.5 and 2.6

illustrate the recursive computations of R;.

coarse mesh refined mesh

refinement n,;, times

~

-~~~ Tefinement level 1

Figure 2.4 Illustration of recursive relation of the RCIP method from refinement
level 1 to ngy.
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R, R, = Py, (FIR ) + I} + chjb)_l P
Type-c on I';_4 Type-c on I
R
7/ /K\
\\\\ ,{,/
Pl
Type-b on I} Type-b on I

Figure 2.5 Illustration of recursive relation (2.25) of the RCIP method from
refinement level [ — 1 to [. R; on a type-c mesh at level [ (top right) is constructed
starting with R;_; on type-c mesh (top left) through the intermediate steps on the
type-b mesh at level [ (bottom).
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I}, + K}, (shaded blue) sorrounding R;”, R\ + I}, + K},

Figure 2.6 Matrix representations corresponding to Figure-2.5 for recursive
relation (2.25).

If the boundary I' contains one singular point, the matrix R coincides with the
identity except for an N, x N, block of entries where K = is nonzero. We denote

coa

that block by R*. Said another way, K_ , has a zero block of size N, x N, which is

precisely where R* is located. Furthermore, R* is determined by the above iteration

as R* = R, . R therefore has the following structure:

(2.27)

When there is more than one singular point R has a similar structure, but there are
multiple blocks R*.
After computation of the matrix R, the linear system (2.23) is solved for p

using an iterative method such as GMRES.
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Remark 2.2.1. The matriz B} in the Equation (2.25) becomes increasingly ill-
conditioned as ngy increases. This is related to the presence of hypersingular kernels
at a corner or boundary transition point. We stabilize the inversion (F[R ] + BZO)_1

using the Schur-Banachiewicz block inversion formula in Henderson and Searle [{4]

as suggested in Helsing [43] (see also Helsing [30]).

Remark 2.2.2. Fach step of the recursion involves inversion of a Ny x N, matriz.
Using the Schur-Banachiewicz block inversion formula this is reduced to inverting a
2MegNg X 2negng matriz at each step, which for our values of ne, and ng amounts to
a 64 x 64 system. This enables extremely efficient calculation of the preconditioner
R. In our numerical examples, R is computed on the fly in less than 0.01 seconds
per singular point even with a level of adaptive refinement up to 100. Additionally,
R can be reused for certain geometries, e.g., corners with the same opening angles,
assuming the same boundary conditions at each corner. For fited Neo,, the time and
space complexities of the RCIP method are proportional to the number of singular

points and the deepest level of refinement ngyy.

A numerical example illustrating advantages of the RCIP method in a mixed
boundary value problem, compared to standard dyadic mesh refinement, is shown in
Figure 2.7. In the numerical experiment, we choose a rectangular domain and set the
boundary conditions to Dirichlet on the top and bottom, and Neumann on the left
and right sides. The figure plots the condition number of the matrix (I + K) in the
linear system (2.19), the number of the GMRES iterations to solve for the density,
and the relative error in the velocity at a target point (z,y) = (0.5,0.1) inside of the

domain (away from the boundary).
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Figure 2.7 Comparisons between the standard refinement method and the RCIP
method on relative errors in velocity values on the left, number of GMRES
iterations in the middle, and condition numbers on the right. The red circle plots
correspond to a standard refinement, and the blue filled plots the RCIP method.
The horizontal axis indicates the number of refinements in both methods. The
rectangular domain has its height 1, width 2, and the center at the origin. For all
evaluations, the target point is set to (z,y) = (0.5,0.1).

Matrix scaling for the RCIP method. The matrix B;, in addition to being
ill-conditioned, is poorly balanced. This leads to a severe loss of accuracy when
computing the recursion relation (2.25). Following Helsing and Jiang [39], we employ
a scaling technique to improve the stability of the construction of R.

The reason B; becomes more unbalanced as the grid refinement increases (i.e., [
decreases) is due to the hypersingular kernel singularities when the target and source
point are on different sides of a corner or boundary transition point. We explain the
detailed mechanism of the instability. Consider a case in which two sections I'; and
I's of a b-type mesh with n; total gridpoints meet at a corner. Suppose a Dirichlet

condition is imposed on I'; and Neumann condition on I'; as shown in Figure 2.8.
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I’y (Dirichlet)

I'y (Neumann)

Figure 2.8 A schematic image of boundary transition around a corner at which the
boundary condition switches from Dirichlet to Neumann. The first equation of the
BIEs in (2.28) corresponds to I'; and the second to I'y. The arrows show the
direction of x; for increasing index 1.

The boundary conditions are described by the following two BIEs, which are

solved on I'y and I's respectively:

_%P(w) + Dr, [p](z) + Sr,[p(®) = u(z) x eIy,
(2.28)

%p(‘”) + Dp, [pl(z) + St [pl(®) = f(®) el

The matrix-vector product (By);jp; := (Ipy + Kp,)ijp; is a discrete represen-
tation of the left hand sides of BIEs (2.28) on a b-type grid, where p; refers to an
array of density values. We assume the first n; elements of p; correspond to the first
component of p or py;, and the second n; elements to ps;. It follows that B; is a

2n, X 2n, matrix which can be written as

oDV _950) _op® 25| [B,, B B B
B —I+ 2D/1(11) 25;(21) 2Dl1(12) 251(22) _ B3 B By Bios
_2D§11) _2555) —QDS) _2553) Bl,31 Bl,32 Bl,33 Bl,34
2D, 28, 2D,? 28| |Biu B Bus B
(2.29)

where we have used S, D™

vy Dy ete. to denote ny/2 X /2 block matrices from the

discretization of the single and double layer potentials in (2.28) when the target is
on I'g, the source is on I',, and the integrand involves the nth component of p, for

k,m,n € {1,2}. The partitioning of B; into a 4 x4 block matrix thus follows naturally
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from (1) our representation using single and double layer potentials, (2) the vector

nature of p, and (3) the two BIEs (2.28) describing mixed boundary conditions.
Figure 2.9 shows representative behavior of 2-norms of these blocks. We

concentrate on By ;; for ¢ = 1,2 and j = 1, 2, since the other blocks behave similarly.

We observe

e Diagonal blocks || By 11|| and || By 2| are roughly independent of the refinement

level,

e || B; 12| roughly halves as the grid is refined by one level (i.e., [ decreases by

one),
e || B, 21| roughly doubles as the grid is refined by one level.

The reason for this behavior is as follows. The kernel of the off-diagonal block B; 9
in (2.29) scales like O(1/r?) around the corner and thus increases by a factor of 4
with grid refinement from level [ + 1 to level [, while the element of arclength dS, is
simultaneously reduced by a factor of 2. Hence the magnitude of this block doubles
at each grid refinement. The kernels of the diagonal blocks scale like O(1/r), and
when combined with the scaling of dS, the magnitude of these blocks are roughly
unchanged at each grid refinement. The kernel of B ;o scales like Inr and thus the
magnitude of this block scales like (1/2)1In2 at each grid refinement.

On the other hand, if the boundary condition transitions from a Neumann
condition on I'y to a Dirichlet condition on I's the off-diagonal blocks behave
oppositely, i.e., ||Bja1|l roughly halves and | By 2| roughly doubles as the grid is

refined. Figure 2.9 shows the norm ratios of block matrices || By ;| /|| Bit1,il/(¢,7 €

{1,2}).
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Figure 2.9 Plots of norm ratios || By;||/||Bi+1,4||- The figures show cases of
boundary transitions from Dirichlet to Neumann conditions on the left, and from
Neumann to Dirichlet on the right.

We apply a scaling technique to remove the instability. The essential idea of the
technique is described in Golub and Loan [30] and is similar to that used in Helsing
and Jiang [39]. It uses a row-column equilibration to reduce the instability. For each

refinement level [, we define the 2n;, x 2n,; scaling matrix

D, O
S; = (2.30)
O D,
where ~
I O
D, .= (2.31)
@) SZI

is an ny X ny, diagonal block matrix with I an n,/2 x n,/2 identity matrix. Here,
s; = 2msw=l if the first two row blocks correspond to a Dirichlet condition on I'y
and the second two row blocks to a Neumann condition on I's. Alternatively, if
the first two row blocks correspond to a Neumann condition on I'; and the second
two row blocks to a Dirichlet condition on TI'y, s; is set to 2-(=w=)  Suppose now
that we wish to solve the linear system B;x = b. Then to implement row-column
equilibration, we instead solve (Df 1B;Dl) y = D;'b, and set x = Dyy. It is easily

verified that (Dl_ 1B;Dl) has no effect on the diagonal blocks of B; but rescales the
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off diagonal blocks so that their matrix norms are roughly independent of refinement

level. Similarly, the inverse of B; is computed as as

B '=5,(S'BS) " S (2.32)

Figure 2.10 gives examples in which the RCIP method is applied with and
without scaling in three representative geometries with mixed Dirichlet-Neumann
boundary conditions. The figure shows that the condition number of R increases
rapidly without scaling, but remains roughly constant when the above technique is

applied.

Construction of py;, from p.,,. Physical quantities in the interior of the domain
), such as the velocity u or stress f, are computed in a post-processing step using the
layer potential representations (2.3) and (2.4). Although we are able to carry out the
evaluations to high accuracy in most of €2 using the coarse grid density P.oq, loss of
accuracy is observed at target points that are close to a corner or boundary transition
point s. This due to the evaluation of nearly singular kernels. The loss of accuracy
is prevented by using the refined density py;, to compute physical quantities in the
bulk when the target point is near s. An efficient method to reconstruct pg;y, from
Peoa; Which essentially involves running the recursion relation (2.25) backwards, is
given in Helsing [37] (see also Helsing [36]). The computational cost of this technique
is proportional to ng,; and the number of singular points ns,. The refined density
Pyin is used only for a small fraction of the full function evaluations. Hence, the
density reconstruction does not measurably affect the overall computational cost of

the post-processing step.
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Figure 2.10 Effects of the scaling technique. The horizontal axis corresponds to
the number of subdivision ng,;, of the RCIP method, and the vertical axis
corresponds to the condition number of R;. Three geometries are used: smooth
star, rectangle, and arch shown in Figure 2.2. With each geometry, two results are
plotted. One is the case of the scaling applied, and the other is without scaling.

2.2.3 Kernel-split quadratures

Overview of the method Kernel-split quadrature is applied to accurately evaluate
layer potentials when the target point is close to or on the boundary I'. If the
entire boundary is smooth and the layer potentials are compact operators, then the
standard quadrature works well and can achieve high accuracy. In this work, however,
the Stokes layer potentials have high-order kernel singularities which imply a loss of
compactness. As a result, it is difficult to obtain high accuracy for close and on
surface evaluations using the RCIP method alone. We address this difficulty by
incorporating kernel-splitting into the RCIP method. Representative references on
kernel-split quadrature are Helsing [37], Helsing and Jiang [39], Wu et al. [80], and
Klinteberg et al. [51]. These provide details on the derivation and implementation
of the method in various settings. We only summarize the main ideas, in particular
relying on explicit formulae provided by We et al. [80], who describe the application
of kernel splitting to the Stokes layer potentials. We refer the reader to [80] for more

detalils.
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The main task in the derivation of kernel-split quadrature is to rewrite the
Stokes layer potentials S, D, S’, and D’ as well as the pressure layer potentials in
terms of four canonical complex contour integrals. We first express the kernels of the

integral operators in complex notation as

¢1(2) n P2(2y) 4 ¢3(zy)

Zy— 2z (zy—25)% (29— 2z)3

K(zz,2y) = ¢0(2y) + &1(2,) log |2, — 2| + (2.33)

where 2, = x;+iz9 and 2, = y;+iy, are complex variable representations of the target
point @ = (x1, z5) and the source point y = (y1,¥2), and ¢y, and ¢; (i =0,--- ,3) are
smooth functions determined by the kernels in Equations (2.6)-(2.11). Then the layer

potentials can be written in terms of the four fundamental complex contour integrals:

Il (z) = /F r(2) 108 |2y — zalldz,|, (real logarithmic) — (2.34)
Io[rl(z) = /F Zz(fy;dzy, (Cauchy) (2.35)
Tulr)(z) = /F (ZZ(_;@;)I)QCJ%, (hypersingular) (2.36)
Is[r)(z) = /F %d%. (supersingular) (2.37)

Here 7(z,) is a complex density function on I' that involves products of the
components of p, ¢r, ¢; (i=1,...,3), and the outward pointing normal vector v,
at y € I" expressed as a complex number. The integrals in Equations (2.35) - (2.37)
are interpreted in their principal value or Hadamard finite part sense.

The high accuracy of the method relies on panelwise polynomial approximation
of 7(z,) and analytical evaluation of the resulting weakly singular and singular
integrals. Let I'g; be a Gauss-Legendre panel on I' consisting of open arc in the
complex plane with starting point on —1 and endpoint 1. A general arc can always
be made to have this property by translation, rotation, and scaling. Assuming the

(complex) density of the Stokes layer potentials is piecewise smooth on the boundary,
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the discretized density is well approximated by panelwise polynomial approximation
at Legendre nodes. In particular, we use (ny — 1)th order polynomial interpolation.
The coefficients of the polynomial approximation are determined by the solution
of a Vandermonde system. Substitution of the polynomial approximation for 7(z,)
into the complex integrals (2.34)-(2.37) (taking the integration over I'¢y) followed by

contour deformation of Iy, to [—1, 1] then leads to integrals of the form

1
pr = / tF 1 n |t — 2| dt,
-1

. Lk (2.38)
W | 4, m=1,2,3,
b / =z
where k = 1,...,ng,. There can also be a residue contribution in the case of Cauchy

integrals if z, lies between the arc I'g, and the real line between [—1, 1]. The integrals
in Equations (2.38) are analytically evaluated using a recursion. The method gives
accurate results when z, is either on the boundary or close to it. More details are
provided in Helsing [37], Wu et al. [80].

Expressions giving the Stokes layer potentials in terms of the complex contour
integrals (2.34)-(2.37) are derived in Wu et al. [80]. Here we present the expressions
without derivation, and refer the reader to [80] for details. We introduce the complex
notation z = (y; — 1) + (y2 — T2)i, ¥ = ny + ingy where n = (ny,ny) is the outward
unit normal to I', v, and v, are the outward normals evaluated at z, and z,, and

T = p1 +ipy with p = (p1, p2). The single layer potential S can be written as

1 |Ir[Re{7}] 1 Im {Ic[7, -1} Re{z} Re {7}
i * e .
I [Im {r}] Re{lc[7, -]} Im{z} Im {7}
(2.39)

where we use the tensor product notation @ ® b = a;b;. In this representation,

Slr](z) =

the Stokes single-layer potential involves both weakly singular and singular contour
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integrals. Similarly, the Stokes double layer potential D can be written as

Re{vy}
1 lc[ > T] 1
DJ[r|(z;) = —=—Im v + —
Im{v,} 2m
IC |: ) T]

Vy

This representation involves singular and hypersingular contour integrals.

Re{Iy[-]} o Re{z}| |Re{r}
Im{Iy[]} Im{z}| |Im{7}

(2.40)

Other

Stokes layer potentials S’, D’, SP, and D? are written as follows:

§'[7](z) = g {1 vy 1)

Re {7}
Im {7}

2

T, B 1 o
;D [T](22) = —§Re {valy} vy

1 Im {7y [-]}
—|—§yx1/y n, ¥
Re{lu[-1}

1 |Im {Iy [Re {7} 7]} Re{ly [Re {7} 7;-]}
Re {Zy [Re {7} 7;-]} —Im {Iy [Re {7} 7]}

Im{lg[-]} Re{lu[-]} | |Re{r}
Re{ly[-]} —Tm{ly[-]}| |Im{7}

)

Re {7}
Im {7}

(2.41)

-Re {r}
_Im {r}

1 {o 1] [ [Re{IH[-]}-
211 0 Im {7 [-]}

Im {[H [}} Re {T} Neo Mg
Re{ly[-]} Im {7} Nyl N2

Re {7}
Im {7}

Re{Is[-]}
XKr

Im {Is [-]}
(2.42)

(2.43)

(2.44)

|, [t ] | [ Re o)
Re{ly[-1}| | |Im{r}

|

Re {7}
Im {7}

|



Note that the representation in Equation (2.42) involves a supersingular contour

integral.

2.2.4 Categorization of quadrature evaluations

The three options available for layer potential evaluation are (1) kernel-split
quadrature on fine grid panels I'f;,, (2) kernel-split quadrature on coarse grid panels
[eoa, and (3) standard composite Gauss-Legendre quadrature on the coarse grid
['coa- We maximize efficiency while maintaining accuracy by choosing the quadrature
type based on both the distance of the target point z; from the interface I' as
well as its separation from a boundary transition point s. When the target point
is close to s, the largest contribution to the layer potentials comes from source
points near s where the Green’s function has a maximum. Since layer densities
have complicated (nonpolynomial-like) asymptotics near boundary transition points
which require refined meshes to resolve, we use quadrature option (1) for this case.
More precisely, if d(2;,I")/Li, < 3.0 where Ly, is the length of the panel on Iy,
closest to z; and d(-,-) is the minimum distance function, then z; is grouped in the
first category. If the above condition is false but d(z;, ")/ Leoq < 0.6 where L, is the
length of the coarse panel on I'.,, that is closest to z;, then z; is placed in the second
category. The remaining points are put into the third category for evaluation with
standard composite Gauss-Legendre quadrature on the coarse grid. We determine
the thresholds of 0.6 and 3.0 that are used in the above conditions via numerical

experiments in representative geometries.

2.2.5 The Stokes Fast Multipole Method (FMM)
The solution of the linear system (2.23) using GMRES as well as evaluation of
velocities, pressure, and traction forces in €2 involve matrix-vector products in which

the matrices are composed of the discretized kernels of the Stokes layer potentials
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and associated quadrature weights. A naive implementation of these matrix-vector
products would give a complexity of O(NZ2 ) for layer potential evaluations on I'

and O(n; N2

coa

) to solve the linear system (2.23), where n; is the number of GMRES
iterations and we recall that N, is the number of gridpoints in the discretization
of I in the coarsest grid level. We note that the use of refined grids in the RCIP
computation at target points that are close to a corner or boundary transition point
involve an inappreciable operation count and does not affect the overall complexity of
the algorithm. Similarly, the complexity of the area evaluation of velocities, pressure,
and traction forces in Q at M, target points scales quadratically as O(M;N¢oq). One
additional difficulty is that the size of the matrix in the linear system for solving
(2.23) increases as the number of discretized Gauss-Legendre nodes on the boundary
grows. Indeed, the memory allocation for constructing the matrix could exceed a
typical laptop computer’s capacity in some large-scale problems.

We significantly reduce the complexity of layer potential evaluations on I' to
linear scaling O(N,o,) (so that the GMRES solve takes O(n;;N.»,) operations) and
evaluations of velocities, etc. in Q to O(M; 4+ N.,) by incorporating a Stokes FMM.
The use of the Stokes FMM combined with GMRES also helps reduce memory
requirements and avoids out-of-memory issues. We use the Fortran library FMM2D
written by Leslie Greengard and Manas Rachh, which is specifically tailored to 2D

geometries.

2.2.6 Superhydrophobic flow
The discussion up to now has concentrated on the boundary value problem for mixed
Dirichlet-Neumann data. We now consider the more complicated boundary conditions
for SH flow.

Theoretical and numerical studies of liquid flow about superhydrophobic

surfaces tend to concentrate on two geometries. These are (1) externally imposed
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shear flow over a single SH surface, as depicted in Figure 2.11, and (2) pressure
driven flow within a superhydrophobic channel, illustrated in Figures 2.12 and 2.13.
The SH boundary is modeled as a microstructured surface that is patterned with a
collection of grooves or air pockets, such that when a fluid of viscosity p flows over
it, a stable Cassie state is attained in which a gas bubble is trapped in each groove.
The SH boundary therefore consists of an alternating array of liquid-gas interfaces
(bubbles) and liquid-solid interfaces (solid ridges which separate the bubbles). The
gas bubble is taken to be a passive fluid with a spatially constant pressure, and hence
in the absence of surface contaminants the gas-liquid meniscus is shear-stress free.

A common assumption in studies of SH flow is that the capillary number is
small, Ca = pU/o < 1. Here U is a characteristic flow velocity and o is the surface
tension coefficient. The smallness of the capillary number implies that the bubble
or groove meniscus is essentially a static circular cap with constant curvature k. We
shall employ this constant curvature assumption in our model, which replaces the
usual normal stress boiudnary condition at the bubble interface.

Denote the collection of liquid-gas interfaces by I'c, no-slip solid and other
boundaries in which a velocity Dirichlet condition is imposed by I'p, and surfaces in
which a pressure boundary condition is given by I'p. The governing equations for our
model consist of the incompressible Stokes equations (2.1) in €2, along with boundary

conditions

u-n=0, t-on=0 onlg, (2.45)
u=g(x) onp, (2.46)
p=h(x) onTp, (2.47)

where t and n are the surface tangent and normal (directed outward from the fluid
domain), respectively. The first equation is a composite or hybrid Dirichlet-Neumann

condition that enforces zero normal velocity and shear stress at the meniscus. The
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second equation is a Dirichlet condition which represents the no-slip condition u = 0
on solid interfaces and prescribed velocity on some surfaces of the outer (enclosing)
boundary. The third equation represents a pressure condition which is prescribed
on inlets/outlets in pressure driven flow within a superhydrophobic channel. The
discussion below concentrates on the case in which there are liquid-gas interfaces I'.
and boundaries I'p with a prescribed velocity. Modifications for pressure pressure
driven flow are straight forward.

We employ a linear combination of the single- and double-layer potentials

St and Dr, to represent the fluid velocity perturbations in {2 that are induced

c
by the presence of the boundary I'c, where the composite boundary condition is
enforced. We use the traction single- and double-layer potential Dy, and St to
represent the force pertubations induced by I'c. The layer potential representations
associated with the Dirichlet boundary condition on I'p are given by Equations
(2.3) and (2.4). Combining these representations, we obtain the following layer

potential characterization of the velocity and traction generated by the presence of

the boundaries in our superhydrophobic flow problem:

u(z) = Dr,[pl(z) + Sropl(x) + Dr.[pl(), (2.48)

f(x) = Dy, [pl(x) + Sp [pl(x) + Dy [pl(), (2.49)

for € Q. Compared with the previous formulation (Equations (2.3) and (2.4))
for the mixed Dirichlet-Neumann boundary value problem, there is an additional
Dr.[p](z) and Dr_[p](x) to account for the composite boundary condition on T'c.
Jump conditions for the Dirichlet boundary condition on I'p induce the standard

vector BIEs

—5p(@) + Dr,[pl(@) + Sr.[pl(@) + Dr.pl(@) =u @ €Ty, (2.50)
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On the other hand, we obtain two modified scalar BIEs for the jump conditions on

I'c

n, (—§p<w> + Drylp)(@) + Srelpl(@) + Dr, [p]<w>) —0 wele,  (251)

to- (30(0) + DL, [pl@) + St lpl(e) + Dl [pl@) ) =0 weTe.  (252)

where n, and t, are the outward normal and tangential unit vectors at x, respectively.

As it stands, the two scalar BIEs (2.51) and (2.52) are not in a form that
is consistent with the RCIP method, which requires discretization of the Equation
(2.19), that is, consisting of the sum of an identity operator and a discrete integral
operator. Thus, we must convert our boundary value problem into one of the proper
form. This is done by multiplying the scalar equations (2.51) and (2.52) by the
vectors —2n, and 2t,, respectively, then adding. It is easily verified that this gives
an equation of the required type. Next, let M = (M, ;); jeq1,2y and M’ = (M;j)i,je{l’g}

be block matrices obtained by discretizing two integral operators
—2 (DFD + DFC + SFC) (253)

and

2 (D¢, + Dp, + St.) (2.54)

respectively. Also, let A,; = diag(n,1) and A, = diag(n,) be diagonal matrices
where n,; and n,o are the first and second components of n,, respectively; and let
Ay = diag(t,1) and Ay = diag(t,2) be another set of diagonal matrices defined using

the unit tangent vector. Then, construct the discrete matrix operators K; and K3
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as

A?LlMll A?lelQ AnlAn2M21 AnlAn2M22
K, = + , (2.55)
AnlAn2M11 AnlAn2M12 A22M21 AnlAn2M12
2 2
K — A M, Aj M, N AnAp My ApAp My, | (2.56)
ApAp M, ApApM, ALML, ApApM,

It is shown in appendix A.3 that the linear system corresponding to Equations (2.51)

and (2.52) can be discretized as

(I+K,+K})p1=0 (2.57)

which is the desired form that is compatible with the RCIP method.

2.2.7 Computation of effective and intrinsic slip length

Computing the effective slip length is an important subject as a practical application
to fluid dynamics simulations. The effective slip length denoted by A hereafter is
defined as the distance underneath the bottom where the extrapolated horizontal
velocity becomes zero. Some SH flow problems with mixed boundary conditions are
discussed and the exact solutions are given as the stream function in Philip [68].
Recent studies of analytical and numerical methods to compute A can be seen in
some literature such as Davis and Lauga [22] and Teo and Khoo [77]. The mixed
boundary conditions imposed on meniscus interfaces can be interpreted as composite
boundary conditions described in the previous section. We present some methods to
numerically compute A for problems that have been discussed in preexisting literature

and one with a slightly different setting.

Shear flow over a plate with meniscus interfaces Here, we focus on the
problem in section 11 of Philip [68]. In the original problem, shear flow passes through

in the horizontal direction over entirely flat and periodic compositions of solid plates
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and meniscus interfaces at the bottom. Rigorously, the domain of the original problem
is semi-infinite because the upper side is open. We close the open upper side of the
domain at a finite positive height H with the horizontal line segment far enough from
the bottom to obtain the finite computational domain. Since the problem is periodic
we also restrict the computational domain to one period or a finite number of periods

in the horizontal direction shown as Figure 2.11.

liquid

_—
_—
Y

B
_—

—_

—

RN

N

no-shear no-slip

A

Figure 2.11 Superhydrophobic flow over periodic plates and menisci in the same
situation as section 11 in Philip [68] except for the artificial ceiling.

Assuming H is large enough, A in the domain satisfies the equation of the

velocity w = (ug, ug)

u = (u1,u2) = (Y(z2 + A),0) (2.58)
which implies that 4 =~ %, g—Zi ~ 0, and uy ~ 0. Then we apply the above

approximation (2.58) to the stress tensor o = (0y;)1<ij<2 = —Pdij + 1 <g§% ?)Z?')
<ij< y .

on the ceiling.

ouq
—P Oxo

o~ : (2.59)
nom =P
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Thus, noting the unit normal vector on the ceiling is n = (0, 1), the surface force is

duy
f= h =on~ Hoo, : (2.60)
f2 —-P
. 8u1 1
e = (2.61)

Since 4 is not necessarily constant in the restricted finite domain in general, we

compute an approximated 4 as the averaged value over one horizontal period L

. ]_ L 8u1
Y~ —

- (a:,H)dx} _ ,%L / IR (2.62)

=0 81’2

f1 can be numerically computed with the BIE method and the above approximation

leads to
pLuy

- f:zL:O f1<I,H)dSL’ -

(2.63)

The imposed boundary conditions on the ceiling and the vertical sides can be Dirichlet
condition since the exact solution is available as derived in Philip [68]. As for the
boundary conditions at the bottom, Dirichlet condition on the flat plates and the
composite conditions on meniscus interfaces are imposed. The method with the
approximation above to compute A is validated in the numerical example in the later

section.

Poiseuile channel flow Here we introduce another approach to compute A for
problems with genuinely bounded domains in the vertical direction. The problems
discussed here can be regarded as flow through some channel structure. The structure
of periodic plates and meniscus interfaces can be placed not only at the bottom but
also on the top boundary here. In the case of the flat structure on the ceiling,
the boundary condition is Dirichlet with zero velocity (Figure 2.12). If we set

the symmetric structure on the ceiling and the bottom, the composite boundary
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conditions are imposed on both parts (Figure 2.13). Also, we impose another
combination of composite boundary conditions on both vertical sides: zero velocity

in the vertical direction and pressure.
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Figure 2.12 Superhydrophobic flow over periodic plates and menisci with 90

degrees of protrusion angles. The protrusion angle is defined as the angle between
the meniscus tangent and horizontal line.

Since the computational domain is bounded, we use another formulation on A

defined at the bottom
. 8u1>\

_ 2.64
9% (2.64)

up = yA

whereas the previous approximation (2.58) is valid at large enough height x5 for the
semi-infinite domain.

Here we take another approach compared with the previous problem. We

determine X of Poiseuile channel flow with the numerical results of the boundary value

problems discussed above. In the case of a flat ceiling, u;(H) = 0, and assuming the

velocity can be written in the following form

1
uy (29) = §AJ;§ + Bxy + C (2.65)
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where A, B, and C' are some constants eliminated or determined below. The boundary

conditions are

1
u(H) = §AH2 +BH +C =0, (2.66)
8u1
C=\—. 2.67
u(0) = 9, (2.67)
Noting ‘9“1( 9) = Azs + B, we eliminate B = —Q(f\f;) and C' = AB and u;(z2) and

rewrite u(z9) only with A, H, and X as follows:

A 2 5(72+/\
— — H? . 2.
2 (“’2 H+>\) (2.68)

A direct calculation of the flux F := fOH uy(xe)dxy leads to

3 3 _
p_ AH (H +4)) - H(AH? — 12F)

12(H + \)  4(AH? +3F) (2.69)

A can be numerically determined by computing F' with the BIE method and composite
boundary conditions imposed.

In case we set the plates and meniscus boundary on the ceiling the same way as
the bottom, we can derive a similar formula for A taking the symmetry in the vertical

direction into account.
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Figure 2.13 Superhydrophobic flow through a symmetric channel composed of
periodic plates and menisci with 90 degrees of protrusion angles.
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2.3 Numerical Examples

In this section, we demonstrate the performance of the numerical method with some
numerical experiments. The code implementation is in MATLAB release 2020a, and
the Stokes FMM library developed in Fortran by Leslie Greengard and Manas Rachh
is also used via MEX API. We carried out the numerical experiments on a 64-bit
laptop with 3 GHz dual-core Intel Core i7 and the memory size is 16 GB. The OS of
the laptop is MacOS Catalina (Version 10.15.7).

The following parameters are commonly used in the numerical experiments
unless mentioned otherwise. The viscosity is taken as p = 1, the deepest level of
refinement for the RCIP method is ng,, = 40, and the residual threshold to stop

GMRES iterations eps = 2.2204e-16 set by MATLAB.

2.3.1 Validation

We first illustrate the accuracy of our numerical method in evaluating the velocities,
forces (cf. Equation (2.4)), and pressure for interior flow with mixed boundary
conditions in three types of domains: a smooth star-shaped domain, a rectangular
domain, and an arch-shaped domain.

The boundary of the star-shaped domain contains two boundary transition
points, at locations shown in Figure 2.2. Dirichlet boundary condition on the dashed
line on the lower left part and Neumann condition on the remaining part. The
rectangular domain contains four corners and alternating boundary conditions, i.e.,
Dirichlet condition on the top and bottom, and Neumann condition on the left and
right sides. The arch-shaped domain contains two boundary transition points at two
bottom corners, and we impose a Dirichlet boundary condition on the bottom and
Neumann condition on the remaining arch-shaped curve. The computational domains

of these examples are shown in Figure 2.2.
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Quantities (e.g., velocity) are evaluated at interior target points on a lattice of
300 x 300 equispaced points. To generate flow, we put 20, 000 point forces outside the
boundary to generate artificial (i.e., synthetic) boundary data. The exact solution
inside a given domain and the boundary data are available via exact formulas for
the velocity, pressure, and stress induced by stokeslet or stresslet point forces. We
apply our numerical method to compute the desired quantities inside the domain
from the boundary data, and compare the results with the exact solutions. The force
f = on is evaluated using Equation (2.4) with the direction of the normal vector n
at the target chosen randomly. The pointwise absolute errors of velocities, forces, and
pressure are plotted in Figures 2.14, 2.15, and 2.16. Evaluations at 23,814 interior
target points for the star-shape case are categorized as follows: close-evaluations
with the refined density pg, are activated at 115 points, close-evaluations without
the refined density at 1,360 points, and normal evaluations at the rest of 22,339
points. The boundary is discretized N, = 3,840 points, and is surrounded by a
square lattice with its both height and width equal to 3.5. The minimum distance
between the evaluation points inside and the boundary is 5.208e-04. In the case of
the rectangular boundary, evaluations at 29,651 interior target points in total are
categorized as follows: close-evaluations with the refined density are activated at
267 points, close-evaluations without the refined density at 1,600 points, and normal
evaluations at the rest of 27,794 points. The boundary is discretized N, = 2,880
points, and is surrounded by a square lattice with its height 2 and width 3. The
minimum distance between the evaluation points inside and the boundary is 3.67e-03.
In the case of the arch boundary, evaluations at 14, 164 interior target points in total
are categorized as follows: close-evaluations with the refined density are activated at
69 points, close-evaluations without the refined density at 624 points, and normal
evaluations at the rest of 13,471 points. The method in this work achieves at least

9-10 digits of accuracy for all evaluations of velocities, surface forces, and pressure.
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The boundary is discretized N, = 3,168 points, and is surrounded by a square

lattice with its both height and width equal to 2. The minimum distance between

the evaluation points inside and the boundary is 3.465e-04.
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Figure 2.14 Pointwise error of computed velocity field inside of a smooth

star-shape, a rectangular domain, and an arch-shaped domain.
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Figure 2.15 Pointwise error of computed force field inside of a smooth star-shape,
a rectangular domain, and an arch-shaped domain.
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Figure 2.16 Pointwise error of computed pressure field inside of a smooth
star-shape, a rectangular domain, and an arch-shaped domain.
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2.3.2 Computational cost
Here we focus on CPU-time cost because the memory limit is not a dominant issue. In
particular, we discuss the space complexity of our method. Incorporating the Stokes

FMM, the dominant computational cost includes

1. O(nyNeoq) for GMRES iterations,

2. O(Neoq + M) for evaluations over Q,

where N, is the number of discretized points on the boundary, n; is the number
of GMRES iterations, and M; is the number of target points in the interior. The
cost of the RCIP method is negligible as discussed in Remark (2.2.2). The cost of
applying kernel-split quadrature and the interpolation method is also negligible since
the number of evaluations to which these methods are applied is a small part of
the total evaluations. The elapsed wall-clock time is measured using ‘tic’ and ‘toc’
built-in MATLAB functions. In the first example of the star-shaped boundary with
Neoo = 3,840, the GMRES converged with 45 iterations and took 4.12 seconds, and
the M, = 23,814 evaluations of velocity, forces, and pressure took 10.7 seconds. In
the second example of the rectangular boundary with N, = 2,880, the GMRES
converged with 32 iterations and took 2.89 seconds, and the M; = 29, 651 evaluations
of velocity, forces, and pressure took 20.13 seconds. In the third example of the
arch-shaped boundary with N, = 3,168, the GMRES converged with 30 iterations
and took 2.78 seconds, and the M, = 29,651 evaluations of velocity, forces, and

pressure took 6.43 seconds.

2.3.3 Applications to SH flow

The numerical examples in this section are associated with Section 2.2.6; the boundary
conditions include the composite conditions due to the boundary being made up
of solid surfaces alternating with bubble or groove menisci. First, we validate by

comparing with the exact solutions of Philip [68].
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We consider transverse shear flow over a plate containing a no-shear slot with
width 2a, for which an exact analytical solution is derived in section 10 of [68]. The
mixed conditions on the plate xo = 0 are 2—2 = up = 0 for |z;| < a (zero shear stress),
and u; = up = 0 for |21] > a (no-slip). We use a complex variable z = L(zy + iz,)
to describe the solution where (x1, z5) is the position in the original two-dimensional

space. The exact solution for the stream function is given in [68]:

= ¢1 + a’Te Do/ (2.70)

where ¢y = $7.023/p and @5 = {Re {(Z — 2) ((2* — 1)'/2 — z) } with given parameters
Too (the constant shear stress as 7o — 00) and u. Physical quantities such as velocities
are derived from the stream function taking partial derivatives with respect to real
variables, following the method of Klinteberg et al. [51]. The computed and analytical
solutions are shown in Figures 2.17 and 2.18. Comparison of these two solutions show

that we obtain 11-digit accuracy of the velocity evaluations.
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Figure 2.17 Velocities u = (u1,u2). (a): exact solution of u; from [68],
(b): exact solution of wus, (¢): numerical solution of u;, (d): numerical solution of wus.
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Figure 2.18 Pointwise absolute error in velocity for ¢ = 1 in Figure 2.17.

Next, we consider transverse shear flow over a plate with a regular periodic
arrangement of no-shear slots, as discussed in section 11 of Philip [68]. All the slots
have the same width 2a centered at multiples of 2b (a < b). The exact solution of the

stream function is given as [68]:

= ¢1 + a’ T O3/ pu (2.71)

where ¢1 = irz3/p and @3 = %Re{(?— z) (é arccos% — z)} with given
parameters 7, and p. The parameter « is defined by a = $7.

We show three numerical examples related to this problem. First, we compute
the velocity field in the case of b/a = 4. Second, we change the parameters a and b to
make each solid plate narrower (equivalently each slot wider) to a : b =99 : 100. This
corresponds to small solid fraction. Finally, we increase the number of slots to 101
with the same parameters b/a = 4. Figure 2.19 shows the z; and x5 component of the

exact solution (top) and the computational results from our BIE method (bottom).

We find 11-digit accuracy is achieved for the velocity evaluations in Figure 2.20.
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Figure 2.19 Velocities u = (uy, uz) with three slots. (
(b): exact solution of ug, (c¢): numerical solution of w;,
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exact solution of uq,
: numerical solution of us.
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Figure 2.20 Pointwise absolute error with three slots in Figure 2.19.

The following two figures show the results with a : b = 99 : 100 so that the solid
plates become wider and the slots narrower. This corresponds to small solid fraction,
which is a particularly challenging case for numerical simulation, since the distance
between each pair of adjacent singular points is small. The numerical results, however,

show our method achieves 13-digit accuracy in the velocity as shown in Figure 2.22.
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Figure 2.21 Velocities w = (uy, us) for small solid fraction a : b =99 : 100.
a): exact solution of uy, (b): exact solution of uy, (¢): numerical solution of u;,
d): numerical solution of us.

Figure 2.22 Pointwise absolute error for the parameter values in Figure 2.21.

In the third example, the number of slots is increased to 101 with the other
parameters the same as in Figure 2.19. Since we consider a regular array of slots with
periodic boundary conditions, the solution is the same as Figure 2.19. However, we
now place 101 slots in our one root periodic box, to show that the method is capable

of computing the solution to high accuracy over a very large number of solid-groove
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cells. We have chosen 107! for the GMRES tolerance to speed up the computation.

The result in Figure 2.27 shows 10-digit accuracy.
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Figure 2.23 u; of exact velocities with 101 slots.
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Figure 2.24 u; of simulated velocities with 101 slots.
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Figure 2.26 u, of simulated velocities with 101 slots.
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Figure 2.27 Pointwise numerical error in velocities with 101 slots.

2.3.4 Effective slip length computations
So far, we have shown the numerical results from computing velocity fields, forces,
and pressure for problems with various boundary conditions and geometries. We now
show our numerical results for the intrinsic and effective slip length A (cf. Section
2.2.7).

First, we compare the numerically computed A with the exact value derived in
[68]. This example involves a periodic geometry with a flat interface, i.e., the bubble
menisci are undeformed. The coarse-grained quantity A is the intrinsic slip length,
defined in Equation (2.58) and computed as described in Section 2.2.7. The result of

our method agrees with the exact solution as shown in Figure 2.28.
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Figure 2.28 Numerical results of normalized effective slip length A/(de) compared
with the exact value from Philip [68]. Here § := e/F where e is the slot width and
E is the length of one period. The slip length is made dimensionless by e and scaled
by the slot fraction 6. The height of the computational domain is set to 8F.

Next, we show the behavior of A in the case of deformed menisci with nonzero
protrusion angles. For this test we consider pressure driven flow in a channel, for
which A is the effective slip length. This is defined as the value of A at which a
comparison channel with uniform slip u; = Ag—g; on the SH wall has equivalent flux
F = fOH uy(xe)dxs, for the same pressure forcing. This quantity is computed in two
different geometries. One is for pressure driven flow with one SH bottom wall and one
entirely solid (top) wall. We refer to this as ‘one-sided” SH channel flow. The second
geometry involves a channel with two SH walls. This is called ‘symmetric’ SH channel
flow. The computation of A in both cases in discussed in Section 2.2.7. Schematics
of the flow geometries are shown in Figures 2.12 and 2.13. The pressure boundary
conditions are an imposed unit pressure pressure jump between the left inlet and
right outlet, and no vertical velocity (u2 = 0) on the inlet/outlet boundaries. Exact

solutions to the problems are unavailable because the protrusion angles are nonzero.
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Thus, we can only give a qualitative comparison with preexisting computations of A
in periodic geometries. The numerical results for A with our method are shown in
Figure 2.29 for one period and Figure 2.30 for 21 periods. Both results show the same
qualitative behavior to the ones shown in preexisting literature. Note the two results
in Figures 2.29 and 2.30 look similar (they differ by less than 1073 relatively). This is
to be expected, since in Figure 2.30 we take a uniform array of slot menisci, for which
the average slip per cell is similar to the one cell slip in Figure 2.29. Our method
is able to compute for a large number of cells with irregular spacing and protrusion
angles. In future work, we can explore the effect of cell geometry on A. Figures 2.31
and 2.32 show the computed velocity field in the interior domain for the two different

geometries, incorporating 21 solid-groove cells and meniscus angle of 15 degrees.
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Figure 2.29 Numerical results of non-dimensionalized A/(de) in the case of one
meniscus with protrusion angles between —90 and 90 degrees. In a similar manner
to Figure 2.28, we use the same notation as Figure 3 in Teo and Khoo [77]; e and E
are defined as the length of one meniscus and the length of one period, and

) := e/ FE is the slot fraction. In the numerical results, we set e to 2 and E to 4. The
hight of the computational domain is set to 8E = 64.
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Figure 2.30 Numerical results of effective slip length in the case of n, := 21
menisci with protrusion angles between —90 and 90 degrees. e and E are defined as
the length of one meniscus and the length of one period, Ej. is the total length of
n, periods, and § := (n,e)/(Et) is the slot fraction. In the numerical results, we set
eto 2, E to 4, and Eiy to nyEl = 84. The hight of the computational domain is set
to 8E = 64.
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Figure 2.31 Plots of the velocity field in the case of 21 menisci in a one-sided SH
channel and protrusion angles of 15 degrees.
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Figure 2.32 Plots of the velocity field in the case of 21 menisci in a symmetric SH
channel and protrusion angles of 15 degrees.
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CHAPTER 3

SCATTERING MATRIX FORMULATION FOR INTEGRATED
PHOTONICS

3.1 Background

We now turn our attention to computational electromagnetics and its applications
to integrated photonics. As is well known, transmission of information by electric
interconnects is limited in latency by power concerns and in bandwidth by the
amount of resources (e.g. parallel wires) devoted to port. In addition, long-range
electric interconnects are subject to substantial losses. On the other hand, electric
interconnects are easy to design, and substantial automation for the design of such
circuits is available. Photonic interconnects, by contrast, are virtually unconstrained
in bandwidth and offer minimal latency, but they pose far greater design challenges,
for which to date little design automation is available. As the miniaturization of
electronic devices progresses, the disadvantages of electric interconnects are being
felt acutely, and photonic circuits are becoming economically viable in many everyday
applications.

As a result, the photonic industry is growing rapidly. Compared with the
integrated electronic circuits industry, the integrated optical circuits industry is still
in its infancy. Indeed, for the electronic circuits industry, Moore’s law has mostly
reached the limit of its validity, and a single integrated electronic circuit (IC) chip
may contain billions of transistors and other electronic components, while the current
state-of-art integrated optical circuits chip contains photonic components such as
various waveguides, couplers and arrayed waveguide gratings only on the order of
one hundred. One major cause of this substantial difference is the lack of reliable

tools for the design of integrated optical circuits. Existing numerical methods face
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difficulties in obtaining satisfactory resolutions solving boundary value problems of
three-dimensional Maxwell’s equations as the fundamentally governing equations for
photonics. Thus, an efficient and accurate simulation tool for photonics is in urgent
need.

In this chapter, we study in detail the scattering matrix formulation for
waveguide structures whose mathematical model is the interior Dirichlet Helmholtz
problem in two dimensions. Admittedly, this is a much simplified model than
Maxwell’s equations in dielectric layered media in three dimensions. However,
the model problem retains all critical building blocks: the mode calculation, the
calculation of the scattering matrix of a single component, and the merging of
the modularized scattering matrices. Therefore, our study provides useful insights
towards our target application. Computationally, we rely again on the boundary
integral equation formulation for dimension reduction, fast multipole methods for
linear complexity, the RCIP method for point singularities, and the high-order
kernel-split quadrature for accurate evaluation of singular and nearly singular layer

potentials.

3.1.1 Existing numerical methods

We provide a brief review of widely used existing numerical methods for photonics
simulation, concentrating on the difficulties those methods encounter. Okamoto [66]
is an overview reference. One common issue among the existing methods is that those
methods need unrealistically large-scale discretizations due to the following reason.
The wavelength of the incident optical wave in typical devices is usually on the order
of micrometers, while the sizes of devices themselves are of millimeters in at least two
dimensions. Hence, the size of the entire simulation domain for a single device can

be approximately 1,000 x 1,000 x 10 in terms of incident wavelength.
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Finite element method. The finite element method (FEM) is one of the standard
methods for mainly mode calculation of waveguides (Brenner and Scott [14], Itoh
et al. [47], Koshiba [53], Yamashita [81], Yeh et al. [85], Young [89], Zienkiewicz
[91]). The FEM has the following disadvantages to integrated photonics simulations.
Initially, discretization of the entire computational volume domain becomes extremely
large scale, resulting in significant space complexity. Also, applying the FEM to
large-scale problems tends to suffer from poor conditioning, which requires extra
effort of preconditioning or using a direct solver method. Practically, the FEM is
mostly applied to mode calculations of waveguides with small uniform cross-sections

due to the limitation above.

Beam propagation method. Another widely-used type of method is the beam
propagation method (Antoine et al. [2], Antoine et al. [3], Bamberger et al. [5],
Fan et al. [27], Kragl [54], Kumbhakar [56], Jinbiao et al. [87]). Beam propagation
method uses a simplified model for solving the Helmholtz equations by simplifications
of Maxwell’s equations. The propagating waves are assumed to be highly oscillating
plane waves. Also, the refraction index contrast between the cladding and the core
in the waveguide is assumed to be small, which can be a limitation of this type of
method. The computational domain has to be large rectangular so that the waves

fade away at infinity, which leads to the extreme large volume discretization.

Finite difference time domain method. The finite difference time domain
(FDTD) method belongs to finite difference based methods (Yee [84], Mur [64],
Higdon [45], Berenger [8]). The FDTD directly solves Maxwell’s equations with
respect to both space and time variables. This type of method also requires
significantly large-scale discretization for the whole computational domain. In
addition, some artificial boundary conditions called absorbing boundary conditions

are imposed at the edge of the computational domain to avoid undesirable reflections.
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Overall, the existing methods mentioned above encounter difficulties in discretizing
the entire computational domain and often need to add some artificial assumptions
to carry out numerical simulations even for obtaining minimum resolution of the

simulation.

3.1.2 BIE methods and fast algorithms

The proposed method in this dissertation is based on the boundary integral equation
(BIE) methods to resolve the most serious common issue of large-scale volume
discretization with the existing methods collected above. In short, the BIE methods
are a type of methods that utilizes layer potential representations for the associated
partial differential equations (PDEs). Layer potentials are integral operators acting
on some unknown density which needs to be determined with by solving the linear
system derived from the discretized BIE. Since the density is defined on the boundary;,
we only need to discretize the boundary, via the surface integral in R?® or the line
integral in R?. Once we determine the unknown density values, we again apply the
discretized layer potentials acting on the density to evaluate the solution, its gradient,
or Hessian, etc. Being able to focusing only on the boundary helps us avoid the entire
volume discretization of the computational domain, reducing the dimension of the
discretization by one.

The BIE methods have been extensively applied to numerical solvers for elliptic
partial differential equations because of the ability to deal with complex geometry
(Banerjee [6], Boriskina et al. [12], Biros et al. [9]), and owing to the compatibility
with fast algorithms such as the fast multipole method (FMM) (Greengard and
Rokhlin [35], Ying et al. [86], Greengard et al. [33], Rachh et al. [26], Ruqi et
al. [67]), uniform/non-uniform Fast Fourier Transform (FFT) (Cooley and Tukey
[19], Dutt and Rokhlin [23], Barnett et al. [7], Greengard and Lee [32], Ruiz-Antolin

and Townsend [75]), and modern linear system solvers such as GMRES (Saad and
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Schultz [76]) and fast direct solvers (Bremer [13], Ho and Greengard [46], Gillman et
al. [28], Greengard et al. [31], Kong et al. [52], Martinsson and Rokhlin [62, 63],
Martinsson [61]). We also would like to mention that the recent study to obtain
high resolutions dealing with the singularities due to the intrinsic property of layer
potentials in both R? and R3. Selective work includes the RCIP method (Helsing and
Ojala [42], Helsing [36]), kernel-split quadratures (Helsing [37], Helsing and Holst [38],
Helsing and Jiang [39]), and other approaches (Wu et al. [80], Zhu and Veerapaneni
[90] and Greengard et al. [33]). The above citations are a handful of representative
or closely related existing work among a vast literature on BIE methods coupled with
fast algorithms. In this dissertation, we incorporate some of the methods to be able

to modularize the entire large-scale computations efficiently.

3.2 Mathematical Formulations

3.2.1 Notation and nomenclature
In a similar manner to the previous chapter, the common notation used in this chapter
is as follows. We denote the computational domain of interest by € in R?, and the
boundary by I' := 9€2. In the subsequent sections, we will define the two-dimensional
Helmholtz Green’s function denoted by G(x,y) and associated boundary integral
kernels in the form K(x,vy), where @ = (1, x2) and y = (y1, yo) are referred to as the
target point and source point, respectively. We also use r := & —y and r := |r|. If a
target and source point are on I', n, and n, are defined as the unit normal vectors
pointing outward at @ and vy, respectively. Again in a slight abuse of notation, we use
the same boldface letter to denote an integral operator, its kernel, and the associated
matrix after discretization, as long as the meaning is clear from context.

We also use complex variables as equivalent notation, especially for kernel-split
quadratures, as the target point z, := x; + iy, source point z, = y; + 1y, 2z =

(y1—x1)+i(y2—x2) (equivalent to —r = —(x—y)), unit normal vector v, = n, ;1 +in, o
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at 2z, unit normal vector v, 1= n, 1 +in, 2 at z,, The conjugation of z € C is denoted

by Z.

3.2.2 A model problem

An open waveguide component is often considered as a natural model problem for the
research investigation into integrated photonics (Epstein [25], Bonnet-Bendhia et al.
[11, 10], and Chandler-wilde et al. [15]). The domain of such an open waveguide is
semi-infinite, i.e., the waveguide path of the propagation modes is stretched infinitely
in x; direction, and the bounded in x5 direction in ® = (z1,z5) € R2. This means
that the input/output channels extend all the way to infinity. The waveguide is
assumed to be dielectric in the existing work mentioned above. An image example

we frequently use in the following discussion is shown in Figure 3.1.

Figure 3.1 A two-dimensional semi-infinite waveguide with propagation modes
along x; direction. The waveguide has two channels (interfaces) with different

thicknesses. u{" and u"¢ indicate the incident waves, and u{¢ and u5¢ indicate the

scattered waves on two sides, respectively.

Here, we study a somewhat simpler model. That is, the waves satisfy
the Helmholtz equation inside the waveguide and zero Dirichlet condition on the

waveguide boundary:

Au(z) + k*u(x) = 0, x e
(3.1)

3.2.3 General numerical procedure
We outline the numerical procedure of constructing scattering matrices for a large

waveguide structure. First, we study the decomposition of the waves inside the
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waveguide structure. We have shown that the waves can be decomposed into two
parts: a set of propagating modes and evanescent waves that decay exponentially
fast along the propagating directions. This enables us to modify the original problem
as follows. Instead of trying to solve the original problem on an infinite domain,
we solve the Helmholtz Dirichlet problem in a closed bounded domain by placing,
say, vertical line segments at both ends as shown Figure 3.2. The field satisfies zero
Dirichlet condition on the original boundary of the waveguide and some artificial
nonzero data on those artificially introduced vertical line segments. By a clever set of
linear algebraic operations, we show that one can compute the scattering matrix of
the original infinite waveguide structure to high accuracy. The critical fact that we
rely on is, of course, the exponential decay of the evanescent waves. We will quantify

this in section 3.2.4.

Figure 3.2 A simplified waveguide model of perfect conductor with bounded closed
boundary.

3.2.4 Propagating modes

Before we introduce our definition and application of the scattering matrix to our
problem, we would like to discuss the propagation modes denoted by (f,,)_, whose
existence depends on the structure of a given waveguide. Given the information of a
waveguide such as the geometric structure and composed materials, to determine how
many propagation modes are allowed and what are the exact values of such modes are
not only intrinsically important but also non-trivial, while such mode calculation step

is necessary procedure to develop a numerical method for integrated photonics. For
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example, Lai and Jiang [57] Jiang and Lai [48] propose numerical methods for the
mode calculations of photonic crystal fibers and rectangular waveguides in layered
medium, both of which are tailored to obtain the second-kind boundary integral
equations. In our case, however, not numerically but explicitly, we are able to compute
the propagation modes that are admitted in the locally straight structure because
of the simple assumptions we make. In this section, we show some mathematical
conditions under which how many propagation modes can exist and explicit formulas
for the modes with detailed derivations in appendix B.4.

In the local subdomain far away with respect to x; of the open waveguide 3.1
where the top and bottom boundary curves become completely parallel straight lines,
the solution to the Helmholtz equation (3.12) in the subdomain can be written as

u(zy, xa) = Z (chePmm ¢ e ™) g (20), (3.2)
m=1

where (¢2)%_, are constant coefficients, (g, (72))>°_; are normalized eigenfunctions

G (2) = \/% sin (m%(:pg + g)) , (3.3)

and (5,,)2_, are generally complex numbers satisfying

7 2

B2 =k - (m—) . (3.4)
h

The derivation of Equation (3.4) is given in appendix B.4. In Equation (3.4), k >

0 is the given wavenumber inside the domain, and A > 0 is the thickness of the

waveguide in the local subdomain. The solution can be understood as the linear

combination of waves coming from ‘left’ (in the direction of increasing z;), and from

C

‘right’ (decreasing x;). If the incident wave u™¢ comes only from the left, v =

S e #Bntig (1y) and ut = Y. ctemTig (25) hold as the scattered wave

m=1"m m=1"m

u*¢ propagates in the opposite direction.
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Depending on k£ and h, there exists a non-negative integer M such that 3, for
any m < M is a non-negative number (Equation (3.4) is non-negative) and that /3,
for any m > M is i (the imaginary unit) times a positive number ((3.4) is negative).
The finite positive numbers (3,,)_, are called propagating modes admitted for the
given waveguide.

In the subdomain with an exactly straight structure allowing only M modes
(B)M_,, the solution (3.2) can be split into terms: ones with the propagating
modes eT#n71 where 3, is non-negative, and the other evanescent ones exponentially
decaying e 1P»*1l. We will discuss a quantitative estimation of the evanescent terms
in the next section.

Also, we are able to derive the condition for the thickness A to allow exactly M

modes as

MZE <h<(M+1)=. (3.5)
k k
The derivations of inequalities (3.5) are given in appendix B.4.

Properties of the evanescent waves Here, we show an estimation of the
convergence of propagation modes taking the evanescent terms with (5,,)0_,,.; into
account.

As we have briefly explained above, in the subdomain with a locally straight
structure, if the incident wave comes from left, then the solution (3.2) at @ = (x1, z2)

is the superposition of

u'™ (21, T2) Z e +eibmuig (x2) (3.6)

and

“(x1, 22) Z ce” Pmeig (25). (3.7)
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Suppose u(z; — 8, x9) and u*(x; + 6, z3) are given for some positive number
0 where [z1 — d, 21 + 0] is in the local subdomain. We also assume the subdomain
admits M modes for a given wavenumber k£ > 0 and the thickness of the waveguide
h > 0.

Initially, we focus on the evanescence of Equation (3.6). Noting e®m0 =
exp [— (m% — k) (5] > 0 for m > M, the higher order terms for m > M can be

bounded as

Y e g ()

m=M+1 m=M+1
S e’iﬁIVIJrl(S Z C;i;beiﬂm($1—5)gm('r2)
m=M+1

_ exp[ ( M+1 s k) 5] Z C elﬁm(l'l 5)g (x2)

m=M-+1
0o M

= exp [ < (M +1 - — k) 5] (y — Z)c ePm@=0) g (x,)

m=1 m=1

(3.8)

The last term (3.2, — S°M et eifm@=0)g (1)

m=1 m=1

is finite since u™¢(xy — §,x9) is
given as a finite number. Hence, the series of evanescent terms is bounded from
above by some positive constant times exp [— ((M +1)7 — k) 5]. The logarithm of

the upper bound is proportional to

-{%M+U—ﬂ& (3.9)

Thus, the truncation of the solution u™(xy,xzs) ~ M ¢hemtig (o) with M
terms is convergent exponentially to the original series as the modes propagate in the
direction of increasing x;.

The same argument still applies to the evanescence of u*¢ coming from z; + ¢

because of the exponential decay of e=#m(=0) = ¢ifmd,
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Therefore, u(x1, z2) = u™ + u*® can be well approximated as the superposition
of finite terms up to order M in the local subdomain with the upper bound estimation

(3.9).

3.2.5 Scattering matrices

The scattering matrix is an extremely useful mathematical tool and concept for
studying any system that exhibits the linear relationship between its input and output
data. There is a long history of research on the scattering theory in mathematical
physics, including the classic book ”Scattering Theory” by Lax and Phillips [60],
Colton and Kress [17, 18], Bonnet-Bendhia and Tillequin [11], Bonnet-Bendhia et al.
[10], Chandler-wilde et al. [15], and Chandler-Wilde and Zhang [16]. The scattering
matrix has been used by researchers and engineers in electronic engineering to design
and develop communication devices. See, for example, Rao [73] on the application
of the scattering matrix to the study of microwave network systems. One example is
the four-channel network shown in Figure 3.3. In the system, the scattering matrix

S = (Si)1<ij<a is a four times four matrix satisfying

Su™¢ = u** (3.10)

where u™ = (uf™ ui® u ui)T and w¥* = (ui us’, ui, uif)? represent the
incident and scattered wave vectors at all channels, respectively. The diagonal terms
of S correspond to the reflection effects that quantify the amount of the incident wave
reflected back into the originating channel, and the off-diagonal terms exhibit the
transmission coefficients where each element determines the amount of the incident
wave transmitted from one channel into the other channel. The scattering matrix
S describes a microwave network system and provides a complete description of the

network at its channels. The determination of the scattering matrix eliminates the

need to know the network’s internal components, providing the required information
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to determine the output u® at all channels for any input «*¢, making it convenient

for complex systems.

' channel 1

Figure 3.3 A microwave network system with 4 channels from Rao [73].

For integrated photonics in this dissertation, we define the scattering matrix as

follows.

Definition 3.2.1 (Scattering matrix). Suppose a waveguide with P input/output
channels is modeled as the semi-infinite open Dirichlet boundary value problem of

the Helmholtz equation (3.1). Also suppose pth channel admits M, modes (ﬁpm)f\fil
(1<p<P)as

u(zy, 9) = u™(zy, 29) + u¥ (21, T2)

~ Z (C;:meiﬁp,ml‘l + C;me_iﬁp’mxl) gp7m($2)’
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or

u(wy, x9) = umc(ajl, x9) + u®(xq, x2)
Mp

— —iﬂ ,mT1 -+ Zﬁ ,mT1
(Cp,me Pt Gy m€TT )gp,m(@)

12

m=1

depending on the direction of the propagating modes associated with pth channel.

The scattering matrix of the waveguide is defined as the following matrix S

Sc" = ¢*° (3.11)

where ¢ is the vector comprising coefficients for all channels and modes (c;m
or ¢, ,,) of propagating modes of the incident wave u™e, and c* is the vector of

coefficients of scattered wave u®c, respectively.

Example 3.2.1. If the number of channels P is two such as the case of Figure
3.1, and Mp = 1 for both p = 1 and p = 2 admitting only one single mode, then
inc

the scattering matriz is a two by two matriz mapping from ¢ = (Cil,cg’l)T to

c®*c = (cl_,l,c;fl)T. If the number of modes at each channel Mp = 2 for both p = 1

inc

and p = 2, then the scattering matriz is a four by four matrix mapping from c*™¢ =

(cfl, cfQ, o ciQ)T to €% = (¢4, o, c{l, CIQ)T.

3.2.6 The interior Dirichlet Helmholtz problem

Assuming that a waveguide is composed of perfect conductor and that the domain
Q) is closed, piecewise smooth enough, and more or less straight in the direction
of the propagation modes shown in Figure 3.2, the behavior of the electromagnetic
waves inside can be modeled as an interior Dirichlet boundary value problem of the
Helmholtz equation in the two-dimensional space. The solution u at x inside the

domain satisfies

Au(z) + Ku(z) =0 = = (1,72) € Q, (3.12)
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where k is assumed to be a positive wavenumber. We denote the wavenumber in
a vacuum by k, and the refractive index along a vertical cross-section by n so that
k = nk,. Also, let n. be the effective index of propagation mode g along the same
cross-section satisfying 5 = n.k,. We denote the top and bottom part of the boundary
by I'r and I'g, and the left and right sides by I'y, and I'g, respectively satisfying
0l =TrUl'gUTl', UTl'g. Homogeneous Dirichlet condition are imposed on the top
and bottom I'r U T'p, and we assume some smooth functions f(L,z2) and f(R,z5)
on left and right I'p U T'g;

0 xel'rU FB7
u(x) = (3.13)

f(l’g) xel',Ulg.

3.2.7 The Helmholtz potential theory

To apply the BIE method to our problem in the following discussions, we need to
choose an appropriate layer potential representation as the solution u to the Helmholtz
boundary value problem satisfying (3.12) and (3.13). Here, we collect the definitions of
Green’s function, layer potentials, integral equations, and some identities associated
with the two-dimensional Helmholtz equation. We follow conventional definitions

often used in the preexisting work such as Colton and Kress [17, 18] and Neédélec

[65).

3.2.8 The Helmholtz Green’s function
Let & and y be arbitrary distinct points in R?. The fundamental solution to the
Helmholtz equation Au(x) + k*u(x) = §(y) where § is the delta distribution, is

l

1)
4Hg (kr) (3.14)

Gr(x,y) =

where H(()l) is the zeroth order of Hankel function of the first kind, £k is the

wavenumber, and r := |z — y|.
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3.2.9 The Helmholtz layer potentials
The BIE methods involves various layer potentials associated with the underlying
partial differential equations. In our problem, the Helmholtz single and double layer

potentials and their normal derivatives are defined as follows.

Selpl(®) = /F G, y)p(y)dS,,  (single-layer potential) (3.15)
Dilpl(®) = /F g—z(m,y)p(y)dSy, (double-layer potential) (3.16)
Siol(e) = [ G @ plw)ds, (317)
Dili(e) = [ 520 @ y)ola)ds, 315)

where dS,, is the arclength differential on I'. It is well known that the layer potentials
can be log-singular, singular, hyper-singular and near singularities of these, which
may lead to loss of accuracy for numerical simulations. The single layer potential S
has log-singularity on and off boundary I". The double layer potential D and S’ have
log-singularity on and off I' and near singularity off I'. D’ has log-singularity and
hyper-singularity off I' while near log-singularity, near singularity, and near hyper-
singularity off I'. Summarized explanations about which layer potentials of the two-
dimensional Helmholtz equation have which singularities are given in Helsing and

Karlsson [41].

3.2.10 Jump relations of the Helmholtz layer potentials
Layer potentials S” and D satisfy the following jump relations at * € I'" depending

whether the domain of interest is interior or exterior:

2 p(@) + Silpl@) = Tim il hny), (3.19)
F50(e) + Dilpl(@) = Tim Dilol(w ¥ ). (3.20)



Note that Sy and Dj, are known to be continuous across the boundary.

3.2.11 Calderon identities
The following four equations in the sense of integral operators involving the Helmholtz

layer potentials are called Calderon identities.

S;.Sp — SiDj}, = 0, (3.21)

D;.S;, — DD}, = 0, (3.22)
(50— SuDf = 1, (3.23)

D} — DS}, = i[. (3.24)

Although we do not explicitly use the above identities in our discussions, these
Calderon identities are known to be useful equations in a case that we are able to apply
the identities to pre-conditioning of the linear system obtained by the discretization
of the BIE to be solved for the unknown density. For example, Greengard et al. [33]
rewrite an integral equation for a three-dimensional sound-hard scattering problem

using the last identity to remove the hyper-singularity.

3.2.12 Integral representation and boundary integral equation
We choose the following combined layer potential representation from Colton and

Kress [17] for the solution to our problem:

7
u(x) = Dilp](x) + ikSk[p](a:), x € Q. (3.25)
Then the normal derivative of the solution % can be written as
ou , (A
L (@) = Dilpl() + SkSilpl(e),  we (3.26)

assuming n, is given. For the Dirichlet boundary value problem, by the interior

jump relation of the double-layer potential (3.20), the unknown density p satisfies the
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following second-kind boundary integral equation

—5pl@) + Delpl(@) + ShSipl(@) = f@),  weT. (3:27)

3.3 Numerical Method
3.3.1 The BIE method for the Dirichlet Helmholtz BVP
Here we describe how we discretize and evaluate the layer potentials (3.15)-(3.18),
the solution u (3.25) and the normal derivative (3.25) (or gradient) as necessary.
Since this section somewhat overlaps with previous sections, we repeat important
ingredients of the standard procedure of the BIE methods, the RCIP method, and

kernel-split quadratures, skipping some redundant parts that have already explained.

3.3.2 Discretization of the BIE

To evaluate the solution u and its partial derivatives, we need to discretize the BIE
(3.27) on the boundary I to construct a linear system to solve for the unknown density.
We apply a standard panel-based Nystrom discretization scheme via composite Gauss-
Legendre quadrature with n, panels. See Kress [55] for an introductory explanations.
The total number of the discretization points is N := ngn,. We set ny to 16 for
double-precision floating point arithmetic. As a result, the linear system obtained by

the discretization of BIEs (3.27) on I' can be written as

(I+K)p=h, (3.28)

where I is the IV times NV identity matrix, K is the N times /N square matrix involving
the discretized combined layer potential representation —2(D + %ikS ), p is the vector
of the unknown density values at the discretized points, and b = —2f is a given
Dirichlet boundary data vector with N entries.

In our problem formulation, the boundary I' contains corners involving singu-

larities and near-singularities which cause loss of accuracy and instability of the linear
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system. Instead of a standard refinement around the corner, which often ends up with
growing size and ill-conditioning of the linear system and failing to obtain satisfactory
accuracy, we apply the RCIP method ([42, 36, 39, 40], also described in section 2.2.2)
to avoid such loss of accuracy handling the linear system with the same size as the
original one. The essential differences between applying the RCIP method in this
chapter and Chapter 2 for the SH flow problem is that n., = 1 for the discretization
of BIE (3.27) whereas n., = 2 in Chapter 2 because the solution of the Helmholtz
equation and unknown density have scalar values, and that BIE (3.27) causes near
log-singularity and singularity off the boundary I'" and log-singularity on I" without
hyper singularity since the BIE does not involve D’. Applying the RCIP method to
(3.28) with the decomposition of K = K° + K* as described in section 2.2.2, we

obtain the same form of linear system as (2.23)

(I+K°R)p=b, (3.29)

with a different block size (This linear system is merely a single block as a whole since
neq = 1 while the corresponding block size in Chapter 2 is two by two as n., = 2.)

We also incorporate kernel-split quadratures referred in section 2.2.3 into the
process of constructing the linear system via the RCIP method to deal with such
singularities. The representative references are [37, 39, 80, 51]. When the discretized
Gauss-Legendre panel of the target point & coincides with (or resides adjacent to) the
panel of the source point y, we substitute an appropriate kernel-split quadrature for
the standard Gauss-Legendre quadrature over the panel of y affected by the (near)
singularity. Helsing and Karlsson [41] also gives us the explicit formulas for splitting
the Helmholtz kernels in the form of equation (2.33).

Once we construct the linear system to be solved for the unknown density with
the combination of above techniques, we use GMRES [76] to determine the density

values each target points (x;)~, on I
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3.3.3 Layer potential evaluations along cross-sections

The construction of the scattering matrix requires evaluations of the solution u and
partial derivative 59—;1 along some chosen cross-sections in the zo direction, orthogonal
to the wave propagation. For the simple model problem in Figure (3.2), for example,
we choose two cross-sections indicated as dotted lines at z; = [ and 2y = r on the
left and right. As to the target points away from the boundary, we simply apply a
standard composite Gauss-Legendre quadrature to evaluate the layer potentials as
desired quantities for satisfactory enough resolutions. In the case of the target points

close to the boundary, we again apply the kernel-split quadratures to avoid the loss

of accuracy caused by near singularities.

3.3.4 Construction of the scattering matrix for a single waveguide
component

We describe our method to construct scattering matrix and derive some mathematical

identities that relate scattering matrices and propagation modes in this section.

Consider a rectangular neighborhood of a cross-section z; = I:

{x = (x1,20) € Q|1 €[l — 0,1+ 0]} (3.30)

with some small enough § > 0 in Figure 3.2 and assume L < [ < O. We also
assume the waveguide admits a single propagation mode (; along the cross-section
x = [ for now (M = 1). Then, recalling the exponential decay of higher order modes
than M described in section 3.2.4, the solution u(l, z2) to equation (3.12) along the

cross-section can be well approximated as

u(l, v2) = u™(l, z9) + u*(l, v2) == (cf e + ¢ et gy(29) (3.31)

where

gilxs) = \/g sin (dﬁl(xz +d /z)) (3.32)
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and d; is the thickness of the cross-section. The coefficient \/dzl is set to have
¢ normalized with respect to the standard L, norm over [—d;/2,d;/2]. The
approximation is valid if the device components consist of function modules with
straight waveguide structures and support a single mode along each cross-section.
In cases of multiple modes, the approximation can be generalized to the summation
with respect to the distinct modes, while we focus on the case of a single mode for
simplicity here.

Along the right cross-section x1 = r with O < r < R, similarly assuming

another mode ,,

u(r, z9) = u*(r, 29) + u™(r, 25) =~ (cFe 4 c ™) g, (2) (3.33)

where
(2) = [ oin (F+d) (334)

where d,. is the thickness of the right cross-section.

Remark 3.3.1. In the case of a completely straight waveguide, we can use the same
coordinates as * = (x1,xy) with the initially fived origin for the neighborhood of the
cross-section (3.30). However, the structure of the waveguide can be more complicated
even if we decompose the waveguide into simpler components. Components can have
multiple paths for the wave propagations or can be bent. In such cases, we abuse
the notation (x1,x2) to construct scattering matrices along cross-sections as follows.
Initially, we fiz the origin inside the waveguide component on the propagation path(s).
The x1 coordinate for a cross-section is defined as the relative displacement along the
propagation path from the origin. Then, the xo coordinate along the cross-section is
locally defined as the displacement perpendicular to the path at xy.

We define such local coordinates (x1,x3) for each cross-section. For example, in
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Figure 3.4 for the case of Y-coupler shaped component, we can define the coordinates

of the cross-sections as
o {x=(x1,220) € Q|xy =1, 29 € [—d;/2,d;/2]},
o {x=(x1,m3) €EQ|xy =11, 29 € [~d,,/2,d,, /2]},
o {x = (r1,22) € Q|21 =719, 29 € [—d,,/2,d,,/2]}

for the left, top-right, and bottom-right cross-sections respectively with some positive

numbers l, ri, ro, d;, d,,, and d,,.

Figure 3.4 A computational domain modeled for a Y-coupler-shaped components.

In the currently discussed simple case, the scattering matrix S is 2 x 2 since the
total number of admitted modes for all cross-sections are two, distinguishing 5; and

B, even if their values are the same. By definition, S satisfies *

al |a
S - . (3.35)
. of
1 o
We can change the alignment of the right-hand side as {C’"_} that makes S the identity
l

matrix in the case of a completely rectangular waveguide (h; = hy).
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The construction of the scattering matrix S is the following. Assuming that we
have two solutions of u; and us, with some linearly independent boundary data, let
w;(l, x9) >~ (c;’rjeiﬁll + clfje_iﬁll) g (z2), (3.36)

u;(r, xe) ~ (c;fjew’” + c;je_iﬁ’"’") grj(22). (3.37)

Then we construct the linear system

+ - -
Gi1 Cpo G1 Cpe

S = (3.38)

- - + +
Cr,l CT,Q Cr,l Cr,2

We denote the matrices of coefficients on the left-hand and right-hand sides by

+ +
) G1 G2
Cine :i= , (3.39)
Cr,l Cr,?
C 4 C.
1,1 “2
C,. = . (3.40)
+ +
Cr,l cr,2

and if Cj,. is invertible, then we obtain the scattering matrix as
S =C.,.C;}. (3.41)
We determine the unknown coefficients

(C?,_lv 1 C:p 1) (3.42)

and

(Cl+,27 Cra C;fzy 0;,2) (3.43)

separately for each j = {1,2} to obtain M;,. and M.
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We omit j in the following discussion since we only need to repeat the same
algorithm with distinct boundary data with for j = 1 and 7 = 2. We use the following

two equations to determine c;r (o

u(l, x2) = (o e + ¢ e ) gy(x), (3.44)
0 , A
uz(l, x9) 1= a—Z(l,mg) ~ if (cf el — ¢ e ) g (), (3.45)

Taking the inner products (u,g) and (2%, g,) with respect to x> over [—d;/2,d;/2]

using a normalized eigenfunction g;(z3), we have

. ) di/2 -
et e = (u,g) = [ L at)gEyt (3.46)
—dy)2
, , ou 4/2 gy —_—
iB (¢ el — e Al = < g> / 1,25 g(2h)ds. 3.47
l(l 1 ) oz 02 891:( 5)g(wh)dy ( )
Then, we obtain
1 1
i = ze ([1 + EIQ) , (3.48)
1, 1
i = S (11 _ Eh) | (3.49)

where [, := fdil/ig (1, 24)g(ah)daly, and I, := fdiﬁ? ug (1, ) g () da,.

We apply a BIE method with the mathematical formulations described in
Subsection 3.3.3 for the evaluations I; and I5.

Once we obtain the coefficients (cfl, 1 1. ¢1), for the first set of data, we
repeat the same procedure for the second data (j = 2) with distinct boundary data.
Then C;,. and C,. are constructed having the entries of these vectors for § = C,.C; ..

So far, we discussed the construction of the scattering matrix with only two ports
and a single propagation mode on each channel. This method can be generalized for
cases of more ports and more modes allowed in a straightforward manner, because

the unknown coefficients C* and C~ can be separately computed for each channel,

as long as that enough distinct boundary data are provided. In the cases of multiple
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modes allowed for one channel, we note that the corresponding equations such as

(3.31) and (3.32) have to be replaced with an appropriate linear combination

M
u(ap, w2) = Y (cf etmmtr o e Bmmtn) g (1), (3.50)

m=1

oy m(T2) = \/dzmp sin <mdlmp(x2 +d,, /2)> (3.51)

where z, is the x coordinate of the cross-section assigned to the channel with M

and

modes. The most dominant part of the method is to compute the unknown density
p where we use an iterative method such as GMRES to solve the linear system. This
part can be accelerated by incorporating the two dimensional Fast Multipole Method

(Rachh et al. [26]).

3.3.5 Merging two scattering matrices

In the previous section, we discussed how to compute the single scattering matrix
which corresponds to an individual component of the waveguide. Our goal is the
modularization of photonic device simulation in such a way that the whole device
can be divided into multiple scattering matrices representing separated structures,
and that the information of the whole device can be reconstructed from those
scattering matrices already available. Once we managed to construct a modular
scattering matrix, we do not have to repeat computing the scattering matrix of the
same component or other components with the same structures. Merging multiple
scattering matrices into one is done via divide-and-conquer; starting with the two
smallest adjacent components, we repeat constructions of larger matrices recursively
until the single matrix for the whole structure is obtained. In the following section,

we describe how to merge a scattering matrix from two components in the next
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section. Although some technical adjustment needs to be taken care of when multiple

scattering matrices are merged, we provide the details in appendix B.3.

Merge of two scattering matrices. We discuss how to obtain the scattering
matrix of the merged component in this section. Merging two scattering matrices
into one matrix illustrates the essential idea and we can merge multiple matrices
recursively. Hence, we focus the discussion on the merge of two components. Suppose
we have two waveguide components and the associated scattering matrices S; for the
‘left’ component and S, for the ‘right’ one, respectively. As an example, consider
connecting two components shown in Figure 3.5. Figure 3.6 shows the schematic

image of the merged component.

inc._ . >— )
- mce_ - -
’LLl ,LLSC___> . u > sc
mc
sc € < --U, ¢ «--U,

Figure 3.5 Two components of a waveguide before merging. Two scattering
matrices S; and S, represent corresponding components.
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Figure 3.6 The merged component of two parts of Figure 3.5. The scattering
matrix S; representing the whole structure can be constructed from S; and S,..

Let (214, z2) and (1, 2) be cross-sections of the left component, and (1 ., x2)
and (x1,,, z2) be cross-sections of the right one, where we intend to merge components
along two cross-sections commonly denoted by (x1.,x2). Assuming cross-sections
allow M;, M., and M, propagation modes respectively, we approximate the solution

u(zx, x9) along the cross-sections as follows.

u(xy, o) Z Upm (T1 1, T2), (3.52)
$1 c,$2 Z Ucm X1 c,$2 (3-53)
xl T7x2 Z urm T 7"7372 (354)

where

W (10, 02) = [, €t 4 o e Pt g () moe {1,2,..., My}, (3.55)

_ [+ ,iBemz, —
qu(l’l’c,ﬁg) - [cc,me TR + Cem

6_iﬁc,m$1,c] gc,m(x2> m e {17 27 T ’MC}’ (356)

Upin (T1,, T2) = [ €m0 o e7Prm®ie] g (10) mo€ {1,2,..., M, }. (3.57)

r,m
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then, the scattering matrices S; and S, for two waveguide components satisfy the

following linear systems.

+ + -
C; Sl,ll Sl,l2 &) &)
S, = = , (3.58)
Cc. Sio1 Siae| |c. ct
ct Sr11 S| |ef c.
S, = = . (3.59)
c, Sro1 Sraa| |cf c/

since the two components are connected with some ports where the same propagation

modes are admitted, the two linear systems share the same propagation coefficients

+

ct. ¢ and ¢ correspond to the other coefficient vectors of the left component and

the right one, respectively. For example, if we have two components shown in Figure

+ +

3.5 and if both components allow only one mode respectively, then ¢;°, ¢, and ¢t

have 1, 1, and 2 entries respectively. If the two waveguide components allow two

modes respectively, then ¢, cF,

and ¢ have 2, 2, and 4 entries respectively. We
also assume the phase adjustment described in the previous section has been already
applied to S, to share the same origin as S;. The two linear systems of separated

components give us four vector equations.

(

+ - _ —
Siic + Siiec; = ¢,

+ - _
Sio1¢ + Si0c; =cf,

(3.60)
S,11cl + Sr12e, = ¢,
S,o¢f + 8,0c, =cf
\
Substituting ¢ of the second equation into the third one,
Sr,ll (51,21Cl+ + Ségcc_) + Sr,lgc; =c,. (3.61)
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Let T := I — S, 11522 and assume it is invertible. Then the above equation leads to

+ r o= _ g1 —
Sr,llsl,Qlcl +SIQC7‘ =T C.

_ _1 _
—C. = T (ST,HSIQIC;_ + S,«’lzcr ) .

Eliminating ¢, in the first equation using the equation above,

+ -1 + -1 - -
Siie] + 81T S, 118121 + 81,121 S, 120, = ¢ .

Substituting ¢} in the second equation into the fourth one,

+ _ + - -
c =82 (55,2101 + S).22C, ) + 5,20, .

Eliminating ¢; in the above equation,

+ ~1 + ~1 - -+
S,218121¢ + 82181221 8, 118121¢] + 57,2181,22T " Sy 12, + 8,20, = ¢/

(3.62)

(3.63)

(3.64)

(3.65)

. (3.66)

Since we obtained the equations (3.64) and (3.66) involving only ¢ and ¢, we can

construct the ‘total’ scattering matrix S; such that

Jr —_
St,ll St,12 (&) &)
- )
Sio1 Si2| |cf cf

where )

_ 1
Si11 =811+ 8112177 5,11821,
_ —1
Si12 = S112T 7812,

Sio1 = Sro1 (Si21 + Si22T1S,118121)

_ -1
Si20 = 8;018122T 75,12 + Sr20.
\

(3.67)

(3.68)

Merging two or more scattering matrices into one can be done by applying the

same step as above recursively.
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3.3.6 Some useful identities on scattering matrices
In this section, we show some identities that relate scattering matrices to the
propagation modes. These identities can be used to verify numerical experiments

presented in the later section.

Lemma 3.3.1. Suppose u(x, x3) satisfies Au+k*u = 0 in a simply connected domain
Q with piecewise smooth boundary 0S), where k is a real number. Then the following
equation holds.

Ju

Im [ u—dS =0. (3.69)
o on

(Proof.) Recalling Green’s first identity

/Q (Auv 4+ Vu - Vo) dV = /an %udé’, (3.70)

with v := u, we have

ou ou
R u? Nav — [ Pgas— [ u%as. 7
/Q( 4 [VuP)av = | Stmas = [ uitas (3.71)

Since the left-hand side is a real number, taking the imaginary part of the equation
leads to
Ju

Im u—dS =0, 3.72
o on (3.72)

which is the desired identity. U
This identity and similar inequalities appear in the existing literature. For

example, see the proof of lemma 3.11 in Kress and Colton [18] (the proof is given by
Rellich), and the proof of lemma 3.2.1 in Nédélec [65].

Theorem 3.3.1. Let B be the column vector with length M of the propagation modes
of a waveguide component, and S be the corresponding M times M scattering matrix.

Then, the following identity holds.

Dg = S*DgS (3.73)
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where Dg = diag(B).

More specifically, B; = Z,ivil |Sk.;1?Bk for all j € {1,2,...,M}.
The proof is in appendix B.1.

Corollary 3.3.1. In addition to the assumptions of the theorem above, if each channel

admits the same single mode, then the scattering matriz s unitary.

(Proof) Let the single mode be 5 > 0. Since Ds = 1,

S*D; = §*(BI) = (BI)S". (3.74)

Therefore, the equation is equivalent to

BI = 3S*S = I=S8"S. (3.75)

O
On the other hand, it turns out that even if a scattering matrix is unitary,
it does not necessarily implies that the set of allowed propagation modes for each

channel are identical. An example can be seen in appendix B.2.

3.4 Numerical Examples
We confirm the mathematical results discussed so far with numerical examples in this
section. The codes are implemented in MATLAB release 2020b. We carried out the
numerical experiments on a standard 64-bit laptop with 11th Gen Intel(R) Core(TM)
i7-1185G7 CPU, with 32 GB RAM. The OS on the laptop is Ubuntu 20.04.5 LTS.

3.4.1 Calculation of a single scattering matrix
Initially, we show numerical examples in three cases of computational domains shown
in Figure 3.7. The boundary of the top left figure has the same boundary as Figure

3.2; the structure is piecewise smooth and more or less straight in the direction of
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the propagation modes. The top right one has a uniform thickness but is bent in the

middle by %177 radian. The bottom one has a symmetric structure of a Y-coupler.

05k

°
o o -
T

-

-8 -6 -4 -2 0 2 4 6

Figure 3.7 Three computational domains for numerical examples of single
scattering matrix validations.

The parameters commonly set for the examples are as follows. The wavelength
A is 1.5 with the wavenumber in vacuum k, = 27/ ~ 4.18879. The refractive index
in the domains n is 1.2 with the wavenumber k£ = k,n ~ 5.02655. For the top
left waveguide, the thicknesses (dj,d,) of cross-sections on the left and right sides
are (1.87/k,1.37/k) = (1.125,0.8125) for a single mode, and (2.87/k,2.37/k) =
(1.75,1.4375) for two modes on each side, respectively. For the other two domains,
the thicknesses of all cross-sections denoted by h are set to 1.87/k = 1.125 for a single
mode, and 2.87/k = 1.4375 for two modes on each side, respectively.

Concerning the numerical method we apply to the computations of scattering
matrices, We discretize the boundary curves with standard panel-based Gauss-
Legendre nodes. Each panel has 16 nodes and we place two panels per wavelength on
the boundary curves. Then, imposing distinct smooth boundary data on the channels

of the waveguides, we compute the propagation coefficients applying the BIE method
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based on the formulations described in section 3.2.7 coupled with the RCIP method
and kernel-split quadratures on the discretized boundary. We repeatedly compute
the propagation coefficients an adequate number of times to construct the scattering
matrices with distinct smooth boundary data.

The convergence of the scattering matrices and identity (3.73) is measured in
terms of the relative error norms. The plots are shown in Figure 3.8. We observe
that the relative errors are convergent as the paths of propagation become longer in
each case. The length of path for each case seems to be long enough between 20 and

40 times wavelength from the results.

e

1072 1014 b

1014 L L L I 10°15 T L L i
10 20 40 80 5 10 20 40 80
. r

Figure 3.8 Numerical results of single components using three computational
domains in Figure 3.7. r for the horizontal axes in these figures indicates the
maximum distance between the channels and the center of the domain divided by
the wavelength \. e.g., if r equals 10, the distance between the center and the
outermost channel along the propagation is 10\.

Left: self-convergence tests. The vertical axis corresponds to the relative error
norms ||S(r) — S(r/2)||2/|S(r/2)]|2 for r € {10, 20, 40, 80}.

Right: validations of identity (3.73). The horizontal axis corresponds to the same
definition of r of the left figure. The vertical axis corresponds to the relative error
norms || S*(r)D[B]S(r) — D[A8]|l2/||ID[B]]|2 for r € {5, 10, 20,40, 80}.

3.4.2 Accuracy of the merging formula

As the next set of numerical examples, we confirm equation (3.68) and identity (3.73)
for merging two scattering matrices. Here, we choose two computational domains
shown in Figure 3.9. The domain on the left is constructed by connecting the erf-pipe

and the Y-coupler in Figure 3.7, and the right one is obtained by connecting two bent

pipes.
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Figure 3.9 Two computational domains by merging individual components.

The results are shown in Figure 3.10. We also see the convergent relative errors

as increasing the distance between two centers of components before they are merged.

e
10 L) ] -
10 -
2 10f Y2
g 1
& o 3 10°
[ \
g 10 HG s
E il 2
: i g
T 10 T a
< (R =
g & 4g-10
10-10 1 \.\", |
1 3 kS
oo =) !
g \: = \
S i | a2 L )
e [ 10 Al g1
W S
et :
ok 10 bbbt
10—\5 L L L L L 3 10—|5 L

5 10 20 40 80 5 10 20 40 80
d d

Figure 3.10 Numerical results of merged components using two computational
domains in Figure 3.7. d for the horizontal axis in these figures indicates the
distance divided by the wavelength \ between two centers of components along the
path of the propagation before they are merged. Left: self-convergence tests. The
vertical axis corresponds to relative error norms of two scattering matrices for each
d. One is computed with the merged computational domain in Figure 3.9, and the
other is the scattering matrix constructed via equation (3.68) and the scattering
matrices computed individually before they merged.

Right: validations of identity (3.73) the same way as Figure 3.8, with merged
computational domain in Figure 3.9.

Finally, we examine our method for modularization merging more components.
We show an example with merging four components: two bent-pipes and two Y-
couplers, as shown in the Figure 3.11. We use parameter d defined as the length
of the propagation path between the left and right junctions. The cross-sections on
the left and right sides are places at fixed x7 = 14\ where A\ = 1.25 is the given
wavelength. The relative error norms ||S(d) — S(d — 2)||/||S(d — 2)|| are measured

and summarized on the Table 3.1. We observe that the relative errors attain some
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lower bound around 1072 once d is greater than equal to 20 in our experiments. The
relative error norms compared with upper bound estimation (3.9) are shown in Figure
3.12. The convergence rate agrees with the upper bound estimation until it attain

some lower bound around 10712,

10

X2
[ 2 ]
[ 2 ]

|

10 ! ! ! ! ! ! ! ! !
-25 -20 -15 -10 -5 0 5 10 15 20 25

L1

Figure 3.11 Merged computational domain obtained from four objects (two
Y-couplers and two bent-pipes). Two bent-pipes are placed in the middle and
connected between two Y-couplers on the left and right. Black dots indicate the
corners of the merged objects, and blue line segments are the cross-sections where
the evaluations are carried out to compute the merged scattering matrix.
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Table 3.1 Relative Error Norms ||S(d) — S(d — 2)||/||S(d — 2)]|

d/x ||S(d) - S(d—2)||/]|S(d-2)|

4 2.54925e-02

6 1.90989¢e-03

8 4.55863e-05
10 2.63197e-06
12 2.11041e-07
14 5.04391e-09
16 2.86362¢-10
18 2.23167e-11
20 3.75420e-12
22 1.64128e-12
24 3.40560e-12
26 3.05768e-12
28 1.62932e-12

Parameter d (the leftmost number in each row) is the distance of the propagation path
between junction from the left to right. The distance between each cross-section and its
closest junction is set to 14 times wavelength A = 1.25.
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—e— log(relative error norm)
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Figure 3.12 Plots of log,, [||S(d) — S(d — 2)||/||S(d — 2)||] compared with upper
bound estimation (3.9)
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CHAPTER 4

CONCLUSIONS

In this dissertation, we have presented the development of numerical methods based
on BIE methods for two types of boundary value problems of partial differential
equations that arise from mathematical physics. In the first half of this dissertation,
we have developed an accurate and fast numerical method based on the BIE
methods for the interior mixed boundary value problems for Stokes equations and
for applications to SH flow. We have chosen a layer potential representation for
the solution to a given problem in terms of boundary integral equations. Then, we
have incorporated a set of state-of-the-art numerical methods into our method: the
RCIP method, the scaling technique, the kernel-split quadratures, and the Stokes
FMM. Our method can achieve high accuracy since it can handle singular behavior
in the neighborhood of corners and boundary transition points, and the algorithm is
efficient in terms of both time and space complexities. As the future work, solving
the linear system can be accelerated with preconditioning the BIEs utilizing the
Calderon identities, as we observe that the convergence of GMRES iterations become
slower when we impose the composite boundary conditions for the SH flow. Also,
the extensions of our method to problems with surfactant and the three-dimensional
problems can be desired.

In the second half of this dissertation, we have proposed a numerical method to
construct scattering matrices for the large-scale simulation for integrated photonics
development. We have chosen a divide-and-conquer approach taking advantage of two
key facts. One is that integrated photonic devices locally consist of function modules
with straight waveguides as input/output channels. The other is that each straight

waveguide supports only a small number of propagating modes. Utilizing these key
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facts, we have developed a numerical method to construct scattering matrices for pre-
computable and reusable modularizations, instead of computing in the whole domain
every time. We also have incorporated a state-of-art boundary integral equation
(BIE) method, the RCIP method [36], and the high-order kernel-split quadratures
[37, 38, 41] together to obtain high resolutions. We have observed our method works
well for the two-dimensional cases with Dirichlet boundary conditions. The future
work includes the extension of our method to the dielectric cases, i.e., more difficult
cases with transmission boundary conditions in the two-dimensional space, and then

to the three-dimensional cases ultimately.
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APPENDIX A

SUPPLEMENTS TO SUPERHYDROPHOBIC FLOW

A.1 Derivations of Stokes Layer Potentials in R?
Following equation (2.1.8) in Pozrikidis [69], the Green’s function associated with

Stokes equations is given by

1
+ —T'Z'Tj, (Al)

Gij (337 'y) = _5ij 111(’)“) 2

where r :==x —y, r:=|r|, and r; ;== (x —y), (1,7 € {1,2}). Weuwser, =z —y
instead of £ = y — x to obtain the same layer-potential representations as Wu et
al. [80] so that the coefficients of the identity operators of the boundary integral
equations are commonly 1/2.)

The pressure vector p is given as

2
b =D —Ti (A2)
Let
aG
(Gl y) = ~bupyfe. ) ( ) S
lj G kj
U[G]Z]k(yaw) = zkp] Yy, x)+p ay (y,$) (A4)
aG
- ’Lkpj T y ay]:j (way>> (A5)

Then the stress tensor o = T = Tj;;(x, y) is defined as

! - 0G;; el
Ejk(w7y) — _U[MGU (a:,y)] - 6zkp] (ZB, y) - a.ﬁlﬁk (J}, y) - 81’2 (113, ) (A6)
(i,7,k € {1,2}). It turns out that
1
Ejk(wa y) = T_4ri7ﬂjrk7 (A7)
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which can be proven as follows. Noting the equations below,

0 1 0r 1
- - : A.
0x; Inr rox; r?2 " (A8)
0 10r 1

Inr=- = i A9
ayz nr Tayz’ TQT ( )
aaxi [ = =T Ry, (A.10)
0 [r"] = nr"" 2 (A.11)

8yl (2] *

aGij -2 —4 -2 -2 A
. = 0457 T — 27 Ty 0 0y 0, (A.12)
agrkj = 5@'7“727"1' — 27“747’1'7}'7"]6 + 7'725]61'7’]' + rfzrkdji. (A13)

0G;;  0Gy;
Tz :51' Y At Al4
= 25¢k7”_27“j + 47’_473'7“]»7% — 25ik7’_2rj (A.15)
= dr'rirry. O (A.16)
The surface force (traction) f at y € I' is defined as
f=o(x,y)n(y) = Tijr(®, y)nyk (A.17)
where n, = n(y) is a unit normal vector at y pointing outwards.
The single-layer potential is defined as
1

Slel(@) = - [ Gulw.w)pswns(w)as, (A1)
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S’ which appears for Neumann boundary condition is defined as

, 1
S; = I FU[G]z‘jk(way)nz,kdeSy (A.19)
1 1
= In g U[;Gij]k(my y)”x,kﬂjdsy (A.20)
1 1
= i g _U[;Gij]k(wa y)pjnx,kdsy (A.21)
1
= i / Tijr (2, Y) e rdSy. (A.22)
T Jr

As for the double-layer potential D|p|(x), noting

1 10G; 1 0G4,
o|=Gli(y, ) = —0;kpi(y, ) + (— Py, )+ ——2 ,a:> A.23
[u ljie(y, @) ikDi(Y, T) + p Mayk(y ) "y, (y,x) (A.23)
0G OGy;
= —0.,.(—p; I —_— A.24
wnlz) + (G2 + @) a2
= 2r 261, (A.25)
— 5j,-(—7“_27“k) + 27’_47“ij7’1- — T_Q(Sjkri — r_zrjdik (A.26)
— (5;“-(—7"_27“]-) + 27"_4rj7“k7"l- - T_Q(Skjri — r_zrkdij (A.27)
= 47"47"1-7"]-7“;C (A.28)
= ijk(wvy)> (A29)
Dlp|(x) is defined as
1
Dip|(x) := I FU[G]jik(y,w)pjny,dey (A.30)
1 1
= E FJ[EG]jik(y,w)pjn%dey (A?)l)
1
= Z/Ejk(w,y)pjn%dey. (A32)
™ Jr

This matches equation (4) in Wu et al. [80]. Also, by definition, a[iG]jik(y,a:) =
Tjik(y,x) = T;jx(x,y) holds and the above definition of D matches equation (4.3.1)

in Pozrikidis [69].
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The single-layer potential of pressure P° is defined as

1 1 2 1 1
S o _ _
Polol(e) == o= [ mlewinids, = 1= [ Sritends, - o [ S0 p)as,
(A.33)
and the double-layer potential of pressure PP is defined as
1
PPlpl@)i= 1= [ Tl w)osm,ads, (A.34)
where
Ip Ipy,
I1; = 4 == A.35
) = - (G ) (A.35)
0 0
= ——[2r 2, — —[2r72 A.
al'k[ r ]TJ ax][ r ]Tk ( 36)
= —2(=2r"Yrery + 7 205) + —2(=2r " ryry 4 1 20k) (A.37)
= 4(—7"25]-/1C + 27"’4737%). (A.38)
. Polp)(x) = % /F4(7“_25jk — 2~y yry) pymy kdS, (A.39)
= ﬁ /F(r_zéjk — 2r Y riry) iy kdS,,. (A.40)
Here we derive D’. The kernel of D’ is defined as
) aT;; a1y,
KD = ( alek <w7 y) + a;]k (.’B, y)) Ny kMol — ijnyvknxri(w’ y) (A41)
with four indices i, j,k, and [ (4,7, k,1 € {1,2}).
OT ik 0 . _
T, (@ Y) = gl (A.42)
= 4[—47“’6777“2-777";€ + r’4(5ilrjrk + r’4ri(5jlrk + 7"’47373(5“], (A.43)
i, _
83:]1- (x,y) = e [4r =7y (A.44)
= 4[—47“’67“2-77737";C + r’451irjrk + r’4rl5jirk + r’4rlrj5ki]. (A.45)

98



1 [ 9T, 0Ty

(z,y) | ny kN

= —87”67"2-7"]-(rkny,k)(rmx,l) + 2r’4((5ilnx,l)rj (renyx)
+ r*4ri(5jlnz7l)(rkny,k) + r*4rirj§klnx,my7k
+ 1*45@ (rinyx) (rmeg) + 7 (Srimy ) (rime)

= -8 0 (r-ny)(r ng) [ror+2rt(r-ny)(n.r]
+r7 (P ) r@n] + 17 (ng - my) r @]

+r7 (P ng) (rony) I +177 4 (r-ng)[n, @71].

As for the pressure term II;;n, 11, ;,

1
—2 —4
—ILjgny ki = — (17205 — 20 17Ny kN 4

4

- —riQ(na;,iny,j) + 27”74(7"16”11,16)(”95»"77)

=12y @n,)+2r " (r-ny) [n, @7].

1 1 (0T Ty
. —KD — 4_1 ( alek 8aljjk (CU, y)) ny’knx,l — ijn%knw,i(a:, y)
0

4
= —8r % (r-ny) (r ng) [rer] +W

+r7(rny) [rong] + 17 (ng - ny) [r o]

(z,y) +

+rt (e emg) (rony) I+ (1 ny) [0, @ 7]

0

@ ]~ 2 (g B 1]

=8 (r-my) (r-ng)[rer+rt(r ny)ren,
+r7 (g ny) r@r]+ 7t (rong) (rony)

+r7(rng) [n, @]+ 1% [n, @n,).
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(A.46)

(A.47)
(A.48)
(A.49)
(A.50)
(A51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)
(A.58)

(A.59)

(A.60)
(A.61)
(A.62)

(A.63)



D' is defined as

— ﬁ /F KP p;dS, = / ~Kp; (A.64)

- /F (=8r7° (1 my) (rma) [r @ r] +07" (- ny) [r @ n]) p;dS,

(A.65)
+ % /F (T_4 (Mg - my) [r @ 7] + r4 (r-ng) (r-ny) I) p;dS, (A.66)
+ % /F (r*(r-mg) [ny @r] +r% [n, ®ny)) p;dS, (A.67)

the same as equation (54) in Wu et al. [80].

A.2 Derivations of Stokes Layer Potentials in C
A.2.1 Some partial derivatives in complex variables
In general, for an analytic complex variable function f(z,%Z) = f(z,y) where z € C

and z,y € R, the partial derivative of f with respect to real x

o | Re{%)+m{%}.

o (A.68)
g (Re{f} +ilm {f}) = ZRe{f} +igIm{f}

holds by definition.
Re {5} = a‘% [Re {f}],
Im {gf} 5 Im {f}].

(A.69)

These hold similarly for the partial derivative with respect to y.

Let z := (y; — 1) +i(ya — ) € C corresponding to —r = y —x € R% Also let
Vo = (v1,15)7 € R? and ¢ = vy +ivy € C.

Now we consider the partial derivatives of 8%1[7“*2 (r - v)] with respect to the

variables of @ = (x1,22)". Since ¢ depends only on z (independent of Z), the first
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order derivative with respect to xy is
Gl o) = o —Re{<}] (A.70)
{a% (g)} (A.71)
0 rc\ 0z
— —Re {g () 8_:131} (A.72)
{—ﬁ(—n} (A.73)
{

(A.74)

The first equality is because of the identity we have already seen, the second equality
is because of the just above discussion, and the third equality is because of the chain

rule. We can compute other partial derivatives similarly using

0z 0z . 0z 0z

0xy " Oz, b Oy " ys b (A.T5)
0z 0z 0z 0z

—_— - 1 —_—— ), —— = 1 _— = -, A.
Oxy " Oxs b oy " Oy ' (A.76)

For example, the partial derivatives with respect to the variables of & = (21, z2)” up

to the second order can be written as

a0 g [re 2] = nef 5} 1)
a%[w? (r-v)] = a% —Re{g}: _ —Re{iZ—CQ} zlm{z—i}, (A.78)
Sl ) = o [Re{ S]] = —2re {5}, (A79)
Sl v = o [Re{ )] <2 {15} —ore {5} (A.50)
g o= g e (] =i = {5 s
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A.2.2 Laplace layer potentials
We recall the layer potentials S and D for the Laplace equation. They can be written

in C as

S[F(z) = /F log %T(zy)|dzy|, (A.82)

Dlr](z,) = /F a%y <log %) (z)ldzy| = /F T ()l (A.83)

By the definitions of I, I¢, and the identity

r ngy ~ —Re [%} , (A.84)
S[tl(zz) = —I1[7](22), (A.85)
D[7|(2,) = Re [ilo[7]] . (A.86)

A.2.3 Stokes layer potentials
Stokes layer potentials are written as compositions of the singular integrals and
Laplace layer potentials in C. Now we convert the single and double layer potentials

S and D for Stokes flow equations into complex forms.

A.2.4 Stokes single-layer potential S

As to Stokes single layer potential S, we rewrite S as the following form

S[rl(z0) = Slel(e) = | Gyl winy(w)ds,
:/r [—5@‘ 10g(7“)+%27“z‘7“j} pi(y)ds,
= slpli@)+ [ 5 ps,

= Slel(@) + [ (r-p) V. llog(r)] ds,

r

= Slo] = [ RefzrIV, fog(0)] I | (A.87)
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We used another identity below to obtain the fourth line

[r @ 7]

p=(r-p)= =(r-p)V.log(r) (A.88)

Noting z = (y1 — x1) + i(y2 — 22) and 7 = p; + ipo,
/F Re[z7]V, [log(r)] |d2,| (A.89)
= /F [(y1 — 21)p1 + (y2 — 2) p2] Ve [log(r)] [dzy|
— [@ o)V o) k| =1 [ 9 Bog(r)]dz] =2 [ puV fog(0)]
= -V, /F (y-p) log%|dzy] + xlvx/rpl log%]dzy\ + xgvx/rpg log %\dzy|

= —V.S[(y - p)] + 21VuSp1] + 22V Sps). (A.90)

5[] = Slpl = [ Relzr]¥. log(r) Idz

= S[pl + VoS[(y - p)] — 21VaS[p] — 22V S[pal. (A.91)

This matches the derivation in Wu et al. [80].

To compute this more explicitly, we need the gradient of logr in complex

variable.
a% log(r) = %Re{log(zy %)}
= Re {a—zllog(zy ZI)} = Re{zy_lzx} = —Re {%} , (A.92)
a% log(r) = %Re{log(zy %)}
= Re {72 log(z, zz)} — Re { - __Z%} = Im {%} (A.93)
S Vologr) = | € GH (A.94)
Tm {3}
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for p € R.

S[r] = Slo] - / Re[zr]V, [log(r)] |dz,|

= S[p| + V.S[(y - p)] — 21V S[p1] — 22V, S]pa). (A.95)

1
S VL Spl = Vz/plog—|dzy|
r r

1
——/pvxlog—!dzy\
T T

:_/p “Relih) L
clmpy )
_ Re{ffg/—z})

_ Re {Icl£1} ) . (A.96)
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=~ S[r] = Slpl + VaS[(y - p)] — 21VaS[p1] — 22VaS]po] (A.97)

I1[p2] —Im {[C[(?,;f)]}
e {lelz} ) [ R {rel221} o)
1w {c[22]} —tm { 10(22]}

N

__ (o) [ RefeB o om e} )
Lilpa] | \ =1 { ol (g = 21)pr + (32 = 22)p2)

_ IL[pl] n Re {IC[E ]} o Y1 — 1 P1 (A.lOl)
IL[,OQ] I —Im{fc[i']} Yo — X2 P2

_ I[p] n Im {Ic[v, -]} 9 Re {z} P1 _ (A.102)
Ll | | \Redlclwy -]} Im {z} P2

A.2.5 Stokes double-layer potential D

Next, we convert Stokes double layer potential D. Here we use another identity

V. [(r'ny)] =% 9oy, —. (A.103)

r2 r4
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DM@J~M¢@—/EM%mem@%y

Ao )
Re {%
vy1/Vy 1/z] [ Re{r}
. /F (Vw/yy) ; (z/z) (Im {ﬁ) dzy]
Im {5} —Re{z} —Re{7}
T2 ﬁ(m{} (4va —MWﬂ)My

:—llm Ic[;’—;] +l Re {Iy[]|} . —Re{z} —Re {7} |
20 e e | 2 \mizety) \-me}) \ i)

N—

(A.104)
A26 9
1
Slel = = [ S @rnlrona) pyds,
1
— —/ﬁrirjrknm’kpyvjdsy
r
1
- _/ <T4TJp?JJT) (Tknx,k) dsy‘ (A105)
r

We substitute the following identity into the first term of the integrand
(r-p)] _p 2
vz |: r2 - T_2 - T‘_ (’l” p)

o P _%[ﬁ—vx [MH (A.106)

T4 2 r2
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st = [ 559 [Z2) | ¢ nas,

[ 2] e

(r 1) | [w.p Ly
= - ds, +5(@ o) [ V. Pas,
/F e’ Syr1)+ 2 (& na) FV 2 2 r<y

(1)

(r-p)
ng) Vg rds,

(IIT)

-3 Jr (rme) pds, : Using the following identity

T

v ()

72 z

where v, = ng1 + 10y and Ny = (N1, Ny 2),

0= [ -re{%} pliz
= re{ [ Luapliz}

—~

(IT) [V, "8 ds, : Here using the identity below

v [0 <o [re{ )] = (-re {5} m{5))
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where 7 = p; + ips,

an (R
tm {5}

[rets ;—2|dzy})

Im{f ;_2|dzy|}

R {I [—i7(p1 + z‘pz)]})

Im {1y [—i7,(p1 + ip2)]}

—Im {1y [7yp1]} — Re {In [7,pa]}
—Re {1y [7yp]} + Im {1y [7,p0] }

_ ——Im {Iy 7]}, —Re{lu [y ]}| [ m ‘
| —Reilu 7]}, Im{lu [Py ]}

(A.111)

P2

(D) [. (y - 1) V., T2 ds, -

(1IT) = /(anx,l + yong 2)Vy {(7“74_2;@} dsy
= 'I’Lx,l/ylvx [(7‘7;213)] dsy +nm,2/y2v$ M} ds,

L /’n2

—Re{ % —Re %
:nx,l/yl {Z } |dzy|—|—n$72/y2 {Z } |dz,|. (A.112)
Im { %} Im {5}
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1 - ,
= —Re {/ ;yl(—wy)(m + lpz)dzy}
N 1
= Re {z/ ;yluypldzy} — Re{ ;yluypgdzy}
1 L
= —Im{ ;ylz/ypldzy} — Re{ ;yll/ypgdzy}

_ —Im {1y [y17,]} [~ | (A113)

“Re{lu iy l}) \po
Other terms involving Im {z%} and 1, in the integrals give similar forms. As a result,

(117) — i”m —Im {1y [y;7 ]}, —Re{lu[y7]}| [ ;1 (A114)

j=1 —Re{ln [y ]}, Im{lu[y;7,]} P2

Noting z = (y; — x1) + i(y2 — z2), we summarize S’ as

|}« Gom ~tm (I 7]}, —Re {In (7]}

1 v
S'p] = =Im< I | =
o] { [ P 2| “Re{lp[7 1}, Im{lx 7]}

2 Vy
1< —Im{Iy [y;7]}, —Re{ln [y;7y-]}
22 T Re {In [y ]y, T (I [y}

_ %Im {Ic v}

L) Realenm D

here we can compute (r - ng) as —Re {277, }.

A27 D
Let n(x) = ngy = (g1, Ma2), N(Y) = Ny = (Ny1,My2), Vy = Ng1 + iNg2, and

Vy :=ny1 +inyo. v The kernel KZ-?' of Df., [p](x) = frl Ki’?'(w, Y)p(y)jds, (x €Ty)
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is given by

[V (ka”yk) + {V ( wk”yk)}T — (2, y)ny, | n
_ { 0 0

axlj—‘zjk + a Ejk‘ nykna:l Hik(mvy)nacjnyk (’i,j,k‘,l € {17 2}) <A116)

where Tijrn,, is the kernel of the double layer potential, and Ilyn,, is defined as
1 (=550 + 5 &:2k) ny, (2.6.21) in Pozrikidis [69].

™

The first term of (A.116) is computed as

0 1 ...
\ (Tijknyk) n(z) = o, ( 1L xknyk) Nz

1 1 ...
= {W (0uZ; T + Ti05Z) + Ti20k1) — 4ﬁa¢ixjxkxl Ny Ml

= (it (7 ) + g () + i ()
Ay (r ) (o my)

= (e @)+ on) (romy) + @ 1] (g )

- 4% r @] (r-ng) (r-ny). (A.117)

Similarly, noting the transpose is about indices ¢+ and [, the second term is

0 1
{V (Tijknyk) }Tn(w) = o < a:lx]xknyk) N

mréd

1 . o . 1T
= {m <5li£Cj£Ck + xléjixk + xl:cjdki) — 4ﬁxlxjkai} My Nl
1 7 A~
= — (i (1 my) + 05 (1 1) (7 my) + i (7))
1
— ATt (r mng) (r-ny)

#{[nﬂc(@ﬂ(r'ny)"’[r®n:c](’f"’ny)I—|-[ny®7“](’r-nw)}

—4d—[rer](r-ng) (r-n,). (A.118)
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The third term I (2, y)ng,ny, is

|-

1 2 ..
(2, y)nany, =5- -2 <_5ikr_2 + zjixk> N Ty,

1 2, .
_T—gnyinzj + F(Iknyk)xmzj

Nl 2=

1 2
(—T—Q[ny@)nx]—#ﬁ(r.ny) [r®n$]) . (A.119)
Therefore, we have the kernel of D’ below

[V (Tijk”yk) + {V (Tijknyk) }T — L (z, y)ny,, | n(z)
1

= 3 (ny ® ng)

—i—#{(ny@T)(T-n;c)"—(r@T)(nw'ny>+(T'nw)(r'ny)l_'_(r'nyﬂr@nm)}

8

) (remy) (r @), (4.120)

This result matches equation (54) in Wu et al. [80]
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We want to apply the special quadrature technique for close evaluations. For this
purpose, we need to change the expression (A.120) into a form of complex variables.

Converting D’ into another form in C.

At first, the following equation holds for Vo € R2.

V. [r’Q (r - ’v)} =r2v-2rt(r-v)re r4 (r-v)r= 1 {r’2fv —Va [7”2 (r- v)] }

2
(A.121)

So, the kernel of the double layer potential can be written as

KPp =r~"rijripmye =17 (r-my) (r-p)r=(r-p)r="(r-ny)r

() [y = [ ey

1, _ _
=5 {7 rpny—((—y) - p) Vo [ (r-my)] }
1. _ _ _
=5 {r7rpny —(z-p) Ve [ (r-my)| + (¥ p) Va [ (r - my)]}
(A.122)
where © = (x1,22)" and y = (y1,y2)" are the target point and a source point
respectively, 7 = & —y, p = (p1,p2)" the density vector, n, = (n,,n,)" the

unit normal vector at y. Also let n, = (n,1, nxQ)T be the unit normal vector at x.

We use this to compute the first two terms of

/

K" p = {V, [KPp] + (V. [K”p])" ~ (I p) } n,. (A.123)
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Also, we write the last term as

P .-p=(r’ny,—2r"(r-nyr) p

Hence, we write (A.123) as

Va [K7p] + (Vo [KPp]) — (117 p)
:%{[Vsc [ (- p)] @ my] + [0y @ Vo [r
1
31
1
-3 {
+(Va [r72 (r-ny)] - p)
V(AT

+
<
8
=)
s
e
S
<
=~
2
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We compute each term separately or similar terms together using the complex variable
expressions in the following sections.

The first term of (A.127)

Let 7 := p; + ips € C correspond to the density vector of the boundary integral

equations p = (p1, p2)T € R?. Noting [a; ® as] az = (az - a3) as,

—Re {7272 —Re {7272

[[VaJ [7"_2 (r- p)} ® ny” Ng = { J RNy | Ny = (Mg - 1) { )
Im {7272} Im {7272}

(A.128)

114



/p [V [ (r- p)] ®ny] ndS,
— Jp (ng - ny)Re{rz72}dS,
Jp (ng - my) Im {7272} dS,
—Re {fr (ng - y) TZ_QdSy}
Im { [, (ng - ny) 7272dS, }

(. The integrand except 722 is real.)

—Re< [rRe{n,7,} 7272=2dz .
{fF Y 'y y} ('.' dSy = |d2y| = —ZdZZM (nm . ny) — Re {Va}]/_y} )

Im {fr Re {n,7,} 72_2;—Zdzy} Vy
Re {i [ Re{v, v} 727 20,dz, }
(v =1)

—Im {i [ Re {v,7} 72 2,dz, }

—Im {fF Re {ny_y} TZ_2V_ydzy} (. Re{ic} = —Im{c}, Im {ic} = Re{c} for Vc € C.)

—Re { [ Re {v,7,} 72 *7dz, }

—Im {fr Re {v,7y} (p1 + ipg)Z”V_ydzy}
—Re { [ Re {ru7} (p1 + ip2) 2 ?Tydz, }

—Im { [ Re {v,7} p12*7ydz, } — Im {i [ Re {v,1} paz~?vydz, }
—Re { [ Re{v, 7} p12727,dz, } — Re {i [ Re {va} poz?vdz, }

—Im { [ Re {v,7} p12727,dz, } — Re { [ Re {v,7} p22*0ydz, }
—Re { [ Re{v, 7} p12720,dz, } + Im { [ Re {v,7} p227?0ydz, }

~Im (I [Re {17} 7pi]} — Re {Iy [Re {v,7} Typal)

, (A.129)
—Re{ly [Re {v,vy} vypi]} + Im {1 [Re {va7,} vypa]}
here and after this section we use the notations of following these.
In(f)(e) = [ Sz, (A.130)
Is[f] (z) = A %dzy (A.131)
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The second term of (A.127)

Since =% (r - p) = —Re {Z},

E. (72 (r-p)] = —Re{(-1)z%(-1)7} = —Re {12} ; (A.132)

5o o) = e {(-0= (i) = Re{ig ) = {5} (a1

Also, noting [a; ® az]az = (az - az) a; for a;,as, as € R?

{lny @ Ve [ (r-p)]]} e = {(Va [r72 (r - p)] - ma)  my

—Re {r27%} [ .
Im {7272} N2 ’

= (-Re {727} nyr + Im {7272} nyo) my

= —Re {Tz’an} Ty
= —Re{(p1 +ip2)z v} My

(ARe =) + e iz ) my
Re {2 %v,}
= — PNy
\ Re {iz"%v,}
_ ) Rt U [ (A.134)
Im{z"v,} y2
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/F [ny @ Vg [r72(r - p)]] nedS, = / “Re{"nt ) p S nyds,

r Im {z7%v, }

ds,

/ —nuRe{z7%v,} p1r + npIlm {z7%v,} pa
r

—nypRe{z7%v,} p1 + nylm {z7%v, } po

—Re { fp g1z 2veprdSy } + I { [l g1z~ ?v2p2dS, |
—Re { [y ny22 vaprdSy } + Im { [ ny22"v0padS, }

Re {i [ ny2"v,0yprdz, } — Im {i [ ng 2720, 0,padz, }

Re {Z Jr ny?zd’/x’/_ypldzy} —Im {Z Jr ”y2Z72VxV_yP2dZy}

—Im {fr nylz_2yﬁvy_ypldzy} — Re {fr nylZ_QVa:V_ydey}

—Im {fl“ nyQZiQVfﬁy_ypldzy} — Re {fr ny2272VzV_yP2dZy}

—Im {1y [n1v.7yp1]} — Re {1y [n,1v.7,ps]}

—Im {7 [nyovavypr]} — Re {1u [nyovaypa] }

(A.135)
ST p) @)+ [y @ Vo [ )] ma} aS,
1 (~Im {Z [Re {n,7} Zpn]} — Re {Ir [Re {n,7%} 7501}
2\ ~Re {Iy [Re {n,7%} i)} + Im {1y [Re {n, 7} 7yp0]}
N 1 —Im {Ig [nyinvyp1]} — Re {1 [ny1n.vypal } (A.136)

—Im {7y [nyon.vyp]} — Re{Iu [nyan.vypo]}
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The third and forth terms of (A.127) Here we compute

- [vam [r2(r-ny)] + (VaVa [r2 (r-ny)] )T} (r-p) 1. (A.137)

Since

VoV [r2(r-ny)| =2 ~Re{nz) I fn 2 , (A.138)
Im{r,27*} Re{ry,z7%}

—Re{r,z73} Im{y,z7}

Im{v,27*} Re{y,z7%} .
(A.139)

Also using (r - p) ng, = [Ny ® r] p, we have

— [Vme [7‘_2 (r- ny)} + (Vme [7“_2 (r- ny)] )T] (r-p)nyg

—Re{r,z73} Im{y,z73
ey me |
Im{v,z27%} Re{y,z7%}

. —Re{v,z73} Im{y,z72}| [nart naars
== p
Im{v,z73}  Re{yyz3}| |nwar1 ngar

A —Re{vyz 3} ngrs + Im{v, 273 ngary —Re{vyz2 72} ngara + Im {v, 273} ngors
== P
Im{v, 23} ngrs + Re{vyz 3} ngorr Im {vy273} ngara + Re {1,273} nyars

—Re{vyz 3} nar —Re{v,z7?}ngars A Im{vyz 73} ngory Im{v,z73} ngors
p

Im{v,z*}ngrr Im{yyz72} g Re{v, 273} ngar1 Re{v,z273} ngars

—Re{v, 2z} naripr — Re {v, 273} npirapo

Im {vyz27*} ngaripr + Im {vy 272} nyaraps

Im {v, 273} ngorypr + Im {v, 273} ngor
_ o [ e e+ Im {27 naarapy (A.140)
Re {vy273} ngaripr + Re {vy 273} naaraps
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The integral of each element along the boundary can be written like below.
/Re {I/yz’g} nyirip1dS, = Re {/ uyzgnxlrlpldSy}
r r

—1
= Re {/ I/yz3nx17’1p1—dzy}
r Vy

= —Re {z’/zB’nmfrlpldzy} (A.141)
r

/F - [VwVw [r2 (r-vy)] + (Vo Vo [r 2 (7 I/y)DT] (r - p)ngdS,

. Re {’L fr nzlrlplz_?’dzy} + Re {2 fF nzlmpgz_?’dzy}
—Im {i [ npirip1z73dz, } — Im {i [, ngiropez—3dz, }
. —Im {i [ ngarip1z3dz, b — Im {i [[ naoropaz3dz, }
—Re{i [ naorip1z73dz,} — Re {i [ naaropaz=3dz, }
. —Im { [ narprz3dzy } — Im { [ ngaropez—3dz, }
—Re {fr n$1r1p12*3dzy} — Re {fr nxlrgpnggdzy}
i —Re { [ naoripz3dz, } — Re { [[ nuarapez3dz, }

Im {fr nacgrlplz*“?’dzy} + Im {fr nxgrgpgz*?’dzy}

Im {Is [narip1]} + Im {Is [nz1r2p02]} "y Re {Is [ngorip1]} + Re {Is [ngoraps]

Re{Is[nzrip1]} + Re{ls [ngrapa]} —Im {Ig [ngorip1]} — Im {Ig [ngorap2] }
(A.142)
=3 /F VoV [ v)] + (VaVa [ (1)) '] - p) mads,

Im {Is [narip1]} + Im {Is [n17r2p02]} s Re {Is [nzorip1]} + Re {Is [ngoraps] }
Re{Is[naripi]} + Re{ls [ngrap2]} —Im {Ig [ngorip1]} — Im{Lg [ngorapo]}

(A.143)
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The fifth and sixth terms of (A.127) Noting

PRV, [r?(r-ny)]n. = (V. [r2(r-ny)] -va)p, (A.144)

(Vo [r?(r-ny)] @ pl ne = [V [r2(r-ny)] @ ng] p. (A.145)

=A@V [r(r-ny)]] + [Va [r? (r-ny)| ® p]} na
= — {(Vz [7'_2 (r- ny)] . nw) + [Vm [7"_2 (r- ny)] ® nw} } p

—Re {y,z72 —Re{y,z72
=— = ‘Mg + b R Mg p P. (A.146)
Im {v,27?} Im {v, 2%}

The integral of the first term on the boundary is

—R —2
L T o boas, = [ (e ) s - () ) o,
r I

Im {v,z7%}

= /Re {I/yZ_Q} Ng1p dSy — / Im {Vyz_2} Ngap dSy
r r

= Re {/ Vyz_anlp dSy} —Im {/ l/yz_2n12p dSy}

r r
= Re {/ Vyz_anlp_—Zdzy} —Im {/ VyZ_QanP__ZdZy}

r Vy r Vy
= —Re {z’/z_anlpdzy} + Im {i/z‘2nx2pdzy}

r r
= +Im {/ 2 ngp dzy} + Re {/ 2 ngep dzy}
r r

= Im {1y [n21p]} + Re {I [na2p]}

Im {7y [nz1p1]} + Re {1x [na2p1]}

Im {IH [nmpg]} + Re {IH [nx2p2}}

(A.147)
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The second term of (A.146) is

—Re {v, 272 Re {v,2 %} n, Re{v,27 2} n,
Im {v,z"?} —Im{v,z?}ny, —Im{r,z27%} nyo

Re{v,27 2} ngipr + Re {vy272} ngaps

—Im{vyz"2} ngipr — Im {272} nyapo

(A.149)

Hence, we write the integral of the second term of (A.146) as

—Re{v,z 72
/_ {ry27"} o\ pas,
r Im {v, 2%}

JrRe{vyz 2} nppidSy + [ Re {vy27?} ngopeds,
— JoIm{vyz 2} ng1prdS, — [ Im {vy 272} ngopadsS,
Re {fr l/yZ_2TL$1p1dSy} + Re {fr VyZ_anngdSy}
—Im { [ vyz 2,1 p1dS, } — Im { [1 vy 272 ngapadSy }

Re {fr Vy2 2Nz ;—Zdzy} + Re {fr Vyz’angpg;fjdzy}
—Im {fr Vyz_2nx1p1;—:dzy} —Im {fr Vyz_angpQ;—;dzy}
—Re {i [ 2 2napmdz, } — Re {i [ 27 n,0p2dz, }

Im {z fr zfznxlpldzy} + Im {z fr zfznxgpgdzy}

Im { [1. 2 2nppidzy b+ Im { [[ 272 ngepadz, }
Re {fr Z*anlpldzy} + Re {fr Z*angpgdzy}

(1o (T [aapa} + I {2y [a2p2]} (A.150)

Re {1y [nz1p1]} + Re {1x [na2p2]}
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The last term of (A.127) We write the last term of (A.127) as

(Vm [r_2 (r- ny)} . p) Ng = [nm RV, [r‘2 (r- ny)]] p
—Re{y,z7?}

= |Ng®

Im {v, 2%}

—ngRe{r,27?} nalm{v,z272}| [ m

—ngRe{r,27?} nglm{v,z72}| \ p2

—ng Re{v, 272 + ngqIm {v, 272
_ 1 {y } o1 1 {y }p2 (A.151)

—ngoRe{v, 272} p1 + naolm {v,272} po

The integral on the boundary is

—Re{v, 272
/nw® {ryz27"} pds,
r

Im {v,2?}

— JpnapRe{vy 272} dSy + [ na1p2Im {272} dS,
— Jrna2piRe {vy 272} dSy + [; nazp2Im {v,z72} dS,
—Re {fr nzlplyyz_zdsy} + Im {fr n$1p2VyZ_2dSy}
—Re { [i na2p1vyz72dSy } + Im { [ npaporyz72dS, }
Re {Z fF nmplz_dey} —Im {z fF nwpoZ_dey}
Re {i [ naop1272dz, } —Im {i [ na2p22~2dz,}

Im { [; naip1z72dz, } + Re { [; na1p2272dz, }
Im { [} naopr272dzy } + Re { [1 naopez2dz, }

_ |~ Adn (]} — Re g [naupal } (A152)

—Im {1y [nz2p1]} — Re {1y [na2p2]}
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J

The summary of another form of D’

Ve [KPp] — (Vo [KPp])" — (1P - p)| mads,

LT p o]+ [y o ¥ [ s,

[VwVw [r 2 (r-ny)| + (Vo Vo [r7 (r- ny)})T] (r - p)ngdS,
[

PRV, [r?(r-ny)]]+ [Va [r7? (r-ny)] @ p]] nadS,

+ /F (Vo [r72 (r - ny)] - p) nedS,

N | =
=

+_

+2

—Im {7y [Re{v.v} vyp1l} — Re {In [Re {v,V} vypa] }
—Re {In [Re {v.7} 7yp1]} + Im {1y [Re {v, 7} 7y po] }
1 [ —Im{ly [nv.7p]} — Re {ln [ny1vaTypo}

—Im {1y [nyovaTyp1]} — Re {1u [ny01.7p2] }

(Im {Is [nz1rip1]} +Im {Ig [n:c17”2p2]}> I ( Re {Is [ngorip1]} + Re {Ig [naorapa]} )

Re {Is [narip1]} + Re {Is [na1rapo]} —Im {Is [nzor1p1]} — Im {Is [ngorapo] }

1 (Wi Re (I apdl} ) 1 (W + I {Iy [nmpz]}}

* \1m (T [n1p2]} + Re L brzapal}
. (W Re {5 [n,1p2]}

|

2\ Re {In [ne1p1]} +W

—Im {1y [ns2p1]} — Re w2p2]}

—Re {In [Re{v.vy} vyp1]} + Im {1y [Re {vu7} vy po] }

hﬂhmﬂmm%m}Rdhmﬂmm@Mj
(H1)

—Im {1y [nyoveTyp1]} — Re {1y [nyov.Uypol }

Re {]H Ngo2P1 } + Im {IH [nxQPZ]} n —Re {IH [nwpo]}
Re{lg [nsip1])} + Im{Iy [nz1p2)} ) —Im {1y [nz2p1]} o

1(thmwﬁm}RthM%mj
(H2)

Re {Is [nz1m101]} + Re {Ig [%17“2P2]}

Im {Ig [ng1r1p1]} + Im {1g [ng17m202]} +9 Re{Is [nuorip1]} + Re {Is [ngorapo]}
—Im {15 [nuor1p1]} — Im {Is [naoraps]}
(s1) (52)

(A.153)



We rearrange each term as matrix-vector products of corresponding kernels and

densities.
(H1) = — Im{7y[-]} Re{luy[-]} | |Re{v.my}7ym
Re{ly ]} —n{ln[-]}| |Re{v.ry} vy
_ llm{h’ I Retlul ]Re{l/xu_y}y_yp (A.154)
Re{ly[-]} —-Im{Iy[-]}
(1) = I {7y [y -]} Red{d [y -]} | | vatypr
Im{IH [nyz [} Re{fH [ny2 -1} | | vaype
_ Tyl Im{IH[ ]} VgpVyP1
= &
| [72]  |Re {1 [']}_ | [VaPuP2
_ ||| o [t Ll VT (A.155)
|| |Rellu[-]}] ]
(H3) — 0 1| [Re{lg[n.-]} Im{lgn.a-}| |p
_1 0_ _Re{IH [neo]} Im{lg [nxg-]}_ P2
_ 0 1| [Im{Iy[n.-]} Re{lg[n.-]}| |0 1| |p
_1 0_ _Im{]H [nzo-]} Re{ln [nﬂ-]}_ _1 0] |p2
I R [Im{lf[[']}” [O 1:|p (A.156)
Re{Iy[-]} 10
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| w3 o] (g o 1y 0 "
& +
neo| (R {zu (]| |0 0 Re{lulna-l}| |

Im{[H[']}_ ng 0 Im {7y [-]}

n, ® p+
Re {Iy[-]} | 0 ez | |Re{lu[-]}

ng ® Lo 1) p+ | n.- tm {2 -]} Ip (A.157)
Re{In[-]} Re{In[-]}
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+(A153) = S(H1) + S(H2)+ S(H3) + (H4) +2(S1) +2(52)

1 m{lg[]} Re{ly[-]}
2 |Re{Iu -]} —Im{Iu[-]}
Ul | gz (1]
+§ @ Vg Uy P
nys|  |Re{ly[-]}
N, ® p
10 Re{Iy[-]}|| [1 ©
Tm {7, [-]} Tm {7, [-]}
—[n:® p+|n,- Ip
Re {7y [-]} Re {I [-]}

+on, Im {Zs[-]} . Re{Is[-]} or| p. (A160)
Re{ls -]} Im {7s[-]}

] Re {v.7,} 7yp

3
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A.2.8 Pressure P

Px,y) = %/Fmdsy

A29 P

Here we compute

Recalling an identity

and
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(A.161)
(A.162)
(A.163)
(A.164)
(A.165)

(A.166)

(A.167)

(A.168)

(A.169)

(A.170)



the integrand of P’ is

Ty i 2 rT-n
%—Fﬁ(’l‘ ny)rj— V. |:( TQy):|
)
Re {%
_ | Redih ) (A171)
—Im {4}

A3

The aim of this section is

with the identity to be

Vyp VP2
[ [Re {28} -t {22} 1z,
[ vy P1 Vy P2
Re{/F—ZQ |dzyy} —Im{/r—i2 \dzy|H
el [P} - [ )
L T z Zl/y r zZ Zl/y

! F_ F_
P1 P2
Im{/rﬁdzy} +Re{/rgdzyH

m (1 [} (o
Re{ly[-1}) \p

(A.172)

A Derivation of Equation (2.57)

to obtain a linear system (2.57)

I+K+K)p=0 (A.173)

able to the RCIP method for the composite boundary

conditions in section 2.2.6.

Let (x;)Y, be the target discretization points on the boundary T'. First, we

consider the following (2N x 1) vectors equivalent to matrix-vector products involving
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(N x N) diagonal matrices A,; (j € {1,2}) and the density (2N x 1) vector p. We

denote x; by (i) for the simplicity of the following equations.

(p(1) - n(1))na (1)

(V) (V) (V)| | A2 | A

(p(1) - n(1))n(1) AniAns

p (A.174)

2
An2

(V) sV (N)| | AR | Aude

(p(1) - £(1))no(1) AnAp

p (A.175)
A

We see that

(A174) + (A175) = Ip (A.176)

by the orthogonality of n(x) and t(x).
Next, we focus on one target discretization point «; (1 < ¢ < N) for the moment.

Let

My, | M
M= | 2T (A.177)

M21 M22

be the (2N x 2N) block matrix composed of four (N x N) matrices, and define

M; 11 | M; 2

M; 21 | Mo
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as the 2 x 2NV block matrix composed of the ith and (N +14)th rows of M for arbitrary

i€{l,...,N}. We also denote the (2 x 1) vector obtained by taking the dot product

of ith and (N + 4)th rows of M p and n(i) by (M p);. Then,

(Mp); - n(a:)] n(i) (A.179)
(M 11p1 + M 12p2)n7 (i) + (M 2191 + M 22p2)11 (1)no(i) (A.150)
(M 11p1 + M, 12p2)na(i)n1 (i) + (M 9191 + M 92p2)03 (i)

(Mi,lln?J + M, 51n; 11 2)p1 + (Mi,12n2271 + M, 50m; 11 2) P2 (A181)
(Mi,llni,lnz’,2 + Mi,21n?,2)91 + (Mi,12nz’,1ni,2 + Mi,22”?,2)ﬂ2
nzz,lMiall + 1,114, 2 M 21 ”12,1Mz‘,12 + 1m0 M 20

p (A.182)

2 2
nianioMi 11+ nioMor | niani 2 Miae + 1o M 22

holds for each @; € I'. The alignment of the 2N equations ([(Mp); - n(1)] n(l))f\/:1
leads to
[(Mp)1-n(1)]ni(1)
[(Mp)n -n(N)]ni(N) AilMu + Ap1Apa My, AilMu + Ap1An2 My,
= p
[(Mp):-n(1)]na(1) ApiApa My + A%sz Ap1Ap 2 My + A,%LzMzQ
[(Mp)y - n(N)|na() |
(A.183)
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Similarly,

[(M'p)y - #(1)] £1(1)

[(M'p)n - t(N)]t:(N) A} M, + A Ao My, | A7 M, + Ay Ao M,
- p.
[(M'p)y - t(1)] t2(1) AN M, + Aj M, | An Ay M, + A7, M,
[(Mp)y - t(N)] (V)
(A.184)
Noting (A.174) + (A.175) = Ip as we have seen in (A.176),
(A.174) + (A.175) + (A.183) + (A.184) (A.185)
A,zﬂMll + Ap1Ap2 My AilMu + Ap1An2 My,
=Ip+ p (A.186)
A1 Ao My + A%2M21 AniAp2 Mo + A12M22
AL M+ A Ao My, | A7 M, + Ay Ay M3, , (A.187)
Ay Ao M, + A3 My, | Ay Ao M, + A, My,
Now we set M and M’ to
M = — (DFD + Dpc + SFc) (A188)
M' = Dy + Dr_ + St (A.189)

The ith element and (N+i)th element of vector (A.174)+(A.183) are [(Ip); + (M p);]-
n(i)ni(i) and [(Ip); + (Mp);] - n(i)na(i). Both of them are zero because of the
boundary condition of zero normal velocity (2.51). The same argument applies to
(A.175) + (A.184). Therefore, (A.174) + (A.175) + (A.183) + (A.184) are a zero

vector. In conclusion, we see the construction of

I+K+K)p=0 (A.190)
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where K and K’ are the second and third matrices in (A.187) for the composite

boundary conditions.
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APPENDIX B

SUPPLEMENTS TO INTEGRATED PHOTONICS

B.1 Proof of Theorem 3.3.1
Let the number of ports be P. Let m, be the number of modes on the interface of pth
port (1 <p < P). Let h > 0 be the width of the cross-section. Along a cross-section

{(zp,y)| — h/2 <y < h/2} near pth port,

Zap] mc znc+csc Zc]) (Bl)
where
Z?jc(mp, y) = eiﬁp,jxpgp,j (y)v (BQ)
oo (pyy) = P9 g, 5(y), (B.3)
h/2
9p.i (Y \/7/ sm Y+ h/2)) (B.4)
h/2
with [|g[] = 1,

L (o) = ePritrg, i(y)),
Up,j = (B5)

-1 (¢ine = e Praitrg, i(y)).

The sign o, ; is determined by an arbitrary choice of the pth port being set to
an input or output channel, and by the direction of propagation modes depending
on the local coordinate we choose. Once we fix all the ports, then the set of signs
{op,}1<p<pi<j<m, is also uniquely fixed.

We focus our attention on the cross-section of the pth port for a while, and

construct a mathematical identity by some equation derived later and the definition

of the scattering matrix. We fix the xz-coordinate to be z,.
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»Y Zam iB) (G s — ratr) (B.6)

ZTLC ch SC SC ZTLC ch SC Sc
(u, <§ :O-PJ it Cj E :Upk 15])/9 ~ Ok p7k)>
r

P

mp Mp
_ Z’l’lC lTLC SC SC mne Z'I‘LC _
o ZZ Zﬁlﬁ )< D,J + €p,iPp.j>» Cp.kPp Cp,k p,k>
7=1 k=1
_ ’L'I’LC ’LTLC SC ’L’I'LC ZTLC SC Sc
= _Zzﬁm <C Py Cps P — Co ,J'>Fp : (B.7)

The cross terms with respect to j and k vanish because of the orthogonality of g, ; and
Gpk- Also, {0y }1<j<m, by the arbitrary choice do not affect the following calculations.

Each dot product inside the summation of the last equation is

(Csals + e s — e
= 1P mcu? s, “>+c;zc;7;< 0 — a5 Pl (B

Noting ¢i'¢(xy,y) = i g, i(y), ¢35 (2p,y) = €Pri™ g, i(y), and [|gp ;|| = 1, the first

term equals |c)’|*. Other terms can be simplified similarly. As a result, we obtain

inc Linc sc Jsc inc Linc sc sc
<Cp J P, + Cp.iPpi> Cpi Pri — CpiPpi >
__ | inc|2 _ incsc ,2iBp,jTp sc inc,—2iBp,jTp _ | .5C |2
- |Cp,j Cp.j Cpg€ + CpiCps € |Cp7j| : (B,9)

ou
. et _ znc sc |2 __ inc_sc ,2iBp ixp sc _inc,—2iBp,;Tp
: <u, or o ZZBPJ ( |vaj| Cp.j Cp,i© T CpiCp €
r
P
_ mc 2 sc |2
= @Zﬁm el = less ) (B.10)

—1 Z Bp,] ( ;njc pJ 27‘6173‘7:17 + Csycjczpnﬂce_mﬂpjxp> ) (Bll)
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Now we take all of the pth ports (1 < p < P) into account to construct an identity
involving the scattering matrix S. We deal with (B.10) and (B.11) separately.
By the definition of the scattering matrix satisfying Sc¢™ = ¢ where

¢ and ¢ are column vectors that are alignments of all (¢! Cp. j)1<p<p1<J<mp and

(Cf),cj)lgpSP,ISjSmw equations (B10> fOI‘ all (p;j)lSpSP,lngmp give us

Z Bp,y(| mc’2 |C;?j’2) = Z ( chﬁp,] ;n]c - C 517,] pj>

1<p<P 1< <my 1<p<P1<j<my
— (cznc)*D[B] (Cinc) . (Scznc)*D[B]Scznc

= (c"™)* (D[B] - §"D[B]S) ¢ (B.12)

Where ﬁ = (51,17 v 751,mp7 ] 7ﬁp,17 oo 7ﬁp,mp7 s 76P,17 e 7BP,mP>T-
Next, we consider equations of (B.11) for all (p, j).

znc 2zﬂp,jxp . mc 2if3p jTp 5C
Z Bp.i¢ p.j Cpg € - E : Bpue Cp.j

1<p<P1<j<my 1<p<P1<j<my

= (¢")"DIB|D[*P =]

= (cime)* D[B] D[e~2B=»| S cine (B.13)

where , := (21,...,%1,...,Zp,. .., Tp,...,Tp,...,xp)’. Similarly, from the second

terms in the summation (B.11) for all (p, j), we have

Z /Bp mc —2ifp jTp (cmc)*D[ﬁ]D[e_ziﬁ'x”]Scmc. (B14)

J p J Cp.j ©
1<p<P1<j<my

Thus, the summation (B.11) for all (p, j) leads to

~ (™) DIBID[e #Pw]Sc + (") DIF|Dle 7 =] Sc*

= 2iIm {(c")*D[B]D[e” >’ **|Sc™} . (B.15)
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< 8u> < 6u>
AU 5 =\U, 5
0z /1 0 [ v, (1<p<p)

= —i[(B.12) + (B.15)]
=—i[(c")" (D[B] - §"D[B]S) " + 2ilm { (") D[B] D[e*# | Sc"} |

= —i(c™)* (D[B] — S§*D[B]S) ¢ + 2Im {(c""*)* D[B|D]e~*#=r| S} .

(B.16)
Noting the second term is a real number,
ou — y ,
Im <u, %> = —Re {(c™)" (D[B] — S*D[B]S) ¢} = 0. (B.17)
r
Since ¢ can be chosen arbitrarily,
D[] - $"DIAIS = 0« D8] = S*D[A]S (B.18)

holds. The diagonal entries on both sides lead to 3; = 224:1 |Sk;|? Bk for all j €
{1,2,...,M}. O

B.2 An Example of Non-unitary Scattering Matrix
Consider a straight waveguide with two ports each of which admits a single
propagation mode ; and f, in the same manner as the previous discussion. In

this case, the size of the scattering matrix is two by two. Assuming S is unitary,

g — 1S111% + [S21[*  S11512 4 2152 I (B.19)

S11512 4+ S12929 | Si2]? + |Sa2|?

|S11|2 + !512|2 5115_21+ 5'215_22
S1511 + S22512 ’5121|2 + 1522’2

SS*

Il
I
~

(B.20)

136



These lead to the following conditions:

;

\511‘2 + |521‘2 =1,
|512|2 + |522|2 =1,
S11S12 + S9152 = 0,
|511|2 + |512|2 =1,
(B.21)
|521‘2 + |522|2 =1,

511591 + 81252 = 0,

[S11| = [Sa2],

\\512\ = |Sa1].

Consider the linear system with the scattering matrix and incident and scattered
coefficients

+ - _
o cf Sue” + S =,

S = & (B.22)

Cr G 52107_ + SQQC: = Cl_'

We choose an arbitrary complex pair (¢, ¢;) = (a1, a2). Then the identity (3.69)

becomes

ou

Im(u, I

=B (I 1 = ler I?) = By (| [* = 1el?)

=0 [|041|2 — a1 Sar + a2522|2] — By [|Of15'11 + 042512|2 - |042|2] (B.23)

The following expansions

|1 So1 + &2522|2 = |Oé1|2(1 — |S11|2) + |Oé2|2|511|2 + 04104_25'215_22+a_10425_21522,
(B.24)

|1 S11 + 042512|2 = |Oé1’2|511|2 + |042|2(1 — |S11|2) + a1@2511 519 + araS11 St — |CY2|2,
(B.25)
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lead to

ou
a—n>

0 0 _ .
=3 {W—W—i‘ \041’2\511|2 — |042’2\522‘2 — aigS91 592 — 04_1062521522}
2 2 0 2 2 o T — 0
- 5r |041| |511| +W— |042| |511| — 03511512 — a1 S11512 —

= (6 — 5r)(|041|2 — |Oé2|2)|511|2 — B1a1@5S51 895 — Bra @511 512

— BianaS21.59 — BioanS11S12

Im(u,

= (6 = Br)(Jea* = o) |91 * + Biana3 511515 — Bren@2S11 512
+ BiaaS11S12 — BianasS11S12 (0SS5 = —S11512)

= (6 = Bo)(|eal? = o) S0 |* + (6 — Br) 12511512

+ (B — Br)a@azSi Sia

= (6= B,) [(laa|* = Jaa])|S1 |* + 1@2511 51 + @1 S11 S

— 0. (B.26)

If Si1 is not zero, then we can conclude 5, = f3, selecting (a1, as) = (1,0). However, if
S11 is zero, §; = (B, can be false. In such a case, the linear system with the scattering

matrix 1s

S = & (B.27)

where w is some complex number with a magnitude of one.

B.3 Phase Adjustment for The Merged Scattering Matrix
Here we discuss the phase term adjustments for the terms of e’® needed to be
considered when modularized scattering matrices are merged. Once we determine
the modularized scattering matrices separately, the next step is to merge the pieces

into one matrix to obtain the representation of the whole structure. In the merging
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process, we need to take the change of coordinates into account when multiple
components are connected. Modularized scattering matrices are constructed by
fixing local coordinates independently. When we merge multiple components, the
coordinates for one component can remain the same, while the coordinates of the
other merged components can be changed by translation, rotation, or both of them,
depending on the original coordinates chosen before merging. For example, when
we merge two components with the same structure, both represented by the same
scattering matrices denoted by S, we can still use one S but the other S has to be
adjusted appropriately because we need to choose one coordinate system after the
merge.

Suppose we have two waveguide components represented by two scattering
matrices S; and S;. We assume the corresponding two components have two ports
respectively and a single mode for each port. And we consider the situation in which
the two components are merged by connecting one port to another. Let the origins
of two coordinates be O; and O, respectively. Suppose we keep the origin O; of one
component unchanged before and after the merge. Then the coordinates of the other

component are affected. Before the merge, Sy satisfies

S, = (B.28)

with the origin O,. As we see in (3.49), C* is independent of y. We only need to

+52 more precisely, the distance of the path with respect to z

adjust the terms of e
from O; and Oy after the merge. Let z be the first local coordinate for Sy with the

origin Oy, and define d* := exp (£i(Oy — O1)). Since

exp(if(x — O)) = exp (£if(x — O1 + O1 — O3)) (B.29)
= exp (Fif(Og — Oq)) exp (£if(z — Oy)) (B.30)
= dT exp (£if(x — Oy)), (B.31)
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(B.28) with the origin O, is equivalent to

ofd” o dr
S, - (B.32)
o d* crd-

with the origin O;. Assuming another set of coefficients (ci5,, ;) which can be

obtained by having distinct boundary data, we have

c¢hd™ cfd c,dt ¢ L,dt
s, | 1,2 _ |G 1,2 ' (B.33)
cadt e ydt chd” cfyd”

This equation is decomposed as follows

d~ 0| |¢ o dv 0| |y of
s, b G2l 1 Cro (B.34)
0 d"| |1 ¢ 0 d | |, cn
d 0 dt 0
=S, Mipe = M., (B.35)
0 dt 0 d

With the same assumption that M;,. is invertible as section 3.3.4,

dt 0 dt 0
82: ]\456]\4._1

wmc

0 d- 0 d

(B.36)

Adjustments for cases of multiple modes or more ports are similarly derived.
For example, in the case of two ports each of which admits two propagation modes,

The adjusted scattering matrix component Spq; is

S.j = DSD (B.37)

where S is the individually computed original scattering matrix and D := diag (d;fl, dlg, d.q,d,. 2).
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B.4 Derivations of Equations (3.4) and (3.5)
In this appendix, we give the detailed derivations of (3.4) and (3.5). Applying
separation of variables u(x) = /¥ g(x;) along the cross-section with the height h > 0,

then the Helmholtz equation (3.12) leads to

Au(x) + k() = " [(k* + 5%)g(x2) + g (22)] (B.38)
= ePrg, [(n2 +n2)g(xs) + g"(xg)} (B.39)

= 0. (B.40)

o (0 n2)g(as) + " (z2) = 0. (B.41)

We non-dimensionalize the above equation with h := kyh as follows.

g(22) = ¢; cos(\/n2 — n2(za + h/2)) 4 cosin(y/n? — n2(&y + h/2)) || < h/2
(B.42)

where ¢; and ¢y are some constants.

The boundary conditions at o = :i:iL/Q tocp =0 and
g(h/2) = cysin <\/n2 — ngﬁ) =0 (B.43)

which implies that +/n? —nzﬁ = mm with some positive integer m for some

propagation mode [ to exist. Then we obtain

(n? —n2)h? = (mm)? (B.44)
& k2(n? = n?)h? = k2 (mn)? (B.45)
s (K = B2)h? = K2 (mn)? (B.46)
s B=k- (%)2 (B.47)

since k = k,n, 8 = k,n, and h= k,h.
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In the case that M modes (3,,)Y_, are allowed,

2
5= k2 - (%) >0 (B.48)
and
1 2
3=k — (W) <0 (B.49)
need to hold, which leads to
i T
—<h<2-. B.50
p <h<2y ( )

As h increases, more integers of m satisfy Hence, we can restrict the number of modes
with the adjustment of h.
Once h is fixed, we can also determine 3 = n.k,. For example, in the case of a

single mode,

vn?—n2k,h=m (B.51)

2

= n?-n?= (kﬂh> (B.52)
2\ 2

= ne=4/n?— (k h) . (B.53)

The inside of the square root is positive as long as the left inequality holds (??) since

z<h<:>l—l7r T
k kh  nkyh k,h

< n. (B.54)
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