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ABSTRACT

FWER CONTROLLING PROCEDURES IN SIMULTANEOUS AND
SELECTIVE INFERENCE

by
Li Yu

With increasing complexity of research objectives in clinical trials, a variety of
relatively complex and less intuitive multiple testing procedures (MTPs) have been
developed and applied in clinical data analysis. In order to make testing strategies
more explicit and intuitive to communicate with non-statisticians, several flexible
and powerful graphical approaches have recently been introduced in the literature for
developing and visualizing newer MTPs. Nevertheless, some theoretical as well as
methodological issues still remain to be fully addressed. This dissertation addresses
several important issues arising in graphical approaches and related selective inference
problems. It consists of three parts.

In the first part of this dissertation, a generalized graphical approach is
introduced, which allows one to reject more than one hypothesis at each step. This
overcomes a main drawback of existing graphical approaches in which only one
rejection is allowed at each step. Through some clinical examples, the proposed
approach is illustrated to be more flexible and computationally efficient than existing
graphical approaches. Theoretically, it is shown that the generalized graphical
approach strongly controls the FWER under arbitrary dependence. To show the
FWER control of the proposed method, as a by-product, a new concept of a
multivariate critical value function is introduced and based on this function, the
sequential rejection principle (Goeman and Solari, 2010) is generalized from the case
of univariate critical value function to that of multivariate.

In the second part of this dissertation, a new graphical approach for general

logically related multiple hypotheses testing is developed. By re-assigning critical



values between testable and non-testable hypotheses, all local critical values can be
made fully used. Theoretically, it is shown that the proposed graphical approach
strongly controls the FWER at level a under arbitrary dependence, by employing
the generalized sequential rejection principle developed in the first part of this
dissertation. Through some clinical examples, it demonstrates that the proposed
graphical approach is more flexible and computationally efficient than entangled
graphical approach for testing general logically related hypotheses (Maurer and Bretz,
2013).

In the third part of this dissertation, several powerful MTPs based on the very
recently introduced ideas and methods of selective inference are proposed, which
can be applied in large scale data analysis, such as microarray study, genomewise
association study (GWAS), etc. By further developing the idea of independent
filtering (Bourgon et al., 2010; Dai et al., 2012; Du and Zhang, 2014; Ignatiadis
et al., 2016), where hypotheses are splitted into two blocks by selection process,
three two-stage MTPs, adaptive two-stage Bonferroni procedure, selective parallel
gatekeeping procedure and data-driven weighted selective procedure, are proposed.
The proposed MTPs can not only exploit information of selected hypotheses more
explicitly by estimating the true null proportion, but also deal with non-selected
hypotheses. In order to exploit information of each null hypothesis more explicitly,
the proposed procedures are further generalized from two blocks to multiple blocks.
Theoretically, it is shown that the proposed MTPs strongly control the FWER at level
«. Under independence, the proposed procedures are evaluated through extensive

simulation studies.
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CHAPTER 1

INTRODUCTION

1.1 Introduction
In current clinical trials practice, the study objectives become increasingly complex,
such as different doses to compare, multiple endpoints to investigate, several
treatment groups to explore, etc. Instead of using single hypothesis testing to explore
one research question, multiple hypotheses testing are used to investigate multiple
study objectives simultaneously. However, multiplicity issue arises in the sense
that type I error rate is inflated with the increasing number of tested hypotheses.
Challenges in the filed of multiple hypotheses testing are that how to address the
multiplicity issue appropriately and how to control overall error rates. Various
multiple testing procedures (MTPs) have been developed to overcome the issue
with the control of proper error rates. Among the proposed MTPs in the past
decades, Bonferroni-based sequentially rejective MTPs are well developed to explicitly
address the problem of multiple testing. But it turns out that the decision tables of
these MTPs may be long and abstract, which make them difficult to present to
non-statisticians clearly and intuitively. Therefore, in the first two parts of this
dissertation, we aim to develop new MTPs which are more flexible and efficient
to present to the clinical team and can also take complex logical structures among
hypotheses into account. In the last part of this dissertation, we focus on developing
MTPs in large scale multiple hypotheses testing. The arising problem of large scale
multiple hypotheses testing, such as microarray study, genomewise association study
(GWAS), is that the number of testing hypotheses is large. We aim to develop
powerful MTPs by using the very recently developed ideas and methods of selective
inference to deal with the problem of large scale multiple testing, which can greatly

reduce the number of tested hypotheses through a selection process.



1.1.1 Basic Concepts in Multiple Hypotheses Testing
Consider a problem of testing m hypotheses, Hy,..., H,,, simultaneously. We first

introduce some important concepts related to multiple testing and MTPs.

Error Rates and Power The overall error measurments in multiple testing are
not unqgiue. It is important to choose a suitable error rate before developing any
MTP. In the following, we first describe two commonly used error measurements in

multiple testing: familywise error rate (FWER) and false discovery rate (FDR).

e Familywise error rate (FWER) is defined as the probability of making at least
one false rejection, which is given by:

FWER = Pr (at least one false rejection) .

e Fualse discovery rate (FDR) is defined as the expected proportion of false
rejections among all rejected hypotheses, which is given by:

FDR = E (Number of false rejectlons>

Total number of rejections

When dealing with small scale multiple testing problems in clinical trials, FWER
is commonly used to measure type I error rate. There are two types of FWER control.
One is weak control, which controls the FWER only when all null hypotheses are
true, the other is strong control, which controls the FWER under any combination of
true and false null hypotheses. In this dissertation, we only consider strong control
of FWER for our proposed MTPs, due to unknown numbers of true and false null
hypotheses. Moreover, strong control of FWER is mandatory by regulators in all
confirmatory clinical trials (CPMP, 2002).

When dealing with large scale multiple testing problems, such as in genome
wide association study (GWAS), controlling the FWER is often too conservative to
detect any false null hypothesis, thus the FDR is commonly used to measure the

error rate. Besides the FWER and FDR, several other error measurements are also



introduced in the literature, such as comparisonwise error rate (CWER), perfamily
error rate (PFER), generalized familywise error rate (k-FWER), etc.

In addition to the type I error rate control, we also need to evaluate the power
performance of a MTP. Various definitions of overall power are available in multiple

testing. We describe two commonly used power definitions in the literature as follows.

e The minimal power is the probability of rejecting at least one false null
hypothesis,

minimal power = Pr (reject at least one false null).

e The average power is the expected proportion of rejected false null hypotheses
among all false null hypotheses,

Number of rejected false nulls)

average power = K < Total number of false nulls

1.1.2 Assumptions on p-values
Under true null hypotheses, the distributions of marginal p-values are assumed to be

bounded above by U(0,1), i.e.,

Pr{P; < p} <p, for any p € (0,1) and i € I,

where I is the indices of true null hypotheses.

In multiple testing, several commonly used joint dependence structures of the
p-values are considered, such as independence, positive regression dependence on
subset (PRDS) and arbitarily dependent. In this dissertation, we assume the p-values
are arbitrary dependent, that is, we do not make any assumptation on the joint

dependence of the p-values.

1.1.3 Closure Principle
Closure principle is a fundamental principle in multiple testing which is widely used

for developing FWER controlling procedures (Marcus, Peritz and Gabriel, 1976). The



closure principle states that an individual hypothesis can be rejected in the context of
multiple testing if and only if all intersection hypotheses including this hypothesis are
rejected by valid local tests in the context of single hypothesis testing. Any MTPs
derived by the closure principle are termed as closed test procedures. In order to
make a decision on a single hypothesis in multiple testing, by using a closed test
procedure, we often need to perform a large number of local tests, which results in a

high demand of computation.

1.1.4 Sequential Rejection Principle

Goeman and Solari (2010) proposed a sequential rejection principle of the FWER
control, which is used for constructing FWER controlling procedures. It can be
considered as equally fundamental as the closure principle. This principle emphasizes
on the sequential aspect of testing in the sense that rejections are made sequentially,
and the rejection of hypotheses at the current step is based on the rejections made
in previous steps.

In order to present this principle formally, we first introduce some notations. A
sequentially rejective procedure is defined on a random and measureable univariate
successor function N with a variable R, where N(R) is a collection of rejections
that can be made in the next step after rejecting a collection of hypotheses R in
the previous steps. Relying on the successor function N, a sequentially rejective
procedure is defined with iteratively rejecting a collection of null hypotheses at each
step. If at the end of step ¢, we have the collection of rejections R;, then at the
end of step i + 1, we have the collection of rejections R;11 = R; UN(R;). Let
Ro = lim; o R; be the final collection of rejections.

A sequential rejection principle (Goeman and Solari, 2010) states sufficient
conditions on N to control the FWER strongly for sequentially rejective procedures.

We denote M as a submodel of a set of statistical models, M, ie., M € M. A



probability measure Py, is defined on the whole outcome space 2. H is a collection
of all tested hypotheses. According to the probability measure P,;, for any null
hypothesis H in H, we say that H is true if M € H; otherwise, we say that H is
false. A set of true null hypotheses and a set of false null hypotheses are defined as
follows:

T(M)={HeH:MeH}; F(M)=H\T(M).

For simplicity, we let 7 = T (M) and F = F(M).

Theorem 1 (Sequential Rejection Principle). Suppose that for every R C S C H,

almost everywhere,

N(R) CN(S)US, (1.1)

and at each single step, for every M € M,

PyN(F)CF)>1—aq, (1.2)

then for every M € M, we have

Pu(Re CF)>1—a. (1.3)

The sequential rejection principle states that as long as the conditions in (1.1)
and (1.2) are satisfied for the successor function, the sequentially rejective procedure
strongly controls the FWER. Condition in (1.1) means that the successor function is
monotonic, and condition in (1.2) guarantees the FWER control in the critical case

in which all false null hypotheses have been rejected and none of the true ones.



1.2 Multiple Testing Procedures
In multiple testing, most common MTPs can be divided into two general classes, one
is hypotheses are ordered based on some prior information, such as clinical importance

of tested hypotheses, and the other is hypotheses are ordered based on p-values

1.2.1 Procedures for Testing Pre-ordered Hypotheses
For some clinical applications, the hypotheses often have some inherent structure,
such as hypotheses corresponding to primary endpoints are claimed more important
than those corresponding to secondary endpoints. Thus, primary hypotheses should
be tested first. Fixed sequence procedures are developed for hierarchically ordered
hypotheses Hy, Hs, ..., H,,, where the order is pre-specified, usually based on clinical
importance. Several fixed sequence procedures were developed in the literature. The
conventional fixed sequence procedure (Maurer et al., 1995; Westfall and Krishen,
2001) and the fallback procedure (Wiens, 2003) are widely used in clinical trials.
And the fallback procedure is further developed by Wiens and Dmitrienko (2005),
Dmitrienko, Wiens and Westfall (2006), Hommel, Bretz and Maurer (2007), Hommel
and Bretz (2008) and Bretz et al. (2009).

Suppose that the tested hypotheses Hi,...,H,, are pre-ordered and the

correspond p-values P, ..., P, are available.

e Conventional fized sequence procedure.  The conventional fixed sequence
procedure is proposed for testing multiple hypotheses that have a pre-specified
fixed order. The test starts with the first hypothesis H;, and reject all
hypotheses Hi,..., H;, where 1 < j < m is the largest index satisfying

P <a,...,P<o

The procedure strongly controls the FWER at lelvel @ under any dependence of
p-values. However, one drawback of this procedure is that once an acceptance
is observed, the rest hypotheses have no chance to be tested.

e [ullback procedure. The fallback procedure is proposed to overcome the
shortcoming of earlying stopping in the conventional fixed sequence procedure.



It allows each hypothesis to be tested at least at its local critical value. Initially,
the overall critical value « is allocated to m hypotheses as local critical values,
a; i =1,...,m, with > o, = a. Let af be the updated critical value for
testing H; and o] = ay. Hypothesis H; is rejected if P; < o, where

« ) a;+a;_, if H;_y is rejected

@i = { a;, otherwise. (1.4)

With the propagation of critical values, the latter hypotheses may have more
chance to be rejected with higher critical values. The fallback procedure is
pretty general and the conventional fixed sequence procedure can be regarded
as its special case, when a; = a and o; =0 fori =2,...,m.

1.2.2 Procedures Based on Ordered p-values

Stepwise methods, such as step-down, step-up and single-step, are based on ordered
p-values. The stepwise MTPs can be described by using a sequence of non-decreasing
critical constants a; < as < ... < «,,. Let P, P, ..., P, be marginal p-values
of tested hypotheses Hy, Hy,..., Hy. Let Py < Pgy < ... < Py, be the ordered

p-values with the corresponding null hypotheses Hyy, H), ..., H(p).

e Step-down procedure. A step-down procedure starts with the most significant
hypothesis H(y, and gradually steps down to the least significant hypothesis
H ). The procedure goes on rejecting hypotheses as long as the corresponding
p-value F;) < ;. The test stops until no more rejection can be made. That is,
reject Hyy,..., H), where 1 < r < m is the largest index satisfying

Poy <oy, Py < .

And the rest hypotheses H(,41),. .., Hy) are accepted. If Py > a;, accept all
m null hypotheses.

Holm procedure. One typical example of a step-down procedure is Holm
procedure (Holm, 1979). It controls the FWER under arbitrary dependence.
The critical values of Holm procedure are updated as a; = —= > for i =
1,....,m.

e Step-up procedure. A step-up procedure starts with the least significant
hypothesis H,,), and gradually steps up to the most significant hypothesis
H1y. The procedure goes on accepting hypotheses as long as the corresponding
p-value P; > «;. The test stops until a rejection is observed. That is, reject



Hguy, ..., Hyy, and do not reject H.11y,...,Hgy), where 1 < r < m is the
largest index such that
P(T) S (678

If Py < ayy, we reject all m hypotheses.

Hochberg procedure. One typical example of a step-up procedure is Hochberg
procedure (Hochberg, 1988). It controls the FWER under positive dependence.

The critical values of Hochberg procedure are updated as a; = -5, for i =
1,....,m.

Benjamini-Hochberg procedure. The other typical example of a step-up procdure
is Benjamini-Hochberg procedure (Benjamini and Hochberg, 1995), short for
BH procedure. It is a commonly used FDR controlling procedure. The critical
values of BH procedure are updated as a; = %, fori=1,...,m.

e Single-step procedure. A single-step procedure is a special stepwise procedure
with the same critical values, ie., 1 = ay = ... = «a,, = ¢, where c is a
constant. Hypothesis H; is rejected if and only of P, < ¢, fori=1,...,m.

Bonferroni procedure. The Bonferroni procedure is one typical and widely used
single-step procedure, which controls the FWER under arbitrary dependence.
Its critical constant is o; = ==, for all e =1,...,m.

1.2.3 Graphical Approaches

The aforementioned MTPs, such as the Holm procedure, conventional fixed sequence
procedure and fallback procedure, are widely used in clinical trials. However, the
decision tables of these MTPs are often long and abstract, which make them difficult
to be presented to non-statisticians clearly and intuitively.

Bretz et al. (2009) and Burman et al. (2009) independently proposed to use
graphical tools to visualize Bonferroni-type sequentially rejective procedures. The
graphical approaches provide a mean for specifying, communicating, and assessing
different hypothesis testing strategies. Moreover, a variety of testing strategies can
be demonstrated and compared to tailor a suitable test scheme to specific study
objectives.

Basically, in the graphical approach, the testing strategy is defined by a graph
that shows each null hypothesis located at a vertex, and depicts the relationships

between null hypotheses via directed edges with an arrowheads. The overall critical



value « is initially allocated to each vertex with initial critical value (local critical
value), say «; for hypothesis H;. The number along each directed edge is termed
as transition coefficient (weight), which indicates the fraction of the preserved local
critical value to be shifted along that edge to the receiving hypothesis, when the
hypothesis at the tail end of the edge is significant. For example, g; indicates the
proportion of «; from H; can be passed to H; if H; is rejected. If at each step,
a hypothesis H; is rejected, the graph will be updated by removing the rejected
hypothesis H;. And all local critical values and transition coefficients will be updated

as well based on the following rules:

I — I1\{j},
o+ @595, iflel,
ap =
0, otherwise,
gik+t9159; 3
= A

0, otherwise.

I is the indices of the remaining hypotheses. Initially, I = {1,...,m}. Such graphical
approach satisfies the following regularity conditions on critical values and transition

coeflicients:

Zal <a, (1.5)
=1

Oﬁglkﬁl,gu:(), fOFl,k’:L...,m. (16)
Zglkgl, forli=1,...,m. (1.7)
k=1

Bretz et al. (2009) shows that the graphical approach strongly controls the FWER
at level a if conditions in (1.5), (1.6) and (1.7) are satisfied.
At the same time, graphical tools have been extensively used to visualize

different testing strategies in various clinical applications, such as testing of non-



inferiority and superiority (Hung and Wang, 2010; Guilbaud, 2011; Lawrence, 2011),
assessing of composite endpoints and their components (Huque et al., 2011; Rauch
and Beyersmann, 2013), and subgroup analyses (Bretz et al., 2011a). The original
graphical approaches mostly focus on Bonferroni-based MTPs, but researchers have
also extended to weighted Simes’ or parametric tests based graphical approaches
(Bretz et al., 2011b; Maurer et al., 2011; Millen and Dmitrienko, 2011; Xi et al., 2016;
Lu, 2016). For complex study objectives in clinical trials, the approaches have been
further extended to adaptive designs (Sugitani et al., 2013, 2014; Klinglmueller et al.,
2014), group sequential designs (Maurer and Bretz, 2013b; Xi and Tamhane, 2015)
and families of hypotheses (Kordzakhia and Dmitrienko, 2013; Maurer and Bretz,
2014), etc. The power performance of the graphical approaches is also considered in
Bretz et al. (2011a). The implementation of graphical approaches in SAS and R are
described in Bretz et al. (2011a, b).

1.3 Multiple Testing Procedures for Logically Related Hypotheses
In many clinical applications, tested hypotheses often have some logical relationships.
For example, there are usually multiple endpoints of interest in clinical trials and
these endpoints are generally classified as primary, secondary and sometimes tertiary
endpoints which forms a natural hierarchical structure. The hypotheses corresponding
to the secondary or tertiary endpoints are testable if some logical conditions in
the hypotheses corresponding to primary endpoints are satisfied. Various logical
relationships often exist among tested hypothese or among families of hypotheses. To
deal with such logically related hypotheses testing problems, several general methods

were developed in the literature.
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1.3.1 Gatekeeping Procedures
A common logical structure in clinical trials is that the hypotheses to be tested
are grouped into multiple families, and these families are tested in a sequential
manner. Maurer, Hothorn and Lehmacher (1995) and Bauer et al. (1998) introduced
a convenient and efficient way called gatekeeping strategy in which primary family
is tested first, and whether secondary family is testable contingent upon the testing
results within the primary family. That is, the primary family serves as a gatekeeper
for the secondary one.

Several gatekeeping strategies are commonly used in clinical trials, including

serial gatekeeping, parallel gatekeeping and tree-structured gatekeeping strategies.

o Serial gatekeeping. Westfall and Krishen (2001) proposed a serial gatekeeping
strategy, in which each family can be tested using any FWER controlling
method if and only if all hypotheses in the previous families are statistically
significant. Thus, the logical condition for the current family to be testable is
that all hypotheses are rejected in the previous families.

e Parallel gatekeeping. Dmitrienko, Offen and Westfall (2003) introduced a
parallel gatekeeping strategy, in which the current family can be tested if and
only if at least one hypothesis in the previous family is statistically significant,
that is, in parallel gatekeeping strategy, the logical condition for the current
family to be testable is that at least one hypothesis is rejected in the previous
family.

o Tree-structured gatekeeping. Tree-structured gatekeeping procedure was proposed
by Dmitrienko, Wiens and Tamhane (2007), which is a hybrid procedure
unifying serial gatekeeping strategy and parallel gatekeeping strategy. In this
strategy, the tested hypothese are formulated as a tree structure, where each
node represents a null hypothesis. Instead of exhibiting a simple sequential
structure in the decision making process, the procedure is based on a decision
tree with multiple branches. Tree-structured gatekeeping procedure is derived
based on the closure principle and uses weighted Bonferroni procedure for all
intersection hypotheses.

With increasing complexity of hierachically ordered families of hypotheses, an
extension of the tree-structured gatekeeping procedure, mixture procedure proposed

by Dmitrienko and Tamhane (2011, 2013), were also developed to deal with the
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problems of multiple families of hypotheses. Instead of using the Bonferroni
procedure, the mixture procedure uses more powerful tests for all intersection
hypotheses, such as Simes’ test. Moreover, it can cover more general logical
restrictions than the tree-structured approach. In order to avoid challenging
computational issues caused by the closure principle, Dmitrienko et al. (2006),
Guilbaud (2007) and Dmitrienko, Tamhane and Wiens (2008) developed simple
stepwise approaches in dealing with gatekeeping strategies. Particularly, Dmitrienko,
Tamhane and Wiens (2008) introduced a general multistage gatekeeping procedure,
which includes simple stepwise approaches of Dmitrienko et al. (2006) and Guilbaud
(2007) as its special cases. A key property of the multistage gatekeeping procedure is
that the unused critical values of the current family can be passed to the subsequent
family. In order to quantify the amount of critical value for the current family that
will be transferred to the subsequent family, a new concept of error rate function is
introduced in Dmitrienko, Tamhane and Wiens (2008), which is formally defined as
follows:

Error rate function. Consider a single family, F* = {H,,...,H,}, for any I C

{1,...,m}, the error rate function is defined as follows:
e(l) =supPr U{reject H}|Hp |, (1.8)
Hi i€l

where H; = MjerH;. And e(I) is the maximum probability of making at least one
Type I error in the subfamily {H;,i € I}. Generally, an exact expression of e([) is
difficult to drive and thus a computable upper bound e*(I) is often used to replace
it. For example, for the conventional Bonferroni procedure, the upper bound of its

error rate function is

I
e*(I) = M,

(1.9)
where || is the cardinality of the set I.
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Due to the stepwise shortcut, the multistage gatekeeping procedure is apparently
more straightforward and easier to explain to clinicians in practice. However, in terms
of dealing with complex logical conditions, multistage gatekeeping procedure is still

not as flexible as the mixture procedure (Dmitrienko and Tamhane, 2011, 2013).

1.3.2 Graphical Visualization

Several graphical approaches were also developed for testing logically related hypotheses:

o Tree structured method. Meinshausen (2008) formulated a variable selection
problem in high-dimensional regression as a tree-structured hypotheses testing
problem and developed a hierarchy method. It can be regarded as a special
case of the original graphical approach (Bretz et al., 2009), where descendant
hypotheses in the same layer are allocated with equal critical values if their
parent hypotheses are rejected, otherwise they are non-testable.

e FEntangled graphical approach. For increasing complex of logical restrictions
among tested hypotheses, proper visualization and presentation of logically
related M'TPs should be taken into account. Entangled graphical approach
has been proposed to perform MTPs for testing logical restricted hypotheses
(Maurer and Bretz, 2013a). Each graph represents one logical restriction
among all tested hypotheses, and within each graph, one can use the algorithm
introduced in the original graphical approach by Bretz et al. (2009) to make
rejection or acceptance decisions regarding tested hypotheses. However, a
drawback of the entangled graphical approach is that with the increasing
number of logical restrictions, one needs to construct and update a large number
of graphs, which makes this method computationally inefficient.

e Superchain procedure. Superchain procedure (Kordzakhia and Dmitrienko,
2013) was developed to sequentially test logically structured hypotheses via
graphical approaches. Each family is presented as a vertex and local significant
levels are propagated via transition coefficients between families instead of
hypotheses. However, this approach tests all families of hypotheses simulta-
neously at each step which is not suitable in some clinical trial settings, such as
families of hypotheses having hierachical structure.

o Family-based graphical approach. The aforementioned gatekeeping strategies are
often either non-intuitive or less flexible when addressing increasingly complex
logical relationships among families of hypotheses. Qiu, Guo and Yu (2017)
proposed a family-based graphical approach to solve such probelms, in which
equally important families are grouped in the same layer and a directed and
weighted graph is used to develop family-based gatekeeping strategy where
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each node corresponds to a family of hypotheses and two simple updating
rules are used for updating the critical value of each family and the transition
coefficient between any two families. The proposed approach can be used
to easily derive and visualize different gatekeeping strategies. However, this
approach is not suitable for dealing with multiple testing probelms with general
logical restrictions among families of hypotheses.

1.4 Selective Inference
With the increasing number of tested hypotheses, one natural testing strategy is to
first reduce the number of tested hypotheses by some selection process, and then to
simultaneously test the selected hypotheses. The main advantage of this strategy is
to greatly reduce the severe effect of high dimensions. However, the first screening
or selection stage must be properly accounted for in order to maintain some type of

error rate control.

1.4.1 Procedures after Selection/Screening
Benjamin and Yekutieli (2005) introduced a new approach for constructing multiple
selective confidence intervals after screening a large number of parameters with the
control of false coverage rate (FCR), which is the expected proportion of nonovering
confidence interval among all constructed confidence intervals. It is the first time
that the concept of selective inference was formally introduced in the literature.
Benjamini (2010) and Taylor and Tibshirani (2015) also demonstrated imporatnce
of selectvie inference in the era of big data. The construction methods of selection
adjusted multiple confidence intervals with the control of FCR were further developed
by Weinstein, Fithian and Benjamin (2014), Weinstein and Yekutieli (2016) and Peng
et al. (2017).

In high-dimensional regression analysis, several novel breakthroughs have been
recently made by Berk et al. (2013), Barber and Candes (2015), Lee et al. (2016),

Fithian et al. (2014). All of these works emphasize on how to perform valid
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post selection inference after model building. Following these works, many selective
inference /post selection inference methods have been developed for a variety of model
selection algorithms (Barber and Candes, 2016; Fithian et al.,2015; Tian and Taylor,
2015a, b; Yekutieli, 2012; Tian and Taylor, 2018; Tian, Loftus and Taylor, 2018;
Panigrahi and Taylor, 2018; Taylor and Tibshirani, 2018).

Selective inference is also a hot topic in multiple hypotheses testing recently.
Several selective inference methods have been developed in large scale multiple
hypotheses testing (Skol et al., 2006; Bourgon et al., 2010; Benjamini and Bogomolov,
2014; Heller et al., 2016; Guo and Romano, 2017). Among these selective inference
methods, an interesting development is independent filtering method, where selection
statistic and testing statistic are chosen to be independent when the corresponding
hypothesis is true (Bourgon et al., 2010; Dai et al., 2012; Du and Zhang, 2014;
Ignatiadis et al., 2016; Guo and Romano, 2017; Heller et al., 2018), which has several
nice properties: (i). it completely removes the selection effect; (ii). it reduces the
multiplicity effect; (iii). it does not “waste” data while carry out to the selection
testing. In this dissertation, we further develop the ideas and methods of independent

filtering.

1.4.2 Data-driven Weighted MTPs
In multiple hypotheses testing, importance of null hypotheses is often different. It is
natural to assign different weights to different hypotheses. Traditionally, the weights
are pre-specified by some prior knowledge. However, without the prior knowledge at
hand, how can one specify the weights? Roeder and Wasserman (2009) and Poisson
et al. (2012) introduced data-driven weighted multiple testing procedures, where
weights for null hypotheses are constructed by exploiting information in the data.

It is interesting to note that the aferomentioned screening methods can be

regarded as a special case of general data-driven weighted methods. For data-driven
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weighted methods, there are still some important questions remain to be answered,
such as, how to ensure the control of the FWER or FDR when constructing and
assigning weights in a data-driven way? How to ensure such methods are more
powerful than the conventional FWER or FDR controlling procedures? etc. Very
recently, by employing side information to construct weights which are independent of
the test statistics under the corresponding null hypotheses, several Bonferroni-based
and Benjamini-Hochberg based data-driven weighted methods have been developed
to increase power while still controlling the FWER and FDR, respectively (Fino and
Salmaso, 2007; Ignatiadis, et al., 2016; Li and Barber, 2016; Lei and Fithian, 2016;
Ignatiadis and Huber, 2017).

1.5 Motivation and Outline

Although existing sequentially rejective, weighted Bonferroni-based MTPs in the
literature can often address multiplicity issues propoerly, the drawbacks of such
procedures are that the decision tables or results are often abstract and difficult
to present to clinical teams. Even though the original graphical approach (Bretz
et al., 2009) provided a simple and clear graphical visualization to demonstrate the
underlying testing strategies, a main shortcoming of this graphical approach is that
it only allows one rejection at each step. As a result, too many graphs need to be
generated and updated in the whole testing process with the increasing number of
null hypotheses. In this dissertation, we first develop a new graphical approach with
proven control of the FWER, which allows one to reject more than one hypothesis at
each step.

Moreover, with complex logically structured hypotheses, to our knowlegde, there
is no MTP exists in the literature, which can deal with general logical relationships
among tested hypotheses, and at the same time, which has a simple and clear

visualization to non-statisticians. The existing gatekeeping procedures can only be
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used to test families of hypotheses with simple logical restrictions. The existing
graphical approaches provide a way to visualize complex testing strategies clearly
and intuitively, but almost all of them can not deal with general logically related
hypothese. The only exception is the entangled graphical approach, but it needs
to generate and update too many graphs with the increasing complexity of logical
relationships and it has low power performance in the sense that critical values from
non-testable (logical restricted) hypotheses can not be fully used. In this dissertation,
we propose a new graphical approach, which can deal with general logical restrictions
among tested hypotheses as well as fully using critical values from non-testable
hypotheses.

For large scale multiple hypothesis testing, most existing selective inference
procedures emphasize on performing valid inference after selection, when the selection
ruels are given. However, in practice, how to choose an appropriate selection rule to
lead to more powerful testing procedures remains open. In this dissertation, we
propose several powerful selective inference procedures with strong control of the
FWER. Moreover, the proposed procedures appropriately take selection effect into
account.

The graphical approaches mentioned in this dissertation are developed based
on weighted Bonferroni procedures. The weights are usually pre-specified. However,
without having any prior knowledge of the weights, one can only construct the weights
based on data. Several data-driven weighted MTPs were developed very recently. The
main drawback of these MTPs is that it is complicated to construct the weights. In
this dissertation, we also develop simple ways to construct data-driven weights and
thus develop more powerful weighted MTPs, which can be regarded as extensions of
our proposed selective inference procedures.

The rest of this dissertation is outlined as follows: in Chapter 2, we propose

a new graphical approach with proven FWER control by generalizing the sequential
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rejection principle, where one can reject more than one hypothesis at each step.
Through some clinical examples, we illustrate that the proposed approach is more
flexible and computationally efficient than the existing graphical approaches. In
Chapter 3, we develop a new graphical approach for dealing with general logical
relationships. In Chapter 4, we propose several powerful selective inference procedures
with proven FWER control. In Chapter 5, extensive simulation studies are conducted
for the proposed procedures in Chapter 4. In Chapter 6, we summarize and discuss

the future works we are planning to do.
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CHAPTER 2

A NEW GENERALIZED GRAPHICAL APPROACH

2.1 Introduction
In this chapter, we focus on developing a new sequentially rejective, weighted
Bonferroni based graphical approach, which can reject more than one hypothesis at
each step. The existing Bonferroni-based sequentially rejective MTPs include Holm
procedure (Holm, 1979), fixed sequence procedure (Wiens, 2003), Bonferroni-adjusted
gatekeeping procedures (Bauer et al., 1998; Westfall and Krishen, 2001; Dmitrienko,
Offen and Westfall, 2003), etc. However, the decision tables of these MTPs may be
long and non-visualized, which make them difficult to present to non-statisticians
clearly and intuitively. Bretz et al. (2009) proposed to use graphical tools to
describe and develop Bonferroni-type sequentially rejective procedures, which clearly
demonstrate relationships between tested hypotheses via directed edges. In this
dissertation, we term this graphical approach as the original graphical approach.
Applying the original graphical approach, different testing strategies can be visualized
to investigate and thus tailor proper multiple test procedures to specific clinical trial
objectives. It strongly controls the FWER at level a under arbitrary dependence. The
original graphical approach have been further extended by many authors, including
Hung and Wang (2009), Bretz et al. (2011a, b), Maurer et al. (2011), etc. Bretz,
Maurer and Maca (2014) provide a general review of the development of graphical
approaches in Chapter 14 of Young and Chen (2015).

One main drawback of the original graphical approach (Bretz et al., 2009) and
its extensions is that they can only reject one hypothesis at each test step. It is
natural to consider generally how can one reject more than one hypothesis at each
test step using graphical approaches. Since for a large number of tested hypotheses,

if using the original graphical approach, we may need to iteratively generate many
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graphs and present all of theses graphs at the end of the test. For example, suppose we
are interested in testing eight null hypotheses, where the relationships among theses
null hypotheses are illustrated in Figure 2.1. Using the original graphical approach,
if all eight hypotheses can be finally rejected, one needs to update eight different
graphs and present all theses graphs to clinical teams to demonstrate the testing
process of the underlying MTP. As one can see, the original graphical approach is not
computationally efficient.

In this chapter, the main goal is to develop a more flexible and efficient
graphical approach, which can reject more than one hypothesis at each step and
strongly controls the FWER as well. We term it as a generalized graphical approach
throughout our dissertation. The elements in the proposed graphical display is
the same as the original graphical approach as described in Section 1.2.3, where
each hypothesis is located in a vertex, and the relationships among null hypotheses
are mapped by direct edges with associated transition coefficients. However, in
the proposed graphical approach, we test all hypotheses that have positive local
critical values, and reject all hypotheses H; if its p-value p; < «;. Consider the
motivating example in Figure 2.1, hypotheses H; and H, are tested at level oy and
«z, simultaneously, such that oy + as = . If H; and H, are both rejected, a; and
as will be splitted equally and passed to Hs, Hy and Hj relying on the edges. If Hs,
H4 and Hjy are rejected in the subsequence at their updated local critical values, their
critical values are passed down further. The test stops until no more hypotheses can
be rejected. We will revisit the motivating example in Section 2.5 for more details.

Moreover, in theoretical aspect, regarding strong control of the FWER of the
proposed method, we also develop an alternative way through which we can show its
FWER control. Many existing MTPs using the original graphical approach belong to
a subclass of weighted Bonferroni-based closed testing procedures (Marcus, Eric and

Gabriel, 1976), thus strongly control the FWER via the closure principle. However,
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a/2 a/2

Figure 2.1 Graphical illustration of the motivating example, with m = 8, initial

allocation a = {«/2,/2,0,0,0,0,0,0}, and overall level & = 0.05.
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with a different aspect of view, one can show that the Bonferroni-based sequentially
rejective multiple testing procedures strongly control the FWER by the sequential
rejection principle (Goeman and Solari, 2010). Inspired by the original sequential
rejection principle, we show the FWER control of the proposed method by the
generalized sequential rejection principle. Theoretical details are shown in Section
2.4.

The advantages of the proposed generalized graphical approach are: compared
to the original graphical approach, more than one hypothesis can be rejected at each
step, which makes it computationally efficient. Moreover, with the reduction of total
updated graphs, the presentation to clinical teams is more clear. And as a by-product,
we generalize the sequential rejective principle and provide an alternative way to show
the FWER control of some MTPs in clinical trials.

The rest of this chapter is organized as follows: in Section 2.2, we introduce
some general notations used in this chapter. The generalized graphical approach
is formalized with a simple iterative algorithm to perform a MTP with a graphical
display in Section 2.3. The FWER control of the proposed approach is proved in
Section 2.4. In Section 2.5, we demonstrate clinical trial examples to clearly illustrate

the proposed graphical approach. In Section 2.6, some concluding remarks are given.

2.2 Preliminaries
In this section, we introduce some general notations used in this chapter. Consider a
multiple testing problem with m null hypotheses Hy, ..., H,,. Let H = {Hy, ..., H,,}
be a collection of the m null hypotheses, and I = {1,...,m} be the corresponding
index set. Suppose a = (aq,...,,,) be the pre-speficied allocation of the overall
critical value « to each individual hypothesis at the beginning of test, and G=(g;;)
be an initial m x m transition coefficient matrix, where the transition coefficient g;;,

indicates the proportion of the critical value of hypothesis H; that will be passed
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down to hypothesis H; if H; is rejected. In this dissertation, we assume true null
p-values are always stochastically greater than or equal to a uniform distribution on

[0,1]. That is, for p € [0, 1],

where [ is the indices of true null hypotheses.
At the beginning of test, the initial critical values ac and the transition coefficient
matrix G=(g;;) are given. All raw p-values py, ..., p,, are observed, where p; denotes

the observed p-value of P;,i =1,...,m.

2.3 The Proposed Graphical Approach
In this section, we introduce a generalized graphical approach, different from the
original one (Bretz et al., 2009), which can reject more than one hypothesis at each
step. In this graphical approach, instead of updating a critical value and transition
coefficient at each step as in the original graphical approach, we update a critical
value function and transition coefficient function based on a set of rejections. Define
al(ﬁi,l) be a function based on R,_; for hypothesis H;,l = 1,...,m, at step i =
1,...,m, where R;_; = (7@1, ...,ﬁi_l)T is a vector of rejection sets, and Ri, oy Riy
are nonempty, mutually exclusive sets of rejections at step 1, ...,2—1, respectively. We
name al(f{i,l) as a multivariate critical value function throughout the dissertation.

And glk(f{i_l) as a multivariate transition coefficient function. Denote that 7’:’,0 =0,

al(ﬁo) = oy, and glk(ﬁo) = gir.. We assume that

Zal < a, (2.2)
=1

Oéglkglagllzov fOI'l,k?:l,...,m, (23)
Zglk <1, for every I =1,...,m. (2.4)
k=1
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At the beginning of each step ¢, we have an updated indices of the remaining
hypotheses I;. Initially, we have I; = I = {1,...,m}. For each R, at step i, let
the corresponding indices be J; with J; = (. With all the above notations, the

following algorithm defines a sequentially rejective procedure:

Algorithm 1.
1. For j € Iy, test every H; at level o. If p; < «j, reject H;. Then we have
Ry = {H; € H:p; <aj,forany j € I}; If Ry =0, then stop.

Update the graph:
]1 — IQ = Il\Jl,

. a4 Y g, ifl €Iy,
a(Ry) = i (2.5)

0, otherwise,

glk"".g 91595k
N _ ].1._ 00 Zfl7k6127l7£k7
glk(Rl) — ! jGZ:Jl 116231 913954 jgl 913931 (26)

0, otherwise.

A~ A~

i(2 > 2). For j € I, test every H; at level a;(Ri_1). If pj < aj(Ri_1), reject H;.
Then we have R; = {H; € H\ U, Ry : pj < OKj(RZ'_]_), forall j € L;}; If R; =0,
stop.

Update the graph:
I = Ly = L\ J;,

. a(Rizt) + aj(Ri—1>gjl(Rz‘—1)7 if L€ Iija,
a(R;) = I (2.7)

0, otherwise,
glk(ﬁ/i—l)"!‘ 23 glj(ﬁi—l)gjk(ﬁ'i—l)

JEJ;

S\ -3 ¥ g;Ric1)giqRiz1)— S g (Riz1)gj(Riz1)’ Zfl’ k€ ]H_l’l ?é k7
gi(Ri) =

J€J; q€ 5 JEJ;

0, otherwise.

(2.8)
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Remark 1. In any case for updating the transition coefficient function, if we
encounter the case of the denominators of the right-sides in (2.6) and (2.8) being

equal to zero, we simply set glk(f{i) =0, for everyi=1,...,m.

Remark 2. The updating rules of the critical value function indicate that all critical
values of rejected hypotheses will pass to hypotheses via directed edges. Moreover,
in order to standardize the transition coefficient function at each step, in the
denominators of the right-sides in (2.6) and (2.8), we substract product of any
two transition coefficient functions corresponding to rejected hypotheses if they are

connected with each other.

By removing all rejected hypotheses at the end of each step, not only the critical

value functions, but also the transition coefficient functions need to be updated.

Proposition 1. Under the assumptions stated in (2.2), (2.3), and (2.4) for initial
critical values and transition coefficients, the critical value functions and transition
coefficient functions at each step i = 1,...,m, have the following properties:

For transition coefficient functions,

1. Zglk )< 1, fori=1,...m, and I; C{1,...,m}, (2.9)
kel;
2.0 < gn(Riz1) < 1, gm(Riz1) =0, fori=1,....,m. (2.10)

For critical value functions,

3. Zal )< a, fori=1,...,m, and I; C{1,...,m}, (2.11)
lel;
4. a;(Risy) < au(Sisy), forevery R; € Sj,5=1,...,i—1, (2.12)

and fori=1,....m

The proof of Proposition 1 is deferred to Appendix A.
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2.3.1 Relationship between the Proposed and the Original Approaches
In this section, we explore the relationship between the proposed graphical approach
and the original one. We first define some notations. Let R, = {H,,,..., H;.} for
1 < s < m denote a rejection set of the original graphical approach, including s
rejected hypotheses, and the order of rejected hypotheses is from H;, to H; . Let
Jy = {i1,...,is} be the corresponding indices. Note that Ry = 0.

Based on R, we recursively define the critical value functions and the transition

coefficient functions for our proposed method as follows:

For s =0,

a1(Ro) = cu, and gi(Ro) = gk (2.13)

For 1 < s <m,

s (Reo1) + a4, (Re-1)giu(Re—r), if L € I\J,,
w(R) = {(Rs-1) + @iy (Rs-1)9i1(Rs-1) \ (2.14)

0, otherwise,

i (Rs—1)+91i5 (Rs—1)gigk(Rs—1)) : 7
- - 2 , lfl,k‘EI\Js,l#k,
gm(Rs) _ 1—g1is (Rs—1)gis1(Rs—1) (2.15)

0, otherwise.

Based on the critical value functions and transition coefficient functions defined
in (2.13), (2.14) and (2.15), the following algorithm describes an original graphical

approach with more than one rejection at each step.

Algorithm 2.
1. Forj € I, test every H; at level a;(Ro). If pj < a;(Ro), reject H;. Then we
have Ry = {HjeH:p; < aj(’léo), for any j € I}, with Ry = Ri: If Ry =0, then

stop.
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Update the graph:

Il — 12 = ]1\J1,

a;(Ro) — ai(Ryry)), forl € I (2.16)

gik(Ro) = gi(Rima)), for Ik € I, 1 # k. (2.17)

i(i > 2). For j € I, test every H; at level aj(Riz, ). If pj < aj(Rir, .)), reject
H;. Then we have R; = {H; € H\R;_1 : p; < aj(Rir,_,|), for all j € I} with
Ri = Ri—l U 7%,2‘,' ]f 7%, = @7 StOp.

Update the graph.:

I = Iy = L\ J;,
a(Rir, 1) = a(Riry), for L € I (2.18)

911@(7%\7%1-_10 — glk(ﬁlRil)v Jor I,k € Iiq, 1 # k. (2.19)

In Section 2.4, we will provide an alternative proof to show that it strongly

controls the FWER at level a.

Remark 3. For the original graphical approach, since the order of rejections does
not affect the final rejection results in the sense that if hypotheses H; and H, are
both rejected by the original graphical approach, no matter either H; or Hs is rejected
first, the overall rejection set remains the same. Therefore, the critical value functions
and transition coefficient functions in Algorithm 2 are unique based on a set of all

previous rejections.

Remark 4. In Algorithm 2, we extend the original graphical approach to more
general case with more than one hypothesis can be rejected at each step. In this case,
we need to update the univariate critical value functions and the transition coefficient
functions iteratively based on each individual rejection, which means that if we reject

k hypotheses at step ¢, then the transition coefficient functions need to update k times
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based on the algorithm of the original graphical apptoach. There is no closed form

for updating the transition coefficient function.

Remark 5. The generalized graphical approach propose a way for updating the
transition coefficient function when rejecting more than one hypothesis at each step.
Due to construction of the updating rule for transition coefficient function, the order
of rejections affects the testing results. Thus we introduce an alternative concept of

A~

critical value function — multivariate critical value function o;(R;), which is defined
on the collections of rejection of the first i steps, R; = (7@1, ey ﬁZ)T
2.4 Main Theoretical Results

In this section, we show that the proposed graphical approach strongly controls the
FWER under arbitrary dependence. Goeman and Solari (2010) introduce a sequential
rejection principle to show the FWER control for sequentially rejective procedures,
which provides an alternate besides the closure principle, and avoids the high demand
of computation caused by using the closure principle. A sequentially rejective
procedure is defined based on a univariate successor function A. The sequential
rejection principle states that a sequentially rejective procedure strongly controls the
FWER as long as the univariate successor function N satisfies the following two

conditions almost everywhere:

Condition 1: N(R) C N(S)US, for every R C S C H; (2.20)

Condition 2: Py (N (F(M)) € F(M)) > 1 —a. (2.21)

Since

N(R)={H; € H\R : p; < o;(R)},

the monotonicity of the univariate successor function in (2.20) is equivalent to the

monotonicity of the univariate critical value function. The original graphical approach
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described in Section 2.3.1 is based on a univariate critical value function, we can apply

the sequential rejection principle to show strong control of the FWER in the following:

An alternative proof of the FWER control of the original graphical approach. For
condition 1 in (2.20), we have N(R) = {H; € H\R : p; < oj(R)}. Since R C S C H,

by monotonicity of the critical value function, we have

aj(R) < a;(S).

If p; < ;(R), then p; < «;(S). Hence all rejected hypotheses in AM(R) must also
belong to N'(S). Thus N(R) C N(S)US.
For condition 2 in (2.21), we let R = F(M) and T (M) = H\F(M) is the set

of all true null hypothese, we have

Py (reject at least one true null hypothesis)
= Pu(Ujeron{p < a;(R)})

Y Pulp; < (R))

JET(M)

Y a(R) <) o(R) < (2.22)

JET(M) jeH

IN

IN

The first inequality in (2.22) is due to the Bonferroni inequality. The second inequality
in (2.22) holds under the assumption that all true null p-values are stochastically
greater than or equal to a uniform distribution on [0,1]. The third inequality in
(2.22) holds since oj(R) > 0. Thus, it is a valid sequentially rejective procedure with
strong control of the FWER. U

Note that the proposed graphical approach is based on a multivariate critical
value function as described in Section 2.3, we need to extend the original sequential
rejection principle from the case of univariate critical value function to that of

multivariate. We first define a random and measureable multivariate successor
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function A'(R), such that,

i1
N(Ri—1> =R = {H; € H\ U Ry 1pj < ozj(lfii_l)}
k=1

is a collection of rejected hypotheses that can be made at step ¢ after rejecting a
collection of hypotheses R;_ in the previous i — 1 steps. For convenience, in the rest
of this dissertation, we denote 7 = T (M) and F = F(M). Let F; be a collection
of rejected false null hypotheses at step i, i = 1,...,m. And F; = (Fy,..., F;)T be a
vector of collections of all rejected false null hypotheses at the end of step i. Based
on this multivariate successor function, we develop a generalized sequential rejection

principle.

Theorem 2 (Generalized Sequential Rejection Principle). Suppose R, CS CH

for every i=1, ..., m, 7@1, . ,7éi are all mutually exclusive, non-empty sets, and
Si,...,S; are also all mutually exclusive, non-empty sets, almost everywhere, if
N®R) SN(S) S foralli=1,...,m, (2.23)
k=1

and at each single step i, for every M € M,

PyN(F;) CF)>1-a, (2.24)

then for every M € M, we have

Pu(U Ry CF)>1—a. (2.25)

Proof. By the condition of the single step FWER control in (2.24), we have
Py(N(F;) CF) > 1—a. If the event {N(F;) C F} is realized, which means at step

i+ 1, we did not reject any true null hypotheses. We will show that [J R, C F.
k=1

Clearly Ro=0CF. By mathematical induction, suppose that (J Ri C F , we will
k=1
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il o .
show that |J Rx C F. Since Ry, Ra, ..., R; are all mutually exclusive sets, we have
k=1

A . . i1
Ri1 C F1,Ry € F\Fi,....R; € F\ U Fk, then by monotonicity condition in (2.23),

k=1
we have '
N®R;) SN(F)) [ Fr, where F; = (Fy, Fo, ..., Fi)"
k—1

i+l R .
Thus, JReNT =R NT =NR)NT C{N(F;,) UF}NT = 0. Therefore,

k=1
i+l (N
URr S Fforalli=1,..,m. Hence, Pyy(lU Re C€F) > Py(N(F,) CF)>1—a.
k=1 k=1

By Dominated Convergence Theorem,
lim Py (| JRe € F) = Py(lim | JRy € F)
e k=1 k=1
= Py(l JReCF) > lim(l—a)=1—-a.
1—00

i

Remark 6. The conditionin (2.23) states that all multivariate successor function
1s monotonic. Since the successor function is defined upon critical value functions,
this condition is equivalent to the monotonicity of multivariate critical value function.
The condition in (2.24) guarantees the FWER control in the critical case in which all

false null hypotheses have been rejected and none of the true ones.

Remark 7. Bretz et al. (2009) showed that the graphs together with the updating rules
of critical values and transition coefficients are equivalent to a short-cut for a closed
test procedure (Hommel, Bretz and Maurer, 2009), thus their graphical approach
controls the FWER in the strong sense. In this dissertation, we use an alternative
way to show the FWER control for the proposed graphical approach, which is based on
the generalized sequential rejection principle. Note that the successor function in the
sequential rejection principle (Goeman and Solari, 2010) is a univariate function, as

well as the critical value function (by definition of successor function). At each step,
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the local critical value for a hypothesis is defined by a unique critical value function.
Howewver, the critical value function in our approach is multivariate. For the original
graphical approach that no more than one hypothesis can be rejected at each step, we
can apply the sequential rejection principle instead of the closure principle to show its
FWER control. For our suggested generalized graphical approach that more than one
hypothesis can be rejected at each step or other sequentially rejective procedures that
the order of the rejections of null hypotheses in previous steps affects the rejections

in the next step, the generalized sequential rejection principle should be applicable to

show their FWER control.

By Theorem 2, we can show that the proposed graphical approach strongly

controls the FWER under arbitrary dependence.

Theorem 3 (FWER control of the generalized graphical approach). The generalized

graphical approach strongly controls the FWER at level o under arbitrary dependence.

For the proof of Theorem 3, see Appendix A.

Even though the sequential rejection principle (Goeman and Solari, 2010) is
widely used for developing MTPs with proper control of the FWER, however, for
some MTPs, it may not be applicable, such as generalized Bartroff-Lai procedure
(Bartroff and Song, 2016). The generalized Bartroff-Lai procedure is a sequential
step-down procedure, where the successor/rejection function p (R, .4, n) is trivariate
with previous rejection set R, previous acceptance set A and the sample size of
the current testing step n. Clearly, the sequential rejection principle does not work
for this procedure. However, applying the proposed generalized sequential rejection
principle, we reduce the multivariate successor function to a trivariate function in this
case. For each n, as long as the successor function satisfies monotonicity condition
and the single step FWER control, the generalized Bartroff-Lai procedure strongly
controls the FWER (Bartroff and Song, 2016).
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2.5 Clinical Trial Examples
In this section, we apply the proposed graphical approach and the original graphical

approach to two different clinical trial examples.

2.5.1 Example 2.1
In this section, we demonstrate the motivating example in Figure 2.1. The
overall critical value o = 0.05 is allocated to eight tested hypotheses, a =

{a/2,0/2,0,0,0,0,0,0}, and the transition coefficient matrix is

(0 0 1/2 1/2 0 0 0 0 \
001/2 0 1/2 0 0 0
00 0 0 0 1 0 0
G_J00 000122 0
00 0 0 0 1/2 0 1/2
00 0 1/4 1/4 0 1/4 1/4
00 0 0 0 1/2 0 1/2
00 0 0 0 1212 0

Assume the observed unadjusted p-values pq,...,pg are 0.001, 0.002, 0.018, 0.011,
0.009, 0.03, 0.015, 0.021. Applying Algorithm 1, the test is done in the following
steps:

Step 1: we test all eight null hypotheses at their local critical values. Since
p1 = 0.001 < 0.025 = /2, p, = 0.002 < 0.025 = «/2, we reject H; and Hj, so

Ry = {H,, H,}. Update the graph (see Figure 2.2) and the critical value functions:

az(Ry) = 1/2xa/24+1/2x a/2=a/2,
as(R1) = 1/2xa/2=a/4,

A

015(7?,1) = 1/2 X 05/2 = 04/47
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while the transition coefficient functions remain the same.

Step 2: we test the remaining six hypotheses. Since p; = 0.018 < /2, py =
0.011 < /4, p; = 0.009 < a/4, we reject hypotheses Hs, H; and Hs, so Ry =
{Hs, Hy, H5}. Update the graph in Figure 2.3, as well as the critical value functions

and transition coefficient functions according to Algorithm 1:

~

as(Ry) = a/2+41/2x a/4+1/2x a/4=3a/4,
ar(Ry) = 1/2xa/4=a/8,

as(Ry) = 1/2x a/d=a/8,

gor(Ra) = gos(Ra) = 1/2,

g6(Ra) = gss(Ra) = 1/2,

978(R2> = 987(f{2) :1/2.

Step 3: we test the rest three hypotheses. Since pg = 0.03 < 3a/4, we reject
hypothesis Hg, so Rs = {Hg}. Update the graph in Figure 2.4 and the critical value

functions and transition coefficient functions:

a7(R3) = ag(Rs) = a/8+41/2 x 3a/4 = /2,

~ ~

gis(R3) = gs7(Rs) =1

Step 4: Test H; and Hg at their corresponding updated critical values. Since
pr=0.015 < /2, ps = 0.021 < /2, we reject Hy and Hy, so Ry = {Hy, Hg}.

Overall, it takes four steps to complete the whole test, where all hypotheses are
rejected. However, if we apply the original graphical approach, it will take eight steps

to complete the whole test.
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2.5.2 Example 2.2

We next discuss the example depicted in Figure 2.5, in which one aims to test
nine hypotheses by using the generalized graphical approach, where Hy, Hy, H3 are
three primary hypotheses, Hy, Hs, Hg are three secondary hypotheses and H;, Hg, Hy
are three tertiary hypotheses. The original critical value « is equally distributed
to Hy, Hy and Hj such that the initial allocation of overall critical value is a =

{a/3,a/3,a/3,0,0,0,0,0,0}, where a = 0.05, and the transition coefficient matrix is

( )

0o 1 0 0 0 0 0
0o 0 1 0 0 0 0
O 0 1 0 0 0
o0 0 0 1 0 0
0 0 0 1/2 1/2 0

0 0 0 0 0 1 0

e}

1/3 1/3 0 0 0 1/3

e

0 1/31/3 0 0 1/3

|
o o o o o o o o o
o o o o o o o o o
o

[}

0 0 0 12 1/2 0]

\

Assume the observed unadjusted p-values pi,...,pg are 0.008, 0.011, 0.006, 0.014,
0.03, 0.013, 0.015, 0.001, 0.016. Applying Algorithm 1, the test is done in the following
steps:

Step 1: we test all nine hypotheses. Since p; = 0.008 < 0.0167 = «/3, py =
0.011 < 0.0167 = «/3, p3 = 0.006 < 0.0167 = «/3, we reject Hy, Hy and Hj, i.e.

Ry = {Hi, Hs, H3}. Update the graph in Figure 2.6 and the critical values function:

044(7%1) = 015(721) = 056(7%1> = 04/3,

while the transition coefficient functions among the remaining hypotheses are still the

salne.
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Step 2: we next test the remaining six hypotheses at their local critical values.
Since py = 0.014 < 0.0167 = «/3,ps = 0.013 < 0.0167 = «/3, we reject Hy and Hg,
ie. Ry = {Hy, Hg}. The updated graph is in Figure 2.7. We update the critical value

functions and transition coefficient functions as:

A~

Oz5(R2) = 047(R2) = OZg(RQ) = 01/3,

A~ ~

g571(R2) = gss(Ra) = g75(R2) = gs(Ro)

= 979(R2) = 997(R2) = gos(R2)

= ggg(f{g) = 1/2

Step 3: we then test Hs, H;, Hy and Hg at their local critical values. Since
pr = 0.015 < ay(Rg),pg =0.001 < ag(Rg), we reject Hr and Hg, i.e. Ry = {H7, Hg}.
The updated graph is in Figure 2.8. Update the critical value function and transition

coefficient function of the rest hypotheses as:
(0734 (Rg) = 20&/3,
049(R3) = a/3,

959(R3) = 995R3) =1

Step /4: finally we test the rest hypotheses and reject Hs, Hy.
Overall, it takes four steps to test and reject all nine hypotheses by using the
proposed graphical approach. However, if we apply the original graphical approach

to the same example, it needs nine steps to complete testing.

2.6 Discussion
In this chapter, we introduce a flexible and efficient graphical approach to contruct,
visualize and perform sequentially rejective, weighted Bonferroni-based multiple test
procedures. Compared to the original graphical approach, the proposed generalized

graphical approach is more flexible and efficient. In terms of efficacy, the proposed

36



a/4 a/4

Figure 2.2 Graphical illustration of Example 2.1 at step 2.

3a/4

Figure 2.3 Graphical illustration of Example 2.1 at step 3.

Figure 2.4 Graphical illustration of Example 2.1 at step 4.
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a/3 a/3 a/3

Figure 2.5 Graphical illustration of Example 2.2, with m = 9, initial allocation

a={a/3,a/3,a/3,0,0,0,0,0,0}, and overall level o = 0.05.

Figure 2.6 Updated graph of Example 2.2 at step 2.
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Figure 2.7 Updated graph of Example 2.2 at step 3.

2a/3

[
-

a/3

Figure 2.8 Updated graph of Example 2.2 at step 4.
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generalized graphical approach is able to reject more than one hypothesis at each
step which remarkably streamlines the testing process. Even though the extended
original graphical approach can also reject more than one hypothesis at each step,
there is no closed form for updating critical value functions and transition coefficient
functions once for a rejection set at each step. Instead, one needs to update them
for each rejected hypothesis iteratively. Regarding the flexibility, hypotheses with
positive local critical values have chances to be rejected no matter wherever they are
in the graphs by the proposed approach. Specifically, if we only allow one hypothesis
to be rejected at each step, then the proposed graphical approach reduces to the
original one. As a by-product, we generalize the sequential rejection principle of
Goeman and Solari (2010) from the univariate case to the multivariate case, and
develop a generalized sequential rejection principle. By using this principle, we show
the FWER control of the generalized graphical approach.

Even though Burman et al. (2009) proposed a recycling-based graphical
approach for Bonferroni-based MTPs, which can reject more than one hypothesis
at each step, their graphical approach is not as general as our proposed graphical
approach. All tested hypotheses are displayed as different sequence according to some
clinical relationships among hypotheses in a graph, and only hypotheses located at
the top of each sequence have chances to be rejected. However, for our proposed
graphical approach, hypotheses with positive local critical values have chances to be
rejected no matter wherever they are in the graphs. Moreover, transition coefficients
among hypotheses are not as general as they are in our proposed graphical approach.
With the increased number of tested hypotheses, it becomes complicated and tedious
to diaplay all possible sequences/paths of tested hypotheses.

In the future, we plan to implement the proposed graphical approach in R
package, such that users can use the proposed approach more conventionally and

quickly.
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CHAPTER 3

A GRAPHICAL APPROACH FOR LOGICALLY RELATED
MULTIPLE HYPOTHESES TESTING

3.1 Introduction

In this chapter, we focus on developing a new graphical approach for logically
related multiple hypotheses testing. With the increasing complexity of study
objectives in clinical trials, one arising question is that how to reflect the complex
research objectives properly, such as how to formulate multiple structured families
of hypotheses for a specific clinical study. Various MTPs, which are used for testing
structured families of hypotheses, have been developed with strong control of the
FWER. For instance, gatekeeping procedures are developed for testing multiple
families of hypotheses with special logical structures (Hommel, Bretz and Maurer,
2007; Guilard, 2007; Dmitrienko, Tamhane and Wiens, 2008; Dmitrienko and
Tamhane, 2011; Dmitrienko and Tamhane, 2013). The conventional fixed sequence
procedures are further extended to accommodate to logically structured multiple
families of hypotheses (Kim, Entsuah and Shults, 2011). However, these MTPs are
usually applied to hierarchically ordered families of hypotheses, not applicable for any
general logically related hypotheses testing.

As discussed in Chapter 2, Bretz et al. (2009) proposed the original graphical
approach to describe MTPs. However, Maurer and Bretz (2013) claimed that this
graphical approach can not work efficiently for logically related hypotheses. To
solve the issue, they proposed an entangled graphical approach (Maurer and Bretz,
2013), which memorizes all logical relationships among tested hypotheses in the sense
that the origin of the propagated critical value is memorized in subsequent tests.
In this graphical approach, each logical relationship is taken into account in an

individual graph, and hypotheses in each individual graph are tested by using the
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same algorithm of the original graphical approach (Bretz et al., 2009). Moreover,
each individual graph is updated step by step by removing rejected hypotheses. The
overall rejections of all individual graphs are the final testing results of the study.
It is shown that the proposed entangled graphs are equivalent to the default graphs
introduced in Burman et al. (2009), where each logical relationship is illustrated
as a sequence of logically related hypotheses in a default graph. Meinshausen
(2008) formulated a variable selection problem in high-dimensional regression as a
tree-structured hypotheses testing problem and developed a hierarchy method. It can
be regarded as a special case of the original graphical approach (Bretz et al., 2009),
where descendant hypotheses in the same layer are allocated with equal critical values
if their parent hypotheses are rejected, otherwise they are non-testable.

The entangled graphical approach provides one solution to deal with general
logical relationships among tested hypotheses. However, even when testing four
hypotheses with two constraints (see the case study in Maurer and Bretz, 2013),
the entangled graph with both solid and dashed edges at each iteration seems to be
complicated and non-intuitive. If more logical relationships among hypotheses there
are, one can image how complicated the graphs will be if using the entangled graphical
approach. Moreover, for each individual graph, no more than one hypothesis can be
rejected at each step, thus it is also not computationally efficient.

In this chapter, the main goal is to develop an efficient and flexible graphical
approach for testing any logically related multiple hypotheses, in which all logical
relationships can be visualized in one graph. For non-testable hypotheses, which are
hypotheses with some unsatisfied logical constraints, we represent them as dashed
circles instead of original solid circles in graphs. The dashed circle is changed to a
solid one if the logical constraint(s) is satisfied. For example, suppose we are interested
in testing eight hypotheses in Figure 3.1, where hypotheses H, and Hj are testable

if and only if H; and H, are rejected, respectively; H; and Hg are testable if and
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only if H; and Hj are rejected, respectively; and Hg is testable if and only if Hj is
rejected. Hypotheses Hy, ..., Hg are all non-testable at the initial step, thus they are
all represented as dashed circles.

In order to make full use of positive critical values assigned to non-testable
hypotheses, we propose a re-assignment rule. In Figure 3.1, initially, ay = ag = a/4,
these critical values need to be re-assigned to testable hypotheses via edges from
non-testable to testable hypotheses, which increase the chance of rejections. However,
the re-assigned critical values are temporarily “borrowed” to testable hypothese; after
each test step, they need to be returned to their original non-testable hypotheses.
Utilizing the re-assignement rule at the beginning of each step, one can take full use
of thoses critical values assgined to non-testable hypotheses. We will demonstrate the
re-assignment rule in details in Section 3.2.1.

The proposed graphical approach in this chapter is able to reject more than one
hypothesis at each step by employing the generalized graphical approach introduced
in Chapter 2, thus increases the efficacy of multiple testing strategies. By applying the
generalized sequential rejection principle, we can show that the proposed graphical
approach strongly controls the FWER at level a. Theoretical details are presented
in Section 3.4.

The advantages of the proposed graphical approach for logically related multiple
hypotheses testing are: (i). compared to the entangled graphical approach, logical
relationships can be presented in an individual graph transparently, instead of
several individual graphs, which makes it clear and simple to communicate with
clinical teams. Moreover, the proposed re-assignment rule guarantees full use of
assigned critical values, especially for critical values of non-testable hypotheses. (ii)
compared to the original graphical approach in Bretz et al. (2009), the proposed
graphical approach can work efficiently for logically related multiple hypotheses

testing. Moreover, more than one hypothesis can be rejected at each step, which
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Figure 3.1 Graphical illustration of Example 3.1, with m = 8, and initial allocation

a={a/4,a/4,0,0,0,0,a/4,a/4}, and overall level o = 0.05.
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makes it computationally efficient. Furthermore, with reduction of total updated
graphs, the graphical presentation to clinical teams is much more explicit. (iii)
the proposed graphical approach seperates the logical relationships and the clinical
importance of tested hypotheses, which is usually not distinguished in many existing
MTPs.

The rest of this chapter is organized as follows: in Section 3.2, we introduce some
general notations, assumptations and definitions used in this chapter. The graphical
approach for logically related multiple hypothese testing is introduced with a simple
and iterative algorithm to perform a MTP in Section 3.3. The FWER control of the
proposed approach is showed in Section 3.4. In Section 3.5, we demonstrate clinical
trial examples to clearly illustrate the proposed graphical approach. In Section 3.6,

conclusion and further discussion are given.

3.2 Preliminaries

In this section, we introduce some general notations, assumptions and definitions used
in this chapter. Consider a logically related multiple testing problem with m null
hypotheses Hy, ..., H,,. Let H = {Hj,..., H,,} be a collection of m null hypotheses,
and I = {1,...,m} be the corresponding indices. Suppose o = (v, ..., ) be the
pre-speficied allocation of the overall critical value « to each individual hypothesis at
the beginning of test. We assume all true null p-values are stochastically greater than
or equal to uniform distribution on [0,1]. Initially, the critical values e and transition
coefficient matrix G=(g;;) are given. All raw p-values are observed, such that p =
(1 s Pm)-

Different from the original graphical approach proposed by Bretz et al. (2009),
we employ the graphical approach introduced in Chapter 2, where a multivariate
critical value function and transition coefficient function based on a set of rejections

are presented. Given a function al(f{i_l) defined on f{i_l for hypothesis H;,l € I;,
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at step 4,5 = 1,...,m, where R,_; = (ﬁl,...,ﬁi_l)T is a vector of rejections and

~

7%1, ..., R;_1 are the nonempty, mutually exclusive sets of rejections at step 1,...,7 —
1, respectively. The transition coefficient at step ¢ is defined by a corresponding
transition coefficient function glk(f{i_l). Denote Ry = N(Ry) =0, oy (7@0) = qay, and

A

9it(Ro) = gix- We assume that

Z&l S «, (31)
=1

Oéglkgl,g”:o, forl,kzl,...,m, (32)
Zglk =1,forevery [ =1,...,m. (3.3)
k=1

At the beginning of each step ¢, we have an updated indices of the remaining
hypotheses I;, and an updated set of the remaining testable hypotheses T;, where
T; C I, for all i = 1,...,m. Initially, we have [} = [ = {1,...,m}. For each R, at step

i, let the corresponding indices be J; with Jy = 0.

3.2.1 The Re-assignment Rule

In this section, we introduce a re-assignment rule to ensure positive critical values of
the non-testable hypotheses are fully used. If at the beginning of any testing step
i,i=1,...,m, for any f € I;\T;, we have Ozf(f{i,l) > 0, then apply the re-assignment
rule, which is stated as follows.

Definition 1 (Re-assignment Rule (RAR)). If as(R;_1) > 0, for f € I\T}, and

A

gr(Riz1) >0, forl € T;, where i = 1,...,m, then

~ ~ ~

bfl(Ri—l) = gfl(Ri—l) X af(Ri—l)

15 re-assigned critical value function to hypothesis H; from the non-testable hypothesis

Hy at the beginning of step i. Note that by(Ro) = by
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After re-assignment, the critical values of all non-testable hypotheses become
zero.  We construct a re-assignment table which illustrates details of overall
re-assignment at the beginning of each step. The first big column in the table is
non-testable hypotheses with positive critical values, while the second big column in
the table is testable hypotheses that “borrowed” critical values from thoses hypotheses
listed in the first column. For Example 3.1 displayed in Figure 3.1, at the beginning

of step 1, we have the re-assignment table, see Table 3.1.

Table 3.1 Re-assignment Table of Example 3.1 at Step 1.

H, (test)
H(nontest) Hy H,

H7 0 01/4

Hy |a/4| 0

Note: Hiest) are testable hypotheses that “borrow” critical values from non-testable

hypotheses, while H(,ontest) are non-testable hypotheses with positive critical values.

Remark 8. For simplicity of illustration, we assume there exist direct edges
between non-testable and testable hypotheses. In practice, the connection between
a non-testable and a testable hypothesis is not always direct, there may have some
“bridges”, 1.e. other non-testable hypotheses, to connect them. In this case, the
eventually re-assigned critical value from the original non-testable hypothesis to the
testable hypothesis is the product of all associated transition coefficients along this
path multiplied by the critical value function of the original non-testable hypothesis.
The re-assignment only affects the local critical value of each individual hypothesis,

but has no effect on the sum of the critical values over all hypotheses at any step i.
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3.3 The Proposed Graphical Approach
In this section, we present our proposed graphical approach for logically related
multiple hypotheses testing. With RAR introduced in Section 3.2.1, using the
same multivariate critical value function and transition coefficient function defined
in Section 2.3, the following algorithm defines a sequentially rejective procedure for

testing logically related hypotheses.

Algorithm 3. :

Step 1.

a). If ay > 0, for any f € L\Ti, apply RAR. Fill in the corresponding re-assignment
table.

b). Forj €Ty, if p; < aj+> by, then reject H;, thus we have Ry = {H; € H : p; <
aj+ Y by, foralljeTi}; J.Cff Ry =0, stop testing.

c). Reftum the “borrowed” critical values to their original hypotheses according to the
re-assignment table.

d). Update the graph:

]1 — IQ,
R a; + Z a5 951, Zfl € -[27
Oél(Rl) = J€N (34)
0, otherwise,
glk+_€ZJ 9195k
. — e — ifl,k €Iy, andl # k,
ge(Ra) = & oEaEn M, (35)
0, otherwise.

Step i(1 > 2).
a). For |T;| > 1, if Ozf(Ri,l) > 0, for any f € L\T;, apply RAR. Fill in the
corresponding re-assignment table.

b). Forje T, if p; < ozj(l?{i_l) + bej(Ri_l), then reject H;, thus we have R; =
f
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{H; e H:p; < aj(f{i_l) + bej(f{i_l), for all j € T;}; If R, =0, stop testing.

!
¢). Return the “borrowed” critical values to their original hypotheses according to the
re-assignment table.

d). Update the graph:

I; = Iiga,
. a(Ri) + X ij(ﬁi—l)gﬂ(f{i—l)> if L€ I,
a(R;) = ge% (3.6)
0, otherwise,
glk(ﬁifl)'*‘g; 91;(Ri—1)g;k(Ri-1)
J i . )
N ) 1= 2 g;(Ri-1)gjqRi-1)— X a;(Ri-1)g(Ri—1)’ iflk € Liyy and L £k,
glk(Rz> — JEJ; q€J; JjEJ;
0, otherwise.
(3.7)

Logical relationships and clinical importance are usually involved together in a
multiple testing problem; by using RAR, one can distinguish these two concepts, and
make efficiently use of the critical values that assigned to non-testable hypotheses.
At any step of Algorithm 3, the updates of critical value function and transition

coefficient function apply for both testable and non-testable hypotheses.

Proposition 2. Under the assumptions stated in (3.1), (3.2), and (3.3) for initial
critical values and transition coefficients, at each step i = 1,...,m, the critical value
function and transition coefficient function defined in Algorithm 3 have the following
properties:

For transition coefficient function,

1. Zglk(f{i_l) =1, fori=1,...,m, and I; C{1,...,m}, (3.8)
kel;
2.0 < gn(Ri) < 1,gm(Rizy) =0, fori,l,k=1,....m, (3.9)



For critical value function,

3. Zal(f{i_l) <a, fori=1,..m, and I; C{1,...,m}, (3.10)

lel;

4. a;(Rizy) < aq(Sisy), forevery R; € Sj,5=1,....,i—1, (3.11)

and fori=1,...,m.

The proof of Proposition 2 is deferred to Appendix B.

Remark 9. For Algorithm 3, if we encounter the case of the denominators of the
right-sides in (3.5) and (3.7) being equal to zero, we always set glk(f{i) to be zero.
At any step, the critical value defined by the critical value function of one specific
hypothesis is fully allocated to its related hypotheses via the transition coefficients
defined by the transition coefficient function, i.e. glk(Ri_l) = 1. This also aims

kel
to make full advantage of the initial critical values of logically related hypotheses.

3.4 Main Theoretical Results
In this section, we will show that the proposed graphical approach strongly controls
the FWER at level a. The MTPs generated by this graphical approach with
Algorithm 3 are sequentially rejective procedures. Emphasizing on the sequential
aspect of this approach, in Theorem 4, we show the FWER control of the proposed
approach by utilizing the generalized sequential rejection principle introduced in

Chapter 2.

Theorem 4 (FWER control of the proposed graphical approach). The graphical
approach for logically related multiple hypotheses testing strongly controls the FWER

at level o under arbitrary dependence.

For the proof of Theorem 4, see Appendix B.
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3.5 Clinical Trial Examples
In this section, we apply the proposed graphical approach to two different clinical trial

examples, where there exists some logical relationships among tested hypotheses.

3.5.1 Example 3.1
In this section, we revisit Example 3.1 displayed in Figure 3.1. The overall critical
value a = 0.05 is allocated to eight hypotheses, a = {a/4,a/4,0,0,0,0,a/4, a/4},

and the transition coefficient matrix is

( )

001/21/2 0 0 0 0
001/2 0 1/2 0 0 0
00 0 0 0 1 0 0
G_J00 0 0 0 1/2 1/2 0
00 0 0 0 1/2 0 1/2
00 0 1/4 1/4 0 1/4 1/4
01 0 0 0 0 0 0
10 0 0 0 0 0 0
( )

Assume the observed unadjusted p-values pq,...,ps are 0.001, 0.002, 0.018, 0.011,
0.009, 0.016, 0.015, 0.012. Applying Algorithm 3, the test is done in the following
steps:

Step 1:

a). Since the non-testable hypotheses H; and Hg have positive local critical
values, we apply the re-assignment rule first. See Table 3.1 for details of re-assignment.
Thus the critical values of H; and Hs are changed from a/4 to a/2.

b). We test all eight hypotheses at their local critical values. Since p; = 0.001 <
0.025 = /2, p, = 0.002 < 0.025 = a/2, we reject Hy and Hy, i.e. R, = {Hy, Hs}.
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c). Before updating the critical value function and transition coefficient
function in Algorithm 3, we first return the “borrowed” critical values to non-testable
hypotheses H; and Hg.

d). The updated graph is displayed in Figure 3.2. We also update the critical

value functions and transition coeflicient functions as follows:

~

az3(R1) = 1/2xa/4+1/2 x a/d = a/4,

~

as(Ry1) = 1/2xa/4=a/8,

~

as(Ry) = 1/2xa/4=a/8,

ar(Ry) = ag(Ry) = /4,

g3(R1) = gr5(R1) = gs3(R1) = gsa(R1) = 1/2.

The other transition coefficient functions among the rest hypotheses remain the same.
According to the rejection set Ri, logical conditions of Hy and Hj are fulfilled.
Step 2:

a). Since the re-assignment rule is still applicable, the critical value of non-
testable hypotheses H; is equally re-assigned to H3 and Hy and the critical value of
non-testable hypotheses Hg is equally re-assigned to Hz and H,. See Table 3.2 for
the re-assignment of critical values at the beginning of step 2. The critical values of
Hj, Hy and Hj are changed from a/4, a/8, /8 to a /2, /4, /4, respectively.

b). We test the remaining six hypotheses. Since ps = 0.018 < 0.029 = a/2,
ps = 0.011 < /4, ps = 0.009 < a/4, thus we reject hypotheses Hz, Hy and Hs, i.e.
Ry = {Hs, Hy, Hs}.

¢). Return the “borrowed” critical values to H; and Hs.
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d). The updated graph is displayed in Figure 3.3. We also update the critical

value functions and transition coeflicient functions:

as(Ry) = a/4+1/2xa/84+1/2x a/8=3a/8,
a7(Ry) = a/4+1/2x a/8 = 5a/16,

ag(Ry) = a/4+1/2x a/8=50/16,

gor(Ra) = gos(Ra) = gr6(Ra2) = grs(Ra)

= 986(R2) = 987(R2) =1/2.

According to the rejection set R, the logical conditions of H7; and Hyg are fulfilled.

Step 3:

The remaining three hypotheses are all testable. Since pg = 0.016 < 3 X
a/8,p; = 0.015 < 5a/16, ps = 0.012 < 5a/16, we reject the remaining hypotheses, so
Ry = {Hg, Hy, Hg}.

Overall, it takes three steps to complete the whole test, and all eight hypotheses

are rejected.

3.5.2 Example 3.2
In this example, we consider simultaneously testing six hypotheses Hy, ..., Hg, with
two logical restrictions, see Figure 3.4. The hypothesis Hj is testable if and only if H;
or H, is rejected. And hypothesis Hg is testable if and only if Hs or Hy is rejected.
The initial critical value is allocated as a = {a/4,/4,0,0,a/6,a/3}, and overall
level @« = 0.05. We assume the observed raw p-values pq,...,pg are 0.001, 0.006,
0.015, 0.01, 0.001, 0.028. Applying Algorithm 3, the test is done in the following
steps:

Step 1:

a). Since for non-testable hypotheses Hy and Hg, their corresponding local

critical values a5 > 0 and ag > 0, thus we apply RAR. The critical value of Hs, as
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is re-assigned proportionally to H; and Hs based on their transition coefficients gs;
and gso; Similarly, the critical value of Hg, ag is re-assigned proportionally to Hs and
H, based on their transition coefficients gg3 and gg4. The re-assignment is illustrated
in Table 3.3. After re-assignment, test Hy, Hy, H3 and Hy at level a/4+1/3 x a/6 =
11a/36, a/4+1/3xa /6 = 11a/36,1/2xa/3 = a/6 and 1/2x /3 = /6, respectively.

b). Test all six hypotheses. Since p; = 0.001 < 11«/36,ps = 0.006 < 11c/36,
we reject Hy and H, i.e. R, = {Hy, Hy}.

¢). Return the “borrowed” critical values to Hs and Hg.

d). The updated graph is displayed in Figure 3.5, where Hs becomes testable.
We also update the graph as well as the critical value functions and transition

coefficient functions by Algorithm 3:

a3(R1) = au(Ry) =3/4x a/4=3a/16,

a5(Ry) = a/64+1/4xa/4+1/4xa/d="Ta/24,
as(R1) = a/3,

gs6(R1) = 2/5,

g53(R1) = g5u(Ry) = 3/10,

936(R1) = g16(R1) =1,

g63s(R1) = gea(Ry) = 1/2.

Step 2:

a). Since Hg is still non-testable, at the beginning of step 2, we apply RAR.
Re-assign 046(7@1) to Hz and H, according to the associated transition coefficients.
The details of the re-assignment is listed in Table 3.4.

b). Test Hs, Hy and Hj at level 17a/48, 17a/48 and Ta /24, respectively. Since
ps = 0.015 < 17/48, p5s = 0.001 < 7o /24, we reject Hy and Hs, i.e Ry = {Hj;, Hs}.

c¢). We first return the “borrowed” critical value to Hs.
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d). The updated graph is displayed in Figure 3.6, we also update the critical

value functions and transition coeflicient functions:

Q
=N
=
N
Il

30/16 4 3/10 x Ta/24 = 11ar/40,

as(Re) = «/3+3a/16 +2/5 x Ta/24 = 17a/40,

A A~

946<R2) = 964(R2) =1.

Step 3:

Since the remaining two hypotheses are both testable, we test them at their
local critical values. Since py = 0.01 < 11/40, we reject Hy, i.e Ry = {Hy}.

Step 4:

We further test Hg at level 28/40. Since pg = 0.028 < 28«/40, we finally reject

Overall, it takes four steps to reject all six tested hypotheses.

Table 3.2 Re-assignment Table of Example 3.1 at Step 2.

H(test)

H(nontest) HS Hy HB

H; a/8| 0 | «a/8

Hy | a/8|a/s| 0

3.6 Discussion
In this chapter, we propose a flexible and efficient graphical approach for logically
related multiple hypotheses testing, which is a further development of the generalized
graphical approach in Chapter 2. In this graphical approach, we introduce different

graphical representations of hypotheses with and without logical restrictions in one
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Figure 3.2 Graphical illustration of Example 3.1 at step 2.

1/2 1/2

50/16 @ @ 5a/16

1/2

Figure 3.3 Graphical illustration of Example 3.1 at step 3.

56



a/4 a/4

3/4 3/4

Figure 3.4 Graphical illustration of Example 3.2, with m = 6 and initial allocation

a={a/4,a/4,0,0,a/6,a/3}.

Figure 3.5 Updated graph of Example 3.2 at step 2.
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Table 3.3 Re-assignment Table of Example 3.2 at Step 1.

H(nontest) Hl H2 HB H4

H; a/18 | /18 | 0 0

Hg 0 0 |a/6]|a/6

Table 3.4 Re-assignment Table of Example 3.2 at Step 2.

H(test)

H(nontest) HS H4

H6 Oé/6 Oé/6

graphical display. A re-assignment rule is included in the graph such that one can
make full use of the assigned critical values from non-testable hypotheses. Also, the
allocation of the overall critical value is based on the clinical importance of hypotheses,
which is independent of logical relationships among tested hypotheses. Compared
with the original graphical approach, the proposed graphical approach has at least two
advantages. First, the proposed graphical approach can be used to efficiently perform
MTPs for any general logically related hypotheses. Second, the proposed graphical
approach can reject more than one hypothesis at each step, which is computationally

efficient. Compared with the entangled graphical approach, the proposed graphical

11a/40 17a/40
1

1

Figure 3.6 Updated graph of Example 3.2 after step 3.
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approach can display and perform a MTP in one graph at each step, which is more
simple and intuitive to present to clinical teams. For future research, a main work is
to implement the proposed graphical approach in R package, which can help users to

conduct logically related hypotheses testing more conventionally and quickly.
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CHAPTER 4

SELECTIVE INFERENCE PROCEDURES IN LARGE SCALE
HYPOTHESES TESTING

4.1 Introduction

In this chapter, we focus on developing powerful selective inference methods in
large scale multiple hypotheses testing. When testing a large number of hypotheses
simultaneously, one natural testing strategy is to first reduce the number of tested
hypotheses by some selection process, and then to simultaneously test the selected
hypotheses. The methods developed based on this idea is named as a two-stage
procedure or filtering method or selective inference procedure(Benjamin and Yekutieli,
2005; Fithian et al., 2015; Barber and Candes, 2015; Benjamini and Bogomolov, 2014;
Heller et al., 2016; etc). When selection effects are taken into account, conditional
inference is often used. Therefore, instead of marginal p-values, conditional p-values
should be used to measure statistical significance of every selected hypothesis.
However, the conditional p-values are often difficult to derive. Whether a selective
inference procedure can perform well depends on its conditional p-values have good
statistical properties, which in turn depends on appropriate choices of selection and
testing statistics and the selection threshold.

Independent filtering methods (Bourgon et al., 2010, Dai et al., 2012, Du and
Zhang, 2014, Ignatiadis et al., 2016) were proposed such that the selection and testing
statistics are chosen to be independent when the corresponding null hypothesis is true.
Instead of using conditional p-values, marginal p-values can be used for independent
filtering methods. However, several questions arise about how to best apply the
independent filtering methods: How to choose the selection threshold? How to deal
with the non-selected hypotheses? How to develop powerful procedures such that

filtering information is beneficial?
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The existing independent filtering methods can only deal with selected hypotheses.
And even for selected hypotheses, the information is not fully exploited. Under
the assumptation of independence, we propose three powerful two-stage MTPs,
which can not only exploit information from selected hypotheses more explicitly by
estimating the true null proportion, but also exploit information from the non-selected
hypotheses.

By employing the idea of adaptive procedures, we first propose an adaptive
two-stage Bonferroni procedure, where the proportion of true nulls among selected
hypotheses is estimated from the data and the estimate is incorporated into two-stage
Bonferroni procedure. The adaptive two-stage Bonferroni procedure is generally more
powerful than the corresponding two-stage Bonferroni procedure introduced in Guo
and Romano (2017). A simple selection rule is used for selecting which hypotheses
H; are to be tested at the second stage. Given a fixed threshold ¢, H; is selected iff
U; > t, where U; is the selection statistics. Let S = {i € {1,...,m} : U; > t} denote
the indices of selected hypotheses, with |S| be the number of selected hypotheses.
We estimated true null proportion within S, which is denoted by 7. At the second

stage, we apply an adaptive Bonferroni procedure on the selected hypotheses S for

_o
7is|S|

which hypothesis H; is rejected iff the corresponding p-value P; <

The existing filtering methods only exploit the information contained in
the selected hypotheses, which means the information contained in non-selected
hypotheses are discarded. However, the non-selected hypotheses may have some
useful information. By a selection process, we split hypotheses into two hierarchically
ordered blocks/families, F} and F,. Based on the hierarchy order of two blocks,
we apply the idea of parallel gatekeeping strategy (Dmitrienko, Offen and Westfall,
2003) and develop a selective parallel gatekeeping procedure. While based on the
importance of two blocks, we apply the idea of data-driven weights (Fino and Salmaso,

2007; Roeder and Wasserman, 2009; Poisson et al., 2012; Ignatiadis et al., 2016; Li
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and Barber, 2016; Lei and Fithian, 2016; Ignatiadis and Huber, 2017) and develop a
data-driven weighted selective procedure.

The main idea of selective parallel gatekeeping procedure is that critical values
of the current family can be passed down to the subsequent families if at least one
significant result is obtained in the current family. Apply the conventional Bonferroni
procedure to test hypotheses of F; at level a, and let |R;| denote the number of

|Ry1| will be

rejected hypotheses in F, then a fraction of the critical value of Fi, %
passed to Fy to further exploit significant results within F3.

The main idea of data-driven weighted selective procedure is that different
weights W, are assigned to different families F},7 = 1,2 to measure their importance.
For construction of data-driven weights, our basic idea is that a family with higher
proportion of false nulls is assigned with a higher weight, such that we have higher
chance to obtain significant results. Moreover, weights can be further improved by
incorporating into the information of proportions of true nulls.

The proposed two-stage MTPs divide hypotheses into two blocks, in order to
exploit information from each null hypothesis more explicitly, we generalize them
from two blocks to multiple blocks. We first propose a blockwise adaptive two-stage
Bonferroni procedure. Inspired by Kim and Schliekelman (2015), tested hypotheses
are ordered according to the selection/filtering staitstics U;, then are divided into
K (pre-defined) blocks. We then estimate true null proportion 7p, for B;, where
Byl = 1,... K is the index set of hypotheses in such block. Within each block,

we apply adaptive Bonferroni procedure, for which hypothesis H; is rejected iff the

8]

corresponding p-value P; < 1B
l

When we have more than two hierarchy ordered blocks, a blockwise selective
parallel garekeeping procedure is naturally developed. The basic idea is that for

ordered null hypotheses, we assign different weight w; for B; = 1,..., K — 1, where
Yol 1Bl

FSSANTk A is a correction factor to ensure the FWER control of the proposed

w; =
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procedure. Such weight construction is followed in Kim and Schliekelman (2015). We
have wy > ... > wg = 0. We then apply weighted Bonferroni procedure from B; to
Byg. The critical values are also allocated in this order if any rejections made, i.e.
Q1 = Wi o+ %, where R; is denoted as a collection of rejections made within
B;. Thus hypotheses in lower weighted block may have a chance to be rejected with
such allocation of critical values.

When we have more than two blocks, based on their importance, it is natural
to propose a blockwise data-driven weighted selective procedure, in which different
weights W, are assigned to different B, = 1,..., K. For construction of data-driven
weights, our basic idea is similar as the data-driven weighted selective procedure.
After ordering null hypotheses according to the selection statistics U;, a block with
higher proportion of false nulls is assigned with a higher weight, such that we have
higher chance to obtain significant results. Moreover, weights can be further improved
by incorporating into the information of proportions of true nulls.

The rest of the chapter is organized as follows: in Section 4.2, we formulate our
problem. In Section 4.3, we introduce three different selective procedures as well as
their theoretical results on FWER control. In Section 4.4, we further generalize the

proposed three selective inference MTPs described in Section 4.3. In Section 4.5, a

concluding remark is given.

4.2 Problem Formulation
In this section, we introduce the multiple testing problem that we focus on throughout
this chapter. Assume that for ¢+ = 1,...,m, a sample of size n; from a normal

population with unknown mean j; and variance o2 = 1. The data

i =

XZ]%N(M17012)7 forj:17"'7n’i'
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The m samples are assumed to be mutually independent. For simplicity, we assume

n; =n. For 1 =1,...,m, consider testing hypotheses

H;:p; =0 wvs. H;:ui%().

Let I = {1,...,m} be the index set of the tested hypotheses. And let U; and T; denote

the the selection and testing statistics, respectively, which are defined as follows:

U o= > X}, (4.1)

T, = — (4.2)

where X; and 62 are respectively the sample mean and (unbiased) sample variance for
the ith sample, i.e., X; = 237" | X;; and 67 = 45 Y77 | (X,; — X;)*. The statistics
U; is first used to “select” which of the hypotheses to “test” in the second stage, at
which point the statistics 7; is used. It is showed that under true null hypothesis H;,
U; follows x2 and T; follows t,,_1, and U; is independent of T; (Lehmann and Romano,
2005).

For each H;,7i =1,...,m, we calculate the p-value P; based on T; such that

b = Pry{|Ti| > t:},

where ¢; is the observed value of the T-statistics T;. Let Py, ..., Py, be the ordered

values of P,..., P, and Hy), ..., Hq,) be the corresponding null hypotheses.

4.3 Proposed Two-stage Selective Inference MTPs
In order to improve existing two-stage M'TPs, we propose three different MTPs in this
section. We first develop an adaptive two-stage Bonferroni procedure by incorporating
into the information of the proportion of true nulls among selected hypotheses. We

then take non-selected hypotheses into account as well, by using a parallel gatekeeping
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strategy, where selected hypotheses serve as a gatekeeper for non-selected hypotheses,
we develop a selective parallel gatekeeping procedure to exploit more information
among non-selected hypotheses. Finally, we develop a data-driven weighted selective

procedure by combining ideas of weighted procedures and adaptive procedures.

4.3.1 Adaptive Two-stage Bonferroni Procedure

In order to improve existing two-stage Bonferroni procedures, we employ the adaptive
Bonferroni procedure among selected hypotheses. Adaptive Bonferroni procedures
estimate the proportion of true null hypotheses and then incorporate it into the
conventional Bonferroni procedure to derive more powerful testing procedures.
Similarly, by incorporating into the information of the proportion of true nulls among
selected hypotheses S, we can develop more powerful MTPs than exisitng two-stage
MTPs. The key point is how to estimate the true null proportion among S. Several
estimators of true null proportion have been introduced in the literature (Schweder
and Spjotvoll, 1982; Benjamini and Hochberg, 2000; Storey et al., 2004; Benjamini,
Krieger and Yekutieli, 2006; Meinshausen and Rice, 2006; Sarkar, 2008; Blanchard
and Roquain, 2009; Sarkar, Guo and Finner, 2012). We use widely-used Storey-type

estimator for the proposed adaptive two-stage Bonferroni procedure in this chapter:

. Qs(N)
g = m (4.3)

where A is a fixed constant with 0 < A < 1, |S| is the number of selected hypotheses,
and Qgs(A\) = Y ,cqltp.>xy is the number of selected hypotheses such that the
corresponding p-values exceed .

Based on the pre-defined selection threshold and the conservative Stroey-type

estimator g, an adaptive two-stage Bonferroni procedure is defined as follows:

Definition 2 (Adaptive two-stage Bonferroni procedure).
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1. For a fized selection threshold t, we have S = {i € {1,...,m} : U; > t}.

2. For a fived X € (0,1), calculate Qs(\) = Y ,cq I{p>x}, and then calculate 7tg based
on (4.5).

3. Reject Hyy, ..., Hiy, where:

(07

g|S|

r=maz{i=1,...,]5]: Py <

).

No rejection if such maximum does no ezist.

Before we show the FWER control of the proposed procedure, we first introduce

the following lemma (Benjamini et al., 2006):
Lemma 1. If Y ~ Bin(N, p), then E{(Y +1)7'} < {(N + 1)p} 1.

Let Sy be the index set of true null hypotheses among S, and Qs,(\) =
ZiGSO Iip,>xy be the number of true null hypotheses among S such that the
corresponding p-values exceed A. Note that Pry, {P; > A} = 1 — A, by the

independence of true null p-values, we have

QS()()‘) ~ Bln(|SO|> 1-— )‘>

By Lemma 1, we have the following result.

Theorem 5. The above defined adaptive two-stage Bonferroni procedure strongly
controls the FWER at level o wunder the assumption that pairs of (U;,T;) are

independent.

Proof. For given selection statistics U;,i = 1,...,m, we have S = {i € {1,...,m} :
U; > t}, which is the index set of the selected hypotheses. We denote cFWER as the

conditional familywise error rate on selection such that

cFWER = Pr (reject at least one true null |Uy, ..., Um) .
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Let Sy be the index set of true null hypotheses among S, and let Qs_i)(/\) =

. . (=1%)
Y Ipeays and Q57N = X Iipeyy. Similar to (4.3), define 7§ ) = @2

keS\{i}

keSo\{i} (1=2)Is]”

When H; is true, by independence of true null p-values, we have

We first consider the cFWER,

cFWER

Q%" (\) ~ Bin(|So| — 1,1 = 1), (4.4)
= P (P <UL Un
€S ||
€S0
a
S Pr PZSA—|U77Um)
Sore (i< g
o
< ZPT<B§W|U17~-7Um>
i€So 7TS | |
< Y E(—— \Ul,...,Um>
i€So s |S|
1—A
- Y& f‘_() ) ]Ul,...,Um>
i€Sp QS ()\)+1
1—A
S ZE (Oi(l) ) | 1 ->Um
i€So Qg (A) +1
= a(l-N)> E %WM...,UM
i€So Qg (N) +1
1 |So|
< a(l—=2X) =« = . (4.5)
2 TSI ~ s

where the first inequality in (4.5) is due to Bonferroni inequality. The second

inequality holds since QS_i)(x\) < Qs(N), according to (4.3), ﬁg_i) < 7tg. The third

inequality is because of pariwise independence of (U;,T;), independence of U; and

T; under H;, and independence of P; and ﬁé_i). The fourth inequality holds since

ng)(}\) < Q(S_i)()\). Due to Lemma 1 and (4.4), we have the inequality in (4.5).

Therefore, FWER = E (cFWER) < «. The desire result is proved. U
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4.3.2 Selective Parallel Gatekeeping Procedure
In this section, we introduce a selective parallel gatekeeping procedure such that
information of non-selected hypotheses is further exploited. Basically, tested

hypotheses are divided into two families F; and F5 by a selection process, such that

F1 = {Hz NS S} and FQ = H\Fl

Using the parallel gatekeeping strategy, I} serves as a gatekeeper of F,. And within
F, we apply the conventional Bonferroni procedure. Based on the testing results of
F71, the critical values of rejected hypotheses are passed to F; to further test hypotheses
within F5.

A selective parallel gatekeeping procedure is defined as follows:

Definition 3 (Selective parallel gatekeeping procedure).

1. Based on a fized selection threshold t, we have S = {i € {1,...,m} : U; > t}.
Construct Fy = {H,; :i € S} and Fy = H\F}.

2. Simultaneously test all hypotheses in F wusing the conventional Bonferroni
procedure at level oy = . Let Ry denote the rejection set, such that

(07

Rlz{HZEFIB§|S|}

3. If |Ry| = 0, stop test. Otherwise, update the critical value of Fy, such that

Ot‘R1|
5]

Qg =

Stmultaneously test all hypotheses in Fy using any FWER controlling procedure at

level ay.

Remark 10. Consider using the multistage gatekeeping procedure introduced in

Dmiitrienko, Tamhane and Wiens (2008) for sequentially testing families Fy and Fy.
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1
Figure 4.1 Graphical illustration of selective parallel gatekeeping procedure.

If applying the conventional Bonferroni procedure to test the hypotheses within Fy at

level «, then hypotheses within Fy can be tested at level ag = o — e*(A;) = a;?ﬁ‘,
where Ay is the acceptance set within Fy and e*(A;) = a“?‘ll is the upper bound of the

error function of the conventional Bonferroni procedure.

The graphical illustration of such procedure is shown in Figure 4.1. For the

proposed procedure, we have the following result.

Theorem 6. The above defined selective parallel gatekeeping procedure strongly
controls the FWER at level o under the assumption that pairs of (U;,T;) are

independent.

Proof. For given selection statistics U;,i = 1,...,m, we have S = {i € {1,...,m} :
U; > t}, which is the index set of the selected hypotheses. Then Fy; = {H; : i € S}
and Fy = H\ F; are defined. Following closely the proof in Qiu et al. (2017), we first

define an event

E;(x) = {at least one false rejection in F; at level z},i =1,2.

Then the FWER can be expressed as follows:

cFWER = PI'(El(Ctl)UE2<@2)|U1...,Um)

= Pr(Ei(a)|Ui,...,Uy) + Pr(Ei(oq) N Eax(a2)|Us, ..., Uy) . (4.6)
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Let e*(-) as an upper bound of error rate function e(-). By the definition of the

error rate function in (1.8), we know that

Pr (E1<041)’U17 . ->Um) <e(Th) < e’(Th),

where T7 is the set of true null hypotheses in F}.

Let A; denote as the acceptance set within F;. For the second term in (4.6),
if Fy(ay) is realized, i.e., all rejected hypotheses in F are false, then T} C A;. By
monotonicity of e*(-) (Dmitrienko, Tamhane and Wiens, 2008), we have e*(7}) <

e*(A;) for Ty C Ay . Therefore,
Ay = (X1 — 6*(141) S ] — 6*(T1),

which further implies

El(al) N EQ(OZQ) g EQ(OQ - 6*(T1))

Thus, by (4.6), we have

cFWER < € (T1) + Pr (Ex(oq — € (T0))|UL, ..., Un)

< e(N)+ag—€e(T) =1 =a. (4.7)

The last inequality of (4.7) holds since Pr (Ex(cy — e*(T1))|Us, ..., Up) < ay—e*(T7).
Therefore, FWER = E (cFWER) < a. O

4.3.3 Data-driven Weighted Selective Procedure
The aforementioned two families F} and F5 are determined by a selection process,
with corresponding index set S and I'\S, respectively. Note that there are different

proportions of true and false nulls between S and I\S, we consider to construct
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different weights by using the proportion information of S and I\S and develop
a new weighted selective MTP. In most cases, we do not have prior knowledge
about the proportions and the resulting weights. Therefore, we plan to develop a
data-driven weighted selective MTP by estimating the proportions of true and false
nulls. For related recent works, see Ignatiadis et al. (2016) and Ignatiadis and Huber
(2017). They developed alternative data-driven weighted methods under independent
filtering.

Ideal case. Suppose we know the true and false null proportions among selected
hypotheses S, which are denoted as my(S) and 7 (S), and those among non-selected
hypotheses I\S, which are denoted as m(I\S) and 7 (I\S). Since the higher the
false null proportion within a family, the more significant results can be obtained; we
then assign a higher weight to that family. Therefore, the weights W] and WJ for S

and I\S are constructed as

™ (1\5)

= S +mNS)’ (48)

such that W{+ W; = 1. Then, the same weight is assigned to each hypothesis within
a family. That is, hypotheses within S are assigned with the same weight W] and
hypotheses within 7\S are assigned with the same weight WJ. In order to ensure the
sum of the weights of all tested hypotheses is equal to m, we modify W{ and W} as

follows:

mW/{
5]

mW}

m —|S|’

Wy = and W, = (4.9)

such that

W+ W =m.

= JjeNSs

So far the weights are constructed only based on the proportions of false nulls within

S and I\S. By employing the idea of adaptive procedures, we can further improve
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the weights by incorporating into the information of the proportions of true nulls.

Therefore, our final weights for S and I'\S are constructed as follows:

B wy B mmy(S)
=208 ~ m®mE) + mS)] (4.10)
and
W, wy mmy(I1\S) (411)

" m(\S) — mo(1\S)(m(S) + m(1\S))(m — [S])
And for each hypothesis H;, the weight is assigned as follows:

- Wi, ifies,
W,
W, if 1€ I\S.

Finally, we can construct weighted procedures based on the above weights for testing
all m hypotheses simultaneously.

We need to point out that the above weights are derived under the ideal case of
known proportions of true and false nulls. However, in practice, mo(S), m1(.S), mo(1\S)
and 7 (I\S) are often unknown. With a data at hand, several methods were proposed
to estimate true null proportions in the literature (Schweder and Spjotvoll, 1982;
Benjamini and Hochberg, 2000; Storey et al., 2004; Benjamini, Krieger and Yekutieli,
2006; Meinshausen and Rice, 2006; Sarkar, 2008; Blanchard and Roquain, 2009;
Sarkar, Guo and Finner, 2012), which in turn, can also estimate false null proportions
as well. Then, we can use the estimated true/false null proportions to replace the
true/false null proportions in (4.10) and (4.11) to construct data-driven weights. In

the following, we introduce methods to estimate the true/false null proportions.

Estimation of True/False Null Proportions As we can see in (4.10), W is
constructed by two parts, one is WY, the other is 7 (.S); moreover, W/ is constructed

by false null proportions m;(S) and 71 (7\.S). In order to ensure independence between
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such two parts, we estimate false null proportions m(S) and m1(7\S), which are
contributed to construct W', based on selection statistics U;, and mo(S), which is
contributed to constructed Wj in (4.10), based on testing statistics T;. The same
argument holds for constructing W5 in (4.11).

Based on selection statistics U; and testing statistics T}, we can calculate their
respective p-values with a given data. Let P; be a p-value of hypothesis H; based on

U;, and let P; be a p-value of hypothesis H; based on T;:

Py = Pry {U; > uo} and P; = Pry {|T;| > to},

where uy and ty are observed values of U; and T; for H;, respectively.

(i). Estimation of true null proportions based on testing statistics T;.
By using Storey-type estimator, as we stated in (4.3) in Section 4.3.1, we first estimate
true null proportions among selected hypotheses S and non-selected hypotheses I'\S

based on P;, which are denoted as 7y(.S) and 7o(1\S) as follows:

B Qns(N)
(L=X)(m—19])’

(4.12)

where Qs(A) = > Itpsay, @ns(A) = >° Iip>ay, and A is a fixed constant.
kesS keI\S

(i1). Estimation of true null proportions based on selection statistics Uj.
We then estimate true null proportions among S and I\S based on P;, which
are denoted as 7y(S) and 7y(/\S). Thus the corresponding estimated false null

proportions, denoted as 71(S) and 7, (I\.S) can be derived as
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Let A\g = Pr(U; > t) and A\; < \g be a fixed constant. The expected number of

true null hypotheses among S with p-values exceed \; can be expressed as follows:

Ao — M1
Y

mo(S)Pr (1% > M|B < )\0> = mo(S) (4.13)

where mg(5) is the number of true null hypotheses among S. The expected number

of true nulls in S can be approximated by the observed number of P, exceeding \; in

S:

Zl{pk>)\1} = QS()‘I) (414)

kesS

Combining (4.13) and (4.14), the estimated number of true null hypotheses ()

among S can be derived:

() = S0, (4.15)

Ao

thus, the true null proportion among S can be estimated,

mo(S) _ @s(h)
S| LecAdig)
Ao

7o(S) = (4.16)

Similarly, the expected number of true null hypotheses among '\\S with p-values

exceed a fixed contant Ay > Ay can be expressed as follows:

1— X
1— X

mo(I\S)Pr (15,- > No|B > )\0> = mo(1\S) (4.17)

where mg(7\S) is the number of true null hypotheses among I\S. Similarly, the
expected number of true nulls in I\S can be approximated by the observed number

of P, exceeding Ao in [ \S:

> Lipony = Qns(h). (4.18)

kel\S
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Combining (4.17) and (4.18), the estimated number of true null hypotheses 1g(1\S)

among I\S can be derived:

ro(I\S) = QI\S—(AQ), (4.19)

1-X2
1-Xo

thus, the true null proportion among I\\S can be estimated,

N _ mo(\S) _ Qns(M)
o(1\S) n—18) ~ T (m_|5]) (4.20)

1-Xo

Therefore, false null proportions based on selection statistics U; can be estimated as:

F(S) = 1—7o(S) =1~ % (4.21)
e e @ns(h)
7T1(I\S> =1 0(]\5) =1 }:ii (m _ ’Sl) (422)

By replacing false null proportions 71 (S) and 7y (I\S) with 7, (S) and 71 (1\5) in
(4.8), and replacing true null proportions m(S) and m(1\S) with 7y(.S) and 7o(1\5)
in (4.10) and (4.11), our data-driven weights are constructed as stated in (4.10) and
(4.11). Now we are ready to define a data-driven weighted selective procedure as

follows:

Definition 4 (Data-driven weighted selective procedure).

1. For a fized selection threshold t, we have S = {i € {1,...,m} : U; > t} and
X = Pr(U;>1t). And for fized X € (0,1), calculate 71o(S) and 7o(I\S) based on
(4.12).

2. For fized \y and Ay € (0,1), with \y < A\g < Ag, calculate 7o(S) and 7o(I\S) based
on (4.16), (4.20), respectively, and then compute 71(S) and 71 (1\S).

3. We then have observed values wy and wy respectively for Wi and Wy according to

(4.10) and (4.11).
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4. For each hypothesis H; among all m hypotheses, assign a weight as follows:

w1, Zf 1€ S,

Wa, Zf 1€ [\S

w; =

5. Reject H; if p; < “1;0‘, forallt=1,...,m.

Remark 11. The turning parameter X in Storey-type estimator is often set to be
A = 0.5, see Storey et al. (2004). When determining values of the turning parameters
A1 and Ny in estimation of true null proportions 7o(S) and To(I\S) based on P;, we

set

S MM
Pr (R > M|B < /\0) == =05

thus Ay = 0.5)\g, such that about 50% true null p-values in S are used to estimate the

proportion of true nulls in S. Similarily, we set

_ _ -\
Pr (R > No|B > /\0) =2 5,
1~

thus Aa = 0.5 + 0.5X, such that about 50% true null p-values in I\S are used to
estimate the proportion of true nulls in I\S. And the value of Ao is determined by
the selection threshold, the more strict the selection threshold, the lower value of \g

18, and vice versa.
For the proposed procedure, we have the following result.

Theorem 7. The above defined data-driven weighted selective procedure strongly
controls the FWER at level o wunder the assumption that pairs of (U;,T;) are

independent.

Proof. For given selection statistics U;,i = 1,...,m, we have S = {i € {1,...,m} :

U; > t}, which is the index set of the selected hypotheses. We denote cFWER as the
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conditional familywise error rate on selection, such that

cFWER = Pr (reject at least one true null |Uy, ..., Um) .

Let Iy be the index set of true null hypotheses and Sy be the index set of true null

hypotheses among S. Let

Q5 (\) = Z Iip,>ny, and Q(s;i)()\): Z Iip >y

keS\{i} keSo\{i}
Also let
Qe =" > Ipon, and Quls N = D Loy
ke(I\S)\{j} ke(Io\So)\ {4}

When H; and H; are true, where i € Sy and j € I\ Sy, by independence of true null

p-values, we have

QLN ~ Bin(|S| — 1,1 - ) (4.23)

and

Q(IO_\JA%O(/\) ~ Bln(|10| - |SO| - 1a - )‘) (424)
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We can find the upper bound of cFWER as follows:

i€So

WzOé
—|—Pr( U {Pj<m_S}U1,...,Um>

cFWER < Pr(U{R<WgO‘}U1,...,U)

J€Io\So
— U{p_Awl HUL, - U,
o(5) - 15|

Wia
(JGE)J\SO{P ]\S) ( S|)}U17-~->Um)

] (U{P LTES >}U1,...,Um)

i€Sp

—I—Pr( U {7 <u()\))‘>}Ul,...,Um). (4.25)

J€I0\So Q ns

Let

_ by _ Wa(l-))
A = P (U{P<—QS(/\) }Ul,...,Um>

i€Sp

( U (< Wé \(S( N )}Ul,...,Um>,

_]EI()\SQ
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then we have

1"
+ Z Pr Pjngoi(l A)| 1, JUm
‘ Q( J)()\)
J€I0\So ns
Wa(l -\
< ZE( L )|U1,...,Um>
i€So ()\)

Wla(l — A
+ Y E 2—)\U1,...,Um

J€Io\So QI\S( )
W
< ZE —1 )’Ul, Um
750 Q5"
W a A
+ Y E 2—)|U1,...,Um , (4.26)
]610\50 QI()\SO( )

where the first inequality in (4.26) is due to Bonferroni inequality. The second
inequality holds since Q(Sfi)(k) < Qs(N) and ng)()\) < Qns(A). The third inequality
is because of independence of P; and Qg_i) and independence of P; and Qg;g), which
are due to pariwise independence of (U;, T;), and independence between P; and WY
and between P; and W), which are due to pariwise independence of (U;,T;) and
independence of U; and 7;. The last inequality holds since Qg;z)()\) < Qg_i)(A), and
Qi () <RI,

Let

W// W// )\
=Y E 1—)\(]1,‘.., Un |+ Y E —)\Ul,...,Um

’LES() QS() ( ) ]EIQ\SO QIO\SO( )
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be the upper bound in (4.26), then we have the following result:

1

Ay = a(l=XN) | Y EWY|U,....Un) - E | ————|U1,...,Un,
i€So ng )<)\) + 1
1
+a(l=-N| Y EWJ|UL,....Uy) - E | —————IU1, ..., Un
) ) (7) Y 7
€IS Qg (M) +1

E (WU, ...,Upy)
< =M 2 —ga—w

1€Sp

E (WU, ...,Upy)
(m —[So[)(1 = A)

2.

jGIQ\So

= aF (W] +W)) =q, (4.27)

where the first equality in (4.27) holds since independence of W/ and Q(S;i)()\), and
independence of W3 and Q(I;\Jgo(/\) Due to (4.23), (4.24) and Lemma 1, we have the
last inequality in (4.27).

Therefore, FWER = E (cFWER) < «. The desire result is proved. d

4.4 Data-driven Weighted Multiple Testing Procedures
In this section, we generalize the aforementioned proposed three procedures from
the case of two blocks to multiple blocks to further develop more practical and
powerful MTPs. The blockwise adaptive Bonferroni procedure in Section 4.4.1 is
a generalization of the adaptive two-stage Bonferroni procedure. In Section 4.4.2, we
generalize the selective parallel gatekeeping procedure to blockwise selective parallel
gatekeeping procedure. In Section 4.4.3, the proposed blockwise data-driven weighted

procedure is a generalization of the data-driven weighted selective procedure.

4.4.1 Blockwise Adaptive Two-stage Bonferroni Procedure
Motivated by Kim and Schliekelman (2015), we propose a blockwise adaptive

two-stage Bonferroni procedure. Suppose that the m hypotheses are ordered by the
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selection statistics U;, which attempts to ordering the hypotheses from the most
promising hypothesis to the least promising hypothesis. We then divide the ordered

hypotheses into K (fixed) blocks. Let B; be the index set of null hypotheses in block

I=1,... K,
m

|B)| = bJ,z:L...,K—L (4.28)

IBx| = m— (K —1) x |By|. (4.29)

Within each block, we apply adaptive Bonferroni procedure and reject the null

hypothesis H;,i € B if
a

PiS ———HT
7TBZ.|B1|.K

And we use the similar way to estimate 7p, as in adaptive two-stage Bonferroni

procedure as follows:

. QpAN)+1

B = A—N[B] (4.30)

where A is a fixed constant and Qp,(\) = > ,cp I{p>x} is the number of hypotheses
in block [ such that the corresponding p-values exceed .

We define the blockwise adaptive two-stage Bonferroni procedure as follows:

Definition 5 (Blockwise adaptive two-stage Bonferroni procedure).
1. For fized K blocks, calculate wp,,l =1,..., K based on (4.30).
2. Within each B, = 1,..., K, apply adaptive Bonferroni procedure at level
ﬁ. For i € By, reject H; if
«

Pi S o
WBZ"BZI-K

Remark 12.  When the number of blocks K = 2, then the proposed procedure

is similar to the adaptive two-stage Bonferroni procedure as we proposed before.
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Moreover, the true null proportion 7, for each block is estimated from the data, thus
the proposed procedure can be regarded as a data-driven weighted procedure, where

w; = %Bl for block 1.
By Lemma 1, we have the following result.

Theorem 8. The above defined blockwise adaptive two-stage Bonferroni procedure

strongly controls the FWER at level .

Proof. Following closely the proof in Section 4.3.1, we show the FWER control
for general case as follows. Let N; = [ % L%J For given B; = 1,..., K, we have
Bi={ie{l,....m}:Un,,4+1) < Uy < Uy}, which is the index set of hypotheses

in B;, where U(;) is ordered selection statistics. We denote cFWER; as the conditional

familywise error rate on selection statistics for B; such that

cFWER; = Pr (reject at least one true null in By |U; ..., Um) .

Let Bjg be the index set of true null hypotheses among B, and let Qfg_li)(/\) =

S Ipeay and Q57N = Y I(psyy. Similar to (4.30), define 75 Y =
keBi\{i} keBio\{3}
Q%"

T=NB When H; is true, by independence of true null p-values, we have

Q5. (\) ~ Bin(|Bio| = 1,1 - ). (4.31)
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We first consider the cF'W ER;,

FWER; = P P < Ui,....Un,
C 1 r U{ = 1‘B|K}’ 1 )

1€B10

< Pr(P<—S _\U,.... U,
< 3 re(Rs ppl o Un)
(2 10
< > Pr P< —|Uy,...,Up,
i€B1g |Bl|K
a
< ZE —— U1, Un
1€ B10o Tr(Bl )|Bl|K

1\
Y E (f‘)( ) _u....u,
1€ B10o (QBl() ()\) + 1)K

= NS U
1€B1g QBIO( )
a(l—=N) 1 alBy|  «
K2 (B w KB & 4

i€Bjo

IN

where the first inequality in (4.32) is due to Bonferroni inequality. The second
inequality holds since Qg;li)()\) < @B, (), according to (4.30), ngl) < 7ip,. The
third inequality is because of pariwise independence of (U;, T;), independence of U;

(=)

and T; under H;, and independence of P; and 755 . The fourth inequality holds since

Q%lz)( ) < ng)()\). Due to Lemma 1 and (4.31), we have the last inequality in

(4.32).
Therefore, cFWER; = E (cFWER;) < 7 Similarily, we can show FWER; < £,
fori=2,..., K. Thus,
FWER < ZFWER < Z - = (4.33)
=1 =
Therefore, the desire result is proved. U
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4.4.2 Blockwise Selective Parallel Gatekeeping Procedure

We proposed a blockwise selective parallel gatekeeping procedure, which is an
extension of selective parallel gatekeeping procedure. We further exploit information
of each hypotheses more explicitly by splitting tested hypotheses into multiple blocks.
Suppose that the m hypotheses are ordered by the selection statistics U;, which
attempts to ordering the hypotheses from the most promising hypothesis to the least
promising hypothesis. We then divide the ordered hypotheses into K (fixed) blocks.
Let B; be the index set of null hypotheses in B, =1,..., K.

Hypotheses in the first K — 1 blocks are in family Fj, while the remaining
hypotheses in family F5, which is regarded as the Kth block. Initially, each B; is
assigned with critical value oy = wja,l = 1,..., K — 1, and ax = 0. Hypotheses are
tested from lower ranked block to higher ranked block, i.e., from By to Bg. Critical
values are also allocated in such order if hypotheses are rejected. Following the weight

construction in Kim and Schliekelman (2015),

K-1
S B
w, = Z]ll | ]| (434)
A Zj:l |Bj|
is the weight of B;, where A is the correction factor. Thuswy > ... > wg_1 > wg = 0.

Note that in order to determine the correction factor A\, we set

K K k-1
B
Zwla = Z Ma = q, (4.35)
=1 =1 /\ijl |Bj|

such that A can be solved from (4.35).

We define a blockwise selective parallel gatekeeping procedure as follows:

Definition 6 (Blockwise selective parallel gatekeeping procedure).

1. For a fized K, calculate w; for 1 =1,..., K — 1 based on (4.34).

2. Test each hypothesis H; in By. Reject H; if p; < %. Rejections are in

Ri={ie B :p; < %} Update the critical value of By:
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041|R1’
|Bi|

Q9 = Wox +

3. Test each hypothesis H; in By(2 < i < K —1). Reject H; if p; < I%_z\

Rejections are in Ry = {i € By : p; < “‘;—’l‘} Update the critical value of Byyq:

Oéz|Rz|
|Bi|

Q1] = W1+

4. Test each hypothesis H; in Bi. Reject H; if p; < %_I;\‘ Rejections are in

RK:{ieBK:piS%}-

Remark 13. The constructed weights wy, ..., wx are monotonic decreasing, thus
hypotheses in lower ranked block have a higher chance to reject. Moreover, with
the allocation of critical values, one can have more rejections in lower weighted
blocks. We divide hypotheses of Iy into K — 1 blocks, which is more explicit than the
selective parallel gatekeeping procedure introduced in Section 4.3.2, where no further

specification among Fy.
For the proposed procedure, we have the following result.

Theorem 9. The above defined blockwise selective parallel gatekeeping procedure

strongly controls the FWER at level a.

Proof. In selective parallel gatekeeping procedure, we showed that FWER < «, that
is the case when we have two blocks. Following closely the proof in Qiu et al. (2017),
we use mathematical induction to show the cFWER control for general case.

Assume that when n = K, K > 2,

K
cFWER(ay, ..., a) < Z a; < a, (4.36)
I=1
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In the following, we show that (4.36) holds when n = K + 1, that is

K+1

cFWER(aq, ..., a51) < Z a; < a. (4.37)
=1

We first define an event

E; = {at least one false rejection in By},
E, = {at least one false rejection in all blocks except B }.

Then the cFWER can be expressed as follows:
CFWER(O[l,...,OZKJrl) = Pr (E1UE2’U1,...,Um)

= Pr (EIIUI; ceay Um) -+ Pr (El N E2|Ul, ey Um)(438)

Let e*(-) as an upper bound of error rate function e(-). By the definition of the

error rate function, we know that

Pr(E\|Uy, ..., Un) <e(Ty) < e*(Th),

where T7 is the set of true null hypotheses in Bj.
Let A; denote as the acceptance set within B;. After testing hypotheses in By,
a; — e*(Ay) will be transferred to Bs, ..., B,. Let ; be the updated significant level

for B; > 2, such that

Oz}k =+ o1 — GT(Al). (4.39)
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Then

cFWER(oq, C ,OéK+1)

IN

e;(Th) + cFWER(03, . .., aj4q)
K+1

(M) + ) o
=2

IN

K+1

eT(Tl) + o — €T<T1) + Z (67

=2

IN

K+1 K+1

= o)+ Z o = Z w;o = @, (4.40)
1=2 =1

where the first inequality in (4.40) holds by the definition of erro rate function. The
second inequality in (4.40) is due to the assumption in (4.36). And the last inequality
in (4.40) holds by the updating rule of «; in (4.39).

Therefore, FWER = E (cFWER) < a. The desire result is proved. U

4.4.3 Blockwise Data-driven Weighted Selective Procedure

Unlike the blockwise selective parallel gatekeeping procedure, where no critical value
is initially assigned to F5, in this section, we propose a blockwise data-driven weighted
selective procedure, which is an extension of the data-driven weighted selective
procedure. By the similar estimation of true null proportion stated in (4.16), (4.20),

for all K blocks, we estimate their true null proportion 7p,,, such that

Fp. = mBzo _ QBz()‘l) 7
v By AoA_—OAz|Bl|

fori=1,..., K, (4.41)

where 1 p,, is the estimated number of true null hypotheses among B;, and ); is the
fixed constant for B;. Thus we can estimate false null proportion g, = 1 — 7pg,.
Therefore, similar to (4.10), we construct the weights as follows:

_wm

T By

4%}

, (4.42)
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mfrBl1

where W/ =
|Bz|<z By,

=1

>. And for each hypothesis H;, the weight is assigned as

follows:

WZZVVZ,IfZEBl

Finally, we can construct weighted procedures based on the above weights for testing
all m hypotheses simultaneously.

We propose a blockwise data-driven weighted selective procedure as follows:

Definition 7 (Blockwise data-driven weighted selective procedure).
1. For fized K blocks, calculate 7p,,l = 1,...,K based on (4.41). Then
calculate wy for By based on (4.42).

2. Apply weighted Bonferroni procedure at level ﬁ’ﬁ“, reject H; if

inK

Di < .
m

For the proposed procedure, we have the following result.

Theorem 10. The above defined blockwise data-driven weighted selective procedure

strongly controls the FWER at level a.

Proof. Similar to the proofs in Section 4.3.3, we show the FWER control of blockwise
data-driven weighted selective procedure as follows. Let N} = [ x L%J For given
By=1,...,K,wehave By = {i € {1,...,m} : Un,_,4+1) < Uy < U, }, which is the
index set of hypotheses in B;, where Uy; is ordered selection statistics. We denote

cFW ER; as the conditional familywise error rate on selection statistics for B;, such

that

cFWER; = Pr (reject at least one true null in B, |Uy, ..., Um)
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Let Iy be the index set of true null hypotheses and By be the index set of true null

hypotheses among B;. Let

QBZZ) Z Itp,>xy, and QBzo Z Iip >y

keB\{i} keBio\{l}
When H; is true, where ¢ € By, by independence of true null p-values, we have

Q52 (\) ~ Bin(|By| —1,1-A)forl=1,.... K. (4.43)

We can find the upper bound of cFWER as follows:

Wo

K
cFWER < ) Pr| [J{R < ‘B’}

1€B)o

|U1a"'7Um

K
= Y prr| [ J{p< W’” — LU U

ZGBZU

K

W// ( )
=Y prr| [ J{p<H S U
=1 1€Byo Q )
K
W'a(l -\
< Yopr| |J{n< el )}|U1,...,Um
=1 1€Byo QBZ ( )
a Wa(1 = \)
<> M E (’ﬂ.)—|U1,...,Um
I=1 ie€Byg Qp (M) +1
a Wa(l = A)
<> M E (’_Z)—|U1,...,Um , (4.44)
=1 ieBlO QBZO ()\)+1

where the first inequality in (4.44) is due to Bonferroni inequality. The second
inequality holds since Qgi)()\) < @p,(A). The third inequality is because of
independence of P; and Qgi), which is due to pariwise independence of (U;, T;), and
independence between P; and W/, which is due to pariwise independence of (U;, T;)

and independence of U; and T;. The fourth inequality holds since Qg?()\) < Qgi)()\).
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Let
K "
1)
B=YNE %)]Ul,...,Um ,
=1 i€Byg QB[Q (A)_'_]‘

then we have

1

B = 04(1—)\) E(W//‘Ul,...,Um)'E %—’Ula--wUm
Z Z l Q)N +1
"~ E (WU, ..., Uy)
< a(l—=M\ d Lo
=02 2 Ea
o(1 = N)|Bu| - ]
= —— CUENINT p(woy, . U,
(1 —\)|Byo| = (Wt )
K
= a) E(W/)=q, (4.45)
=1

where the third equality in (4.45) holds since independence of W/ and Qg?()\). Due
to (4.43) and Lemma 1, we have the last inequality in (4.45).

Therefore, FWER = E (cFWER) < a. The desire result is proved. O

Remark 14. Compared to the data-driven weighted selective procedure in Section
4.8.3, the proposed procedure in this section is more explicit in exploting information
by splitting hypotheses into more than two blocks. Furthermore, if Wi is non-negative,
even though it may be small, we can still test those hypotheses and have significant

results.

4.5 Summary
Although independent filtering methods have been commonly used in high-dimensional
data analysis, such as microarray data, genomic data, etc, their statistical properties
are not well understood. In this chapter, we explore independent filtering procedures

where tested hypothese are divided into two blocks by a selection process and propose
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three different powerful MTPs. We first develop a powerful adaptive two-stage
Bonferroni procedure by incorporating into the information of the proportion of
true nulls among selected hypotheses, with the proven of FWER control. We then
take non-selected hypotheses into account as well, by using a parallel gatekeeping
strategy, where F) serves as a gatekeeper for F5, and develop a powerful selective
parallel gatekeeping procedure to exploit more information among F», with the proven
of FWER control. Finally, we develop a powerful data-driven weighted selective
procedure by combining ideas of weighted procedures and adaptive procedures, with
the proven of FWER control.

In order to exploit information more sufficiently than above proposed three
procedures, we further develop alternative data-driven weighted procedures, which
generalize the case from two blocks to multiple blocks. By using a similar idea in
Kim and Schliekelman (2015), we first order hypotheses from the most promising
hypotheses to the least promising hypotheses by the selection statistics U, and then
divide the ordered hypotheses into K (fixed) blocks. By incorporating into the
information of the proportion of true nulls within each block [, we first develop
a blockwise adaptive two-stage Bonferroni procedure, with the proven of FWER
control. We then allow critical values pass from lower rank block to higher rank
blocks with at least one rejection within each block, and develop a blockwise selective
parallel gatekeeping procedure, with the proven of FWER control. Finally, we
develop a blockwise data-driven weighted selective procedure by combining ideas of
weighted procedures and adaptive procedures within each block [, with the proven of
FWER control. By such data-driven weight construction in the proposed blockwise
procedures, the constructed weights ensure more promising hypotheses in lower

ranked blocks are assigned with higer weights, which will result in more rejections.
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CHAPTER 5

SIMULATION STUDIES OF SELECTIVE INFERENCE MULTIPLE
TESTING PROCEDURES

5.1 Introduction
In this chapter, we perform simulation studies for the proposed procedures in Chapter
4. We aim to explore the difference between the proposed procedures and the existing
MTPs, by comparing the performance of the proposed procedures with those exisitng
MTPs, with respect to the FWER control and average power. The existing MTPs to
be compared are two-stage Bonferroni procedure in Guo and Romano (2017), and the
conventional Bonferroni procedure. In Section 5.2-5.4, we explore the performance
of the proposed procedures under independent data structure, while in Section 5.5,
we explore the performance of the proposed procedures under different types of

dependent structures. In Section 5.6, a concluding remark is given.

5.2 Numerical Study for Adaptive Two-stage Bonferroni Procedure
In this simulation study, we consider simultaneously testing H; : u; = 0 vs. H; :
wi # 0, for e =1,...,m, at level @ = 0.05. Each simulated data set is obtained by
generating m = 100 independent normal random samples N(u;,02)(i = 1,...,m),
and sample size n = 10. Among the 100 hypotheses, that is among 100u;s, 1007,
are equal to 0, and the remaining are equal to u; > 0, where 7 is the proportion of
w; = 0. And the population variance o2 is drawn from U(0.5,1.5) to ensure that the
population variance is unknown. For the adaptive two-stage Bonferroni procedure,
the two-stage Bonferroni procedure and the conventional Bonferroni procedure, we use
one-sample t-statistics as our testing statistic. For the proposed adptive two-stage
Bonferroni procedure and the two-stage Bonferroni procedure, we use the sum of

squares as the selection statistic. The selection threshold we choose is a sequence
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of numbers from 6 to 20. Guo and Romano (2017) proposed a method to derive
an asymptotically optimal selection threshold. Based on the same selection statistic,

sum of squares, the selection threshold can be expressed as

where 8 = m~0~7 indicates roughly how much proportion of hypotheses can be

selected. The number of selected hypotheses is fm = m?, roughly. Particularly, let

d — log(m) _ log(100)

- 15— ~ 0.46. According to the relationship between d and v (see Figure

4.1 in Guo and Romano, 2017), the optimal 7 in our simulation setting is v ~ 0.68.
Thus, we can compute § ~ 0.229. Hence the optimal selection threhold ¢ ~ 12.9.
Since in our numerical study, we explore the average power and estimated FWER
with different selection thresholds, we extend the range of our selection threshold
about £0.5 x 12.9 from 12.9, which is approximate (6, 20).

For the proposed adaptive two-stage Bonferroni procedure, we use a Storey-type
estimator to estimate the true null proportion 7y among the selected hypotheses as
stated in Section 4.3.1, with tuning parameter \ = 0.5.

Our simulation is repeated for 1,000 times. The simulated FWER is the
proportion of times that at least one false rejection occurring among the 1,000
replications and the simulated power is the average of the proportions of correct
rejections over 1,000 runs. As seen from Figure 5.1, the proposed procedure performs
best in terms of average power, while still controlling the FWER at level o as seen
from Figure 5.2.

In Figure 5.3, for different true null proportion 7y, we compare the estimated
true null proportion among selected hypotheses 7y to the selection threshold. As we
can see, with the increasing selection threshold, 7 is decreasing. Thus the more strict

the selection threshold, the lower chance that true null hypotheses can be selected.
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One interesting observation from Figure 5.1 when p; = 1 is that at the optimal
selection threshold ¢ & 12.9 (calculated according to the method in Guo and Romano,
2017), the maximum average power is achieved when my = 0.3. And with the increased

true null proportion, mg, the value of the optimal selection threshold is increasing.

5.3 Numerical Study for Selective Parallel Gatekeeping Procedure
We also conduct a simulation study to compare the performance of the proposed
selective parallel gatekeeping procedure with several existing MTPs with respect to
the FWER control and average power. The procedures to be compared are two-stage
Bonferroni procedure and the conventional Bonferroni procedure.

In this simulation study, we consider simultaneously testing H; : j; = 0 vs. H, :
wi # 0, for e = 1,...,m, at level @ = 0.05. Each simulated data set is obtained by
generating m = 100 independent normal random samples N(u;,02)(i = 1,...,m),
and equal sample size is n. Among the 100 hypotheses, that is among 100u;s, 1007,
are equal to 0, and the remaining are equal to y; = 1, where 7y is the proportion
of u; = 0. And the population variance ¢ is drawn from U(0.5,1.5) to ensure that
the population variance is unknown. For the three procedures, we use one-sample
t-statistics as our testing statistic. For the proposed selective parallel gatekeeping
procedure and the two-stage Bonferroni procedure, we use the sum of squares as the
selection statistic . The selection threshold we choose is a sequence of numbers from
6 to 30. The range of the selection threshold is broader than that for the adaptive
two-stage Bonferroni procedure. The reason we extend the range from (6,20) to
(6, 30) is that the larger the selection threshold, the more hypotheses are non-selected.
And the more non-selected hypotheses, the more proper to use the selective parallel
gatekeeping procedure.

For the selected hypotheses S, we perform the conventional Bonferroni procedure,

and for the non-selected hypotheses I\S, we perform the adaptive Bonferroni
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Figure 5.1 Average power of the proposed adaptive two-stage Bonferroni procedure
(Adp. TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.) and the
conventional Bonferroni procedure (Bonf.), with true null proportion 7y from 0.3 to
0.9, and variance 0 ~ U(0.5,1.5). For the mean values, 1007, are equal to 0 and
the rest are equal to one. Here, the value of selection threshold ¢ is from 6 to 20,

m = 100,n = 10, a = 0.05.
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Figure 5.2 Estimated FWER of the proposed adaptive two-stage Bonferroni

procedure (Adp. TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.)

and the conventional Bonferroni procedure (Bonf.), with true null proportion 7y from

0.3 to 0.9, and variance o2 ~ U(0.5,1.5). For the mean values, 1007, are equal to 0

and the rest are equal to one. Here, the value of selection threshold ¢ is from 6 to 20,

m = 100,n = 10, = 0.05.
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Figure 5.3 Estimated true null proportion 7y of the proposed adaptive two-stage
Bonferroni procedure with true null proportion my from 0.3 to 0.9, and variance o2 ~
U(0.5,1.5). For the mean values, 1007, are equal to 0 and the rest are equal to one.

Here, the value of selection threshold ¢ is from 6 to 20, m = 100,n = 10, a = 0.05.

97



procedure. We use a Storey-type estimator to estimate the true null proportion
7o(I\S) = %, with tuning parameter A = 0.5.

Our simulation is repeated for 1,000 times. Scenario 1 is when n = 10, and
Scenario 2 is when n = 15. The simulated FWER is the proportion of times that
at least one false rejection occurring among the 1,000 replications and the simulated
power is the average of the proportions of correct rejections over 1,000 runs. As
seen from Figure 5.4, when sample size n = 10, the average power of the proposed
procedure almost perfoms the best, except when the selection threhold is around
30 at mg = 0.9. This may be because when the selection threhold is too strict, few
hypotheses is selected, thus few critical values are passed to F, to conduct adaptive
Bonferroni procedure. Figure 5.5 shows that the proposed selective procedure controls
the FWER at level a.

When the sample size is changed from n = 10 to n = 15, as seen from Figure 5.6,
the proposed procedure perfoms best in terms of average power compared to the two-
stage Bonferroni procedure and the conventional Bonferroni procedure, and controls
the FWER at level «, as shown in Figure 5.7. Moreover, more strict the selection

threshold, higher difference of the average power between the proposed procedure and

the two-stage Bonferroni procedure among almost all scenarios.

5.4 Numerical Study for Data-driven Weighted Selective Procedure
We finally conduct a simulation study to compare the performance of the proposed
data-driven weighted selective procedure with the proposed adaptive two-stage
Bonferroni procedure, the selective parallel gatekeeping procedure and several existing
MTPs, with respect to the FWER control and average power. The existing MTPs
to be compared are two-stage Bonferroni procedure and the conventional Bonferroni

procedure.
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Figure 5.4 Average power of the proposed selective parallel gatekeeping procedure
(Parallel TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.) and the
conventional Bonferroni procedure (Bonf.), with true null proportion 7y from 0.3 to
0.9, and variance 0 ~ U(0.5,1.5). For the mean values, 1007, are equal to 0 and
the rest are equal to 1. Here, the value of selection threshold ¢ is from 6 to 30,

m = 100,n = 10, a = 0.05.
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Figure 5.5 Estimated FWER of the proposed selective parallel gatekeeping

procedure (Parallel TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.)

and the conventional Bonferroni procedure (Bonf.), with true null proportion 7y from

0.3 to 0.9, and variance o2 ~ U(0.5,1.5). For the mean values, 1007, are equal to 0

and the rest are equal to 1. Here, the value of selection threshold ¢ is from 6 to 30,

m = 100,n = 10, = 0.05.
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Figure 5.6 Average power of the proposed selective parallel gatekeeping procedure
(Parallel TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.) and the
conventional Bonferroni procedure (Bonf.), with true null proportion 7y from 0.3 to
0.9, and variance 0 ~ U(0.5,1.5). For the mean values, 1007, are equal to 0 and
the rest are equal to 1. Here, the value of selection threshold ¢ is from 6 to 30,

m = 100,n = 15, a = 0.05.
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Figure 5.7 Estimated FWER of the proposed selective parallel gatekeeping

procedure (Parallel TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.)

and the conventional Bonferroni procedure (Bonf.), with true null proportion 7y from

0.3 to 0.9, and variance o2 ~ U(0.5,1.5). For the mean values, 1007, are equal to 0

and the rest are equal to 1. Here, the value of selection threshold ¢ is from 6 to 30,

m = 100,n = 15, a = 0.05.
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In this simulation study, we consider simultaneously testing H; : y; = 0 vs. H ZI :
wi # 0, for e =1,...,m, at level @ = 0.05. Each simulated data set is obtained by
generating m = 100 independent normal random samples N (u;,02)(i = 1,...,m) of
equal sample size n = 15. Among the 100 hypotheses, that is among 100u.s, 1007
are equal to 0, and the remaining are equal to yu; = 1, where 7y is the proportion
of u; = 0. And the population variance o is drawn from U(0.5,1.5) to ensure
that the population variance is unknown. For all compared five procedures, we use
one-sample t-statistics as our testing statistic. For our proposed three procedure
and the two-stage Bonferroni procedure, we use the sum of squares as the selection
statistic. The selection threshold we choose is a sequence of numbers from 6 to 40.
The range of the selection threshold is broader than that for the selective parallel
gatekeeping procedure. The reason we extend the range from (6,30) to (6,40) is
that the larger the selection threshold, the more hypotheses are non-selected. And
the more non-selected hypotheses, the more proper to exploit the information among
them. Based on ¢, Ay can be computed as Ay = Pr (U; > t). Thus, values of the other
two turning parameters \; = 0.5\ and Ay = 0.5 + 0.5\ are determined.

The weights W, and W, for S and I\S are computed according to (4.10) and
(4.11). If the number of selection |S| = 0 or |S| = m, we perform the conventional
Bonferroni procedure to all m hypotheses, i.e., Wy = 1 or W; = 1. If we encounter
Wy = Wy = 0, we also perform the conventional Bonferroni procedure to all m
hypotheses. Moreover, if we encounter W; = 0 and W5 # 0, we perform the adaptive
Bonferroni procedure to I\ S and vice versa.

Our simulation is repeated for 1,000 times. The simulated FWER is the
proportion of times that at least one false rejection occurring among the 1,000
replications and the simulated power is the average of the proportions of correct
rejections over 1,000 runs. As seen from Figure 5.8, among a certain range of selection

threshold, the data-driven weighted selective procedure almost performs best in terms

103



of average power with the compared procedures, except when 7y = 0.9. When the
selection threshold becomes strict, the average power of the two-tage Bonferroni
procedure and the adaptive two-stage Bonferroni procedure drops dramatically.
The proposed data-driven weighted selective procedure performs better than the
two-tage Bonferroni procedure and the adaptive two-stage Bonferroni procedure in
this situation, but getting close to the conventional Bonferroni procedure with the
increased true null proportion. When the selection threshold becomes strict, the
selective parallel gatekeeping procedure performs almost best in terms of average
power with the compared procedures. And the adaptive two-stage Bonferroni
procedure performs best when the selection threshold is mild. When p; of false null
hypothesis H; varies such that pu; ~ U(0.5,1.5), among a certain range of selection
threshold, the selective parallel gatekeeping procedure almost performs best in terms
of average power with the compared procedures, see Figure 5.10. In Figure 5.9 and
Figure 5.11 we show that the proposed three procedures control the FWER at level
a in both cases, i.e. when p; =1 and p; ~ U(0.5,1.5).

Overall, by comparing the average power performance among all five procedure,
there is no such procedure which is always more powerful than the others. In different

practical situation, one needs to choose a most suitable procedure.

5.5 Dependent Structure
In this section, we aim to explore the performance of the proposed procedures in
terms of average power and FWER control under dependent structure. Two types of
dependent structures are considered, which are equal correlation in Section 5.5.1 and

block dependence in Section 5.5.2.
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5.5.1 Equal Correlation

In this simulation, under equal correlation of testing statistics among all tested
hypotheses, we aim to explore the difference between the proposed selective inference
procedures with two-stage Bonferroni and conventional Bonferroni procedure by
comparing the average power and FWER control vs. correlation coefficient (p).

Our simulation runs 1000 times, where B = 1000. And we assign different
values to correlation coefficient p from 0 to 0.95. The whole sample size n = 15. For
each fixed B and t, we will simulate a data as follows to test m = 100 two-sided
hypotheses:

H;:p=0vs. H;:M#O.

The sample is from a multivariated normal population, that is

X; ~ MVN(i1,3),

where the correlation p;; = p btween H; and H; for all 4,5 = 1,...,m, and ¢ #
j. Among the 100 hypotheses, that is among 100u.s, 100w, are equal to 0, and
the remaining are equal to u; = 1, where 7 is the proportion of y; = 0. And
the population variance o2 is drawn from U(0.5,1.5) to ensure that the population
variance is unknown.

In our simulation, we use an alternative way to simulate our data which follows

the same distribution mentioned above:
Xi = \/pZo+ /1= pZi + i,

where Zy, Z; ~ N(0,0?%), for i = 1,...,m. For all compared five procedures, we use
one-sample t-statistics as our testing statistic. For our proposed three procedure

and the two-stage Bonferroni procedure, we use the sum of squares as the selection
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statistic. The selection threshold we choose is ¢t = ¢(15, 20, 25,40), which gurantees
50%, 20%, 5% and < 1% of hypotheses are selected, respectively.

For known p; = 1, as seen from Figure 5.12, when we select 50%(t = 15),
20%(t = 20) and 5%(t = 25) of tested hypotheses, adaptive two-stage Bonferroni
procedure performs best regarding to average power for my = 0.5. However, the
FWER of adaptive two-stage Bonferroni procedure is out of control, see Figure 5.13.
When the number of selected hypotheses is less than 1%(t = 40) and w9 = 0.5,
the average power of selective parallel gatekeeping procedure performs best with the
control of FWER in a certain range of p, see Figures 5.12 and 5.13. Similarily, we
observe the same pattern when p; of false null hypotheses is unknwn with a uniform
distribution, i.e. u; ~ U(0.5,1.5) for both 7y = 0.5, see Figure 5.14 and Figure 5.15.

From Figure 5.16 and Figure 5.17, we also investigate the average power
performance and estimated FWER with different selection threshold ¢. Adaptive
two-stage Bonferroni procedure performs best when t is mild, however its estimated
FWER is out of control. When ¢ becomes strict, selective parallel gatekeeping
procedure almost performs best, and its estimated FWER is around level a = 0.05,
with a slightly greater than 0.05 at certain points. This may be due to the repeated
time of simulation is only 1,000. However, for lower true null proportion, data-driven

weighted selective procedure performs best when t is strict with the control of FWER.

5.5.2 Block Dependence

In this simulation, under block dependent structure of testing statistics among
all tested hypotheses, we aim to explore the difference between the proposed
selective inference procedures with two-stage Bonferroni and conventional Bonferroni
procedure by comparing the average power and FWER control vs. correlation

coefficient (p).

106



Our simulation runs 1000 times, where B = 1000. And we assign different
values to correlation coefficient p from 0 to 0.95. The whole sample size n = 15. For
each fixed B and t, we will simulate a data as follows to test m = 100 two-sided
hypotheses:

Hi:p=0vs. H, :pu#0.

Within each block, a sample is from a multivariated normal population, that is

X; ~ MVN(i,Y),

where the correlation p;; = p btween H; and H; for all 7,5 = 1,...,m, and 7 # j.
Among the 100 hypotheses, that is among 100u}s, 100w, are equal to 0, and the
remaining are equal to u; = 1, where 7y is the proportion of y; = 0. And the
population variance 02 = 1

In our simulation, we use an alternative way to simulate each block data which

follows the same distribution mentioned above:
Xi = \/pZo+ /1= pZ;i + i,

where Zy, Z; ~ N(0,0?), for i = 1,...,m. Overall, we have K blocks with size g,
K x ¢ = m. Within each block, we have the same true null proportion 7. Between
blocks, the testing statistics are independent while within blocks, they are dependent
with same correlation coefficient p. We use two block settings, that is from K = 50
to K = 5. With the decreaseing of K, the block dependence becomes stronger.

As seen from Figure 5.19, when the selection threshold ¢ = 15 and t = 20, which
guarantees approximately 50% and 20% of hypotheses are selected,respectively, the
proposed three procedures almost perform better than the compared two procedures.
While ¢ = 40, the selective parallel gatekeeping procedure has the best power

performance. The estimated FWER almost control at level «, though in some cases,
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it is a slightly greater than «. This may be due to the fact that our simulation only

runs 1, 000.

5.6 Summary and Future Work
Through extensive simulation studies, we evaluate the proposed two-stage procedures
by comparing the average power performance among all five procedure, and find out
that there is no such procedure which is always more powerful than the others with
proper control of FWER under independence. In different practical situations, one
needs to choose a most suitable procedure. And our proposed two-stage procedures
perform well under block dependence in terms of estimated FWER, while they may
lose FWER control under equal correlation in some scenario. In the future, additional
simulation studies will be conducted for the generalized three procedures: blockwise
adaptive two-stage Bonferroni procedure, blockwise selective parallel gatekeeping

procedure and blockwise data-driven weighted selective procedure.
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Figure 5.8 Average power of the proposed data-driven weighted selective procedure
(Weighted TS Bonf.), selective parallel gatekeeping procedure (Parallel TS Bonf.),
adaptive two-stage Bonferroni procedure (Adp.TS Bonf.) along with two-stage
Bonferroni procedure (T'S Bonf.) and the conventional Bonferroni procedure (Bonf.),
with true null proportion 7y from 0.3 to 0.9, and variance o ~ U(0.5,1.5). For the
mean values, 1007w, are equal to 0 and the rest are equal to 1. Here, the value of

selection threshold t is from 6 to 40, m = 100,n = 15, a = 0.05.
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Figure 5.9 Estimated FWER of the proposed data-driven weighted selective
procedure (Weighted TS Bonf.), selective parallel gatekeeping procedure (Parallel
TS Bonf.), adaptive two-stage Bonferroni procedure (Adp.TS Bonf.) along with two-
stage Bonferroni procedure (TS Bonf.) and the conventional Bonferroni procedure
(Bonf.), with true null proportion 7y from 0.3 to 0.9, and variance o2 ~ U(0.5,1.5).
For the mean values, 1007, are equal to 0 and the rest are equal to 1. Here, the value

of selection threshold ¢ is from 6 to 40, m = 100,n = 15, a = 0.05.
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Figure 5.10 Average power of the proposed data-driven weighted selective procedure
(Weighted TS Bonf.), selective parallel gatekeeping procedure (Parallel TS Bonf.),
adaptive two-stage Bonferroni procedure (Adp.TS Bonf.) along with two-stage
Bonferroni procedure (T'S Bonf.) and the conventional Bonferroni procedure (Bonf.),
with true null proportion 7y from 0.3 to 0.9. For false null hypothesis H;, p; ~
U(0.5,1.5) and variance o ~ U(0.5,1.5). Here, the value of selection threshold ¢ is

from 6 to 40, m = 100,n = 15, a = 0.05.
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Figure 5.11 Estimated FWER of the proposed data-driven weighted selective
procedure (Weighted TS Bonf.), selective parallel gatekeeping procedure (Parallel
TS Bonf.), adaptive two-stage Bonferroni procedure (Adp.TS Bonf.) along with two-
stage Bonferroni procedure (TS Bonf.) and the conventional Bonferroni procedure
(Bonf.), with true null proportion 7 from 0.3 to 0.9. For false null hypothesis H;,
wi ~ U(0.5,1.5) and variance o ~ U(0.5,1.5). Here, the value of selection threshold

t is from 6 to 40, m = 100,n = 15, = 0.05.
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Figure 5.12 Under equal correlation, average power of the proposed data-driven

weighted selective procedure (Weighted TS Bonf.), selective parallel gatekeeping

procedure (Parallel TS Bonf.), adaptive two-stage Bonferroni procedure (Adp.TS

Bonf.) along with two-stage Bonferroni procedure (T'S Bonf.) and the conventional

Bonferroni procedure (Bonf.), with true null proportions my = 0.5, when n = 15,

m = 100, for false null hypothesis H;, u; = 1, and 0? = o2 ~ U(0.5,1.5). The

i

correlation coefficient p takes values from 0 to 0.95.
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Figure 5.13 Under equal correlation, estimated FWER of the proposed data-driven
weighted selective procedure (Weighted TS Bonf.), selective parallel gatekeeping
procedure (Parallel TS Bonf.), adaptive two-stage Bonferroni procedure (Adp.TS

Bonf.) along with two-stage Bonferroni procedure (T'S Bonf.) and the conventional

(c) t=25

(d) t = 40

Bonferroni procedure (Bonf.), with true null proportions 7y = 0.5, when n =

m = 100, for false null hypothesis H;, u; = 1, and 0? = o2 ~ U(0.5,1.5). The

correlation coefficient p takes values from 0 to 0.95.
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Figure 5.14 Under equal correlation, average power of the proposed data-driven

weighted selective procedure (Weighted TS Bonf.), selective parallel gatekeeping

procedure (Parallel TS Bonf.), adaptive two-stage Bonferroni procedure (Adp.TS

Bonf.) along with two-stage Bonferroni procedure (T'S Bonf.) and the conventional

Bonferroni procedure (Bonf.), with true null proportions 7y = 0.5, when n

m = 100, for false null hypothesis H;, p; ~ U(0.5,15), and ¢ = o> ~ U(0.5,1.5).

The correlation coefficient p takes values from 0 to 0.95.
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Figure 5.15 Under equal correlation, estimated FWER of the proposed data-driven
weighted selective procedure (Weighted TS Bonf.), selective parallel gatekeeping
procedure (Parallel TS Bonf.), adaptive two-stage Bonferroni procedure (Adp.TS
Bonf.) along with two-stage Bonferroni procedure (T'S Bonf.) and the conventional
Bonferroni procedure (Bonf.), with true null proportions my = 0.5, when n = 15,
m = 100, for false null hypothesis H;, p; ~ U(0.5,15), and ¢ = o> ~ U(0.5,1.5).

The correlation coefficient p takes values from 0 to 0.95.
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Figure 5.16 Under equal correlation with correlation coefficient p = 0.5, average

power of the proposed data-driven weighted selective procedure (Weighted T'S Bonf.),

selective parallel gatekeeping procedure (Parallel TS Bonf.), adaptive two-stage

Bonferroni procedure (Adp.TS Bonf.) along with two-stage Bonferroni procedure (T'S

Bonf.) and the conventional Bonferroni procedure (Bonf.), with different true null

proportions my, when n = 15, m = 100, for false null hypothesis H;, p; ~ U(0.5,15),

and 0 = 02 ~ U(0.5,1.5).
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Figure 5.17 Under equal correlation with correlation coefficient p = 0.5, estimated
FWER of the proposed data-driven weighted selective procedure (Weighted TS
Bonf.), selective parallel gatekeeping procedure (Parallel TS Bonf.), adaptive
two-stage Bonferroni procedure (Adp.TS Bonf.) along with two-stage Bonferroni
procedure (TS Bonf.) and the conventional Bonferroni procedure (Bonf.), with

different true null proportions 7y, when n = 15, m = 100, for false null hypothesis

H;, pi ~ U(0.5,15), and 0? = 0* ~ U(0.5, 1.5).
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Figure 5.18 Under block dependent structure, average power of the proposed
data-driven weighted selective procedure (Weighted TS Bonf.), selective parallel
gatekeeping procedure (Parallel TS Bonf.), adaptive two-stage Bonferroni procedure
(Adp.TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.) and the
conventional Bonferroni procedure (Bonf.), with true null proportion 7y = 0.5, when
n = 15, m = 100, for false null hypothesis H;, p; = 1, and 0? = 0? = 1. The

correlation coefficient p takes values from 0 to 0.95.
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Figure 5.19 Under block dependent structure, estimated FWER of the proposed
data-driven weighted selective procedure (Weighted TS Bonf.), selective parallel
gatekeeping procedure (Parallel TS Bonf.), adaptive two-stage Bonferroni procedure
(Adp.TS Bonf.) along with two-stage Bonferroni procedure (TS Bonf.) and the
conventional Bonferroni procedure (Bonf.), with true null proportion 7y = 0.5, when
n = 15, m = 100, for false null hypothesis H;, p; = 1, and 0? = 0? = 1. The

correlation coefficient p takes values from 0 to 0.95.
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CHAPTER 6

SUMMARY AND FUTURE WORK

In this dissertation, we first introduce a novel graphical approach, which allows one
to reject more than one hypothesis at each step. This overcomes a main drawback
of existing graphical approaches in which only one rejection is allowed at each
step. Through clinical trail examples, we illustrate that the proposed approach is
more flexible and computationally efficient than existing graphical approaches. As
a by-product, we propose a generalized sequential rejection principle to show the
FWER control of the proposed approach. Then, in Chapter 3 we propose a graphical
approach for general logically restricted hypotheses testing. By re-assigning critical
values between testable and non-testable (logically restricted) hypotheses, all critical
values are made fully used. Through clinical trial examples, we demonstrate that the
proposed graphical approach is more simple and flexible than few existing approaches
for logically restricted hypotheses testing. Finally, we introduce three powerful
two-stage selective inference procedures as well as their generalized procedures to
deal with large scale data analysis in Chapter 4 and extensive simulation studies are
provided in Chapter 5. The future works are discussed in the following.

For proposed graphical approaches in Chapter 2 and 3, a main work we plan
to do is to implement them in R package. Thus users can easily and quickly conduct
our approaches.

For proposed selective inference procedures, extensive simulation studies are
to be done to evaluate and compare the performance of the proposed blockwise
procedures with the proposed two-stage procedures and those of several existing
methods in terms of FWER control and average power. We also plan to apply the

constructed data-driven weights in Chapter 4 to the proposed weighted Bonferroni-
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based graphical approaches in Chapter 2 and 3 to develop newer and more powerful

graphical approaches.
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APPENDIX A

THE GENERALIZED GRAPHICAL APPROACH

A.1 Proof of (2.9) in Proposition 1

We use mathematical induction to show that (2.9) holds, that is

Zglk(f{i_l) <lforalli=1,..,m.
kel;

Fori =1, I = {1,...,m}, we have Ri1 =Ry = (), and glk(ﬁo) = g, by

kel

S g <1 in (2.4), we prove that 3 gi(Ro) <1.
k=1
By induction, we assume for i = s — 1(s < m), the inequality holds, i.e.,

S gw(Rs_y) <1 for every | € I,_;. Then for i = s, by the updating rule of

kels_q
transition coefficient function in Algorithm 1, for every fixed [ € I, we have

glk(RS—2)+ z glj(Rs—Q)gjk(Rs—2)

j€J571

glk<Rsfl): = = = —
Z(z) Zml— > > 9i(Re2)gjg(Re2) = >0 91j(Res2)gu(Rs2)
kels kel Jj€Js—1 q€EJs—1 jE€Js—1
> <glk(f{s—2)+ > glj(Rs—Q)gjk(Rs—2)>
_ kel J€Js—1
1- ¥ Y giRi2)geRin) — X g(Rea)g(Res)’
J€Js—1q€Js1 7€Js—1
(A1)
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where I = I,\{l}. Expanding the numerator of the right-side in (A.1), we have

Z g (R Z 915(Rs—2)gji( Rs 2)

kelgl) Jj€Js—1

= D R+ D > gi(Raa)gin(Raz)

k}EIgl) k‘EIél) je€Js—1

= Z gie(Re_z) + Z 915 (Rs_2) Z gjk(Rs—2)

ker! j€Js—1 k1)

< D aRe2)+ D gyRae) [1- D gieRaz) — gu(Ris)
rer® j€Js1 g€Jo—1
= > R+ Y gi(Res) = Y gi(Ras) Y gjg(Res)
kerld J€Js—1 JE€Js—1 q€Js—1
— Y 95(Ri2)gii(Ry )
jEJsfl
- Z glk Z Z gl] s—2 g]q Rs 2) Z glj(Rs—2)gjl(Rs—2)
ke[éljl ]GJS 1q€Js 1 jEJ571
< 1- Z Z glj(Rs—Q)ng(Rs—2)_ Z glj(Rs—2)gjl(Rs—2)a

je']sfl qejsfl jerfl

where the first inequality holds since

Z gin(R Z 9ik(Rs_a) + gjt(Ry_2) + Z gje(Re2) <1,

ke]s 1 kejgl) qusfl

thus,

Z gjk(Rs—Q) <1- gjl(Rs—2) — Z gjq(Rs—Q)-

ke[él) qus—l
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The last equality holds since 1Pu Joo1 = ]S(Ql, and I N Js—1 = 0. And the second
inequality holds since

Z gir(Re_z) = Z gn(Re2) + ngk(Rs—2) = Z gn(Rez) < 1.

kels—q ke[il_)l =k kelilll
Therefore, we have

> <glk(R52)+ > glj(Rs2)gjk(Rsz)>

kerl) j€Js—1

1= 3 Y gj(Re2)giqRaz) — 3 g(Ra2)gn(Riz)

jEJs—l qejs—l jEJs—l

<1

— ?

~ ~

which implies Y g (Rs—1) <1 for i = s. Moreover, we know that gir(Rs—1) = 0 is
kerV
always true based on the updating rule of transition coefficient function in Algorithm

1. Thus 3 gu(Re_1) < 1fori=s.
kel

Summarizing the above arguments, »° glk(RZ-,l) <1 holds for all i =1, ...,m. O
kel

A.2 Proof (2.10) in Proposition 1

We use mathematical induction to show (2.10) holds, that is

~

0<gr(Ri_1) <lforali=1,.. m.

For i = 1, we have R;_; = Ro = 0, and ¢,(Ro) = gir- By 0 < gi < 1in (2.3),
we prove that 0 < g;x(Ro) < 1.

By induction, we assume for i = s — 1(s < m), the inequality holds, i.e.,

~

0 < gi(Rs2) < 1forall l,k € I,_1. Then for i = s, by the updating rule of the

transition coefficient function in Algorithm 1, for all [,k € I, 1 # k, we have

~ ~

gi(Rs—2) + ; glj(Rsz)gjk<R572)
- J€Js—1

gi(Rs—1) = - > - —, (A.2)
1— > X glj(Rs—Q)gjq(Rs—Q)_ > glj(Rs—Q)gjl(Rs—Q)

jerfl qEJs—1 jEJsfl
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where the numerator of the right-side in (A.2) is always non-negative due to the

assumption that 0 < glk(RS_2> < 1. Moreover, in A.1 we showed that

Z gm(Rsfz)ﬂL Z glj<R572)gjk<R572)

k‘ELE” JjEJs—1

< 1_2 Zgl] ngJq s2 Zgl] s2g]lR52)-

Jj€Js—19€Js1 Jj€Js—1

And by the assumption again, we have

Do 9nRea) + D 9(Re2)gn(Ro2) | >0, (A.3)

ker) jedin

thusa I Z Z gij (R372)gjq(]?{572> - Z glj(Rsz)ngRsz) 2 07 which is the

J€Js—19€Js1 J€Js—1
denominator of the right-side in (A.2). And when

1 - Z Z glj(Rsf2)gjq(Rsf2) - Z glj(qu)gjl(Rsz) =0,
J€Js—1 q€Js1 J€Js—1
we set glk(f{s,l) = 0 as presented in the article. Therefore, glk(fis,l) > (. Since we
showed in A.1 that glk(f{S_l) <1, thus glk(f{S_l) <1.
Therefore, 0 gk;k(flll) <1 holds for all : = 1,...,m. When [ = k, it is always
true that gkk(f{i_l) =0 for all : = 1,...,m, based on the updating rule of transition

coefficient function in Algorithm 1. O

A.3 Proof of (2.11) in Proposition 1

We use mathematical induction to show that (2.11) holds, that is

Zal(f{i,l) <aforali=1,..m

lel;
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Fori =1, I = {1,...,m}, we have Ri1 =Ry = (), and al(ﬁg) = o;. By

NIE

a; < « in (2.2), we prove that

~

1

Z a(Ro) < a.

lel;

By induction, we assume for i = s — 1(s < m), the inequality holds, i.e.,

> al(f{S_g) < a. Then for ¢ = s, by the updating rule of the critical value function
leIs—l
in Algorithm 1, we have

A~

Zal(ﬁsq) = Z Oél(Rsﬂ) + Z gjl(Rsa)Oéj(qu)

lEI; lel, jEJs1
= Z a(R,) + Z Z gjl(f{s—Q)Oéj(f{s—Q)
lEIs le]s je']sfl
=Y aRia) + D aj(Re) D gin(Racn)
le, J€Js1 le1,
S ZOCZ<R$72) + Z CVj(Rsf2) = Z CVI(R372) S «,
leI; jE€Js—1 l€ls—1

where the first inequality holds since for non-negative transition coefficients functions,

A~

and I, C I,_q, we have > gﬂ(fis_2) < > gju(Rs_2) < 1. The last equality holds

lels lels—1
since I, U J,_1 = I,_q, and I, N J,_; = (). And the last inequality is due to the

assumptation that > oy(Rs_2) < a.
leIs—l

Summarizing the above argument, > ;(Ri_;) < o holds for all i = 1, ...,m. O
157

A.4 Proof of monotonicity of transition coefficient function
We use mathematical induction to show that the monotonicity of transition coefficient

function holds, that is

glk(f{i_l) < gik(Si_1), for every 7A2j CS;,j=1,..,i—1and forall i =1,...,m,

here, Rifl = (7%1, ...,7%1;1>T, and Sifl = (81, ...,Sz;l)T.
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For i =1, we have R;_; = Ro = Sy = 0, and glk(ﬁo) = gix(So) = gir- Thus, we
prove that the monotonicity of trasnsition coefficient function holds when i = 1.

By induction, we assume for i = s — 1(s < m), the inequality holds, i.e.,
gie(Rs_2) < guu(Ss_s) for every 7%3‘ CS;,j=1,..,5—2,and I,k € I,_;. Then for

i = s, when [ # k, by the updating rule of transition coefficient function in Algorithm

1, we have
glk(Rsf2)+ ; glj(Rsf2)gjk(R372)
-~ 'G s—1
gi(Rs—1) = ———— ~ = (A.4)
L— > > 3j(Re2)gjg(Rs2) — > 91;(Rs—2)g51(Rs2)
jer—lqEJs—l jer—l
and
9ie(Ss—2) + ; 915(Ss—2)gjk(Ss-2)
jE s—1
gi(Ss—1) = . (A5
e e D D 7] T (Y S ot R P I M
j€T571 qETsfl j€T5,1

where T;_; is the index set of a collection of rejections in S;_;. For non-negative

transition coefficient function (showed in A.2), we have

~ ~ ~

gi(Rs—2) + ‘ JZ g1;(Rs—2)gjx(Rs—2) (A.6)
.76 s—1

< g(Ss—2) + > 31j(Ss—2)g;k(Ss—2) (A7)
jer—l

< gw(Ss=2) + D 91;(Ss—2)g;k(Ss—2), (A.8)
je,Ts—l

where (A.6) is the numerator of the right-side in (A.4), and the right-side in (A.8)
is the numerator of the right-side in (A.5). The inequality in (A.7) holds due to the
assumptation made at step s —1. And the inequality in (A.8) holds since J;_1 C T;_;.

Moreover, for both denominators of right-side in (A.4), (A.5), we have

~ ~ ~

1= 3 Y 0j(Re2)gigRaz) — 3 g(Ra2)gn(Roz)

j€Js—1q€Js—1 JjE€EJs—1

> 1= > > 9j(Ss2)9jq(Ss—2) — > 91;(Ss—2)gji(Ss-2) (A.9)
j€Js—19€Js1 J€Js—1

> 1= > > aj(Ss2)9jq(Ss—2) = >° 9j(Ss—2)g(Ss—2), (A.10)
J€Ts—1q€Ts—1 J€Ts—1
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the inequality in (A.9) holds due to the assumptation made at step s — 1. And the
inequality in (A.10) holds since J;_1 C Ts_1. Therefore, by the above argument, we
prove that when | # k, glk(Rs,g) < gi(Ss—2). When [ = k, it is always true that
glk(f{S_g) = gi(Ss—2) = 0 by the updating rule of transition coefficient function in
Algorithm 1. Therefore, glk(f{s_l) < gik(Ss_1), for every ’/%j CS;,j=1,..,s—1.

Summarizing the above argument, we conclude that

glk(f{i_l) < gi(Si—1), for every 7A€j CS;,j=1,..,i—landforalli=1,...m. O

A.5 Proof of (2.12) in Proposition 1

We use mathematical induction to show that (2.12) holds, that is

a(Ri_1) < ay(S;_1), for every ﬁj CS;,j=1,..,i—1land forall i =1,...,m,

where, R;_; = (Ry, ..., Ri_1)”, and S;_1 = (Sy,...,Si1)7.

For i = 1, we have R;_1 = Ry = Sy = ), and oq(?éo) = a(So) = oy. Thus, we
prove that (2.12) holds when ¢ = 1.

By induction, we assume for i = s — 1(s < m), the inequality holds, i.e.,
Oél(Rs_g) < oq(Ss_2) for every 7A2j C S;,7j =1,...,s —2. Then for i = s, by the

updating rule of critical value function in Algorithm 1, we have

a(Ret) = a(Rea) + Y gi(Ren)aj(Ras) (A.11)
jEJsfl
and
@(Ss1) = u(Ss2) + D gin(Ss2)a;(Ss2), (A.12)
jeTs—l

where T, 1 is the index set of a collection of rejections in Sg ;. The right-side in

(A.11) has the following property by the monotonicity of transition coefficient function
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showed in A.4

a1(Ry_2) +]~GJZ gi1(Re_2)aj(Ry_2) (A.13)
< a(R.o) +j€; 951(Ss—2)0; (Ry2) (A.14)
< oq(Ss_9) +Jg:_ 9j1(Ss—2)a;(Ss_2) (A.15)
< (Ss_2) —|—j€;_ 9j1(Ss—2)a;(Ss_2). (A.16)

The inequality in (A.15) holds due to the assumptation made at step s — 1, i.e.,
oq(f{s_g) < (Ss_2). And the inequality in (A.16) holds since Js; C Ty ;.
Therefore, by the above argument, we prove that al(Rs,l) < (Ss-1), for every

Rj gSj,j:L...,S—l.

Summarizing the above arguments, we conclude that

al(f{i_l) < (S;-1), for every 7A2j CSj,j=1,..,i—1l,and foralli =1,...,m. O

A.6 Proof of Theorem 3
We apply the extended sequention rejective principle in Theorem 2 to prove the
FWER control of the proposed graphical approach. First, we show that the
monotonicity condition of the successor function in Theorem 2 is satisfied. The

successor function is defined as follows:

NRi1) =Ri = {H € H\ U Ry < au(Risn)}

and

N(Sii1) =8 ={H e H\U, Si: o < u(Si1)},

where ]ii,1 = (7%,1, ...,7%4,1>T, and Si,1 = (Sl, ...,Sl',l)T.

In A.5, we showed that

a(Ri_1) < ay(S;_4), for every ﬁj CS;, where j=1,...,i—1, and for alli = 1,...,m.
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Thus, for every H;, € N(Ri_l), we have p; < Ozl(f{i_l), by the monotonicity of
critical value function, we show that p; < a;(S;_1), thus, H; € N(S;_1). Therefore,
N(Ri_1) € N(S,_1), which satisfies the monotonicity condition of successor function
in Theorem 2.

Next, we show that the singel step FWER control in Theorem 2 is also satisfied
for the proposed approach. Assume we reject all false null hypotheses in previous

t — 1 steps, then we have

P(reject at least one true null hypothesis at step )
= PWN(Fi1) £ F)
= P{Ujer{p; < o;(Fi-1)}}

Y Ppy <aj(Fi) <> a(Fig) <a,

JET JET

IN

where T and F are collection of true null hypotheses and false null hypotheses,
respectively. And F;_; = (Fy,..., F;i_1)T, is a vector, which includes all rejected false
null hypotheses, and Fi, ..., F;_1 are all mutually exclusive sets. The first inequality
is due to Bonferroni Inequality. The second inequality is under the assumption that
all unadjusted p-values follow uniform distribution. The third inequality is due to

the property of critical value function (shown in A.3), that is:
Zal )< aforalli=1,.
lel;

Thus, the single step FWER, control is also satisfied for the proposed approach. By
the extended sequention rejective principle, we prove that the proposed graphical

approach strongly controls FWER at level a. U
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APPENDIX B

THE GRAPHICAL APPROACH FOR LOGICALLY RELATED
HYPOTHESES TESTING

B.1 Proof of (3.8) in Proposition 2

We use mathematical induction to show that (3.8) holds, that is

Zglk(ﬁi_l) =1foralli=1,..,m.

kel;

For i =1, I, ={1,...,m}, we have Ri1 =Ry = (), and glk(ﬁo) = G, by > g =1
k=1
in (3.3), we prove that > g(Ro) =1.
kel

By induction, we assume that for i = s — 1(s < m), the inequality holds, i.e.,

A

> guw(Rs—2) =1 for every [ € I,_;. Then for i = s, by the updating rule of
kels_q

transition coefficient function in Algorithm 3, for every fixed [ € I, we have

A A

gr(Re—a) + > glj(Rs—2)gjk(Rs—2)

Z glk(Rs—1) = Z > - jEJSf ~ -

> i (Rs-2)g50(Rs—2) — D7 915(Rs—2)gji(Rs—2)

kel kerl _jer_lqus_1 jEJs—1
> <glk(Rs—2)+ > glj(Rs—Q)gjk(Rs—2)>
kerl) j€Js—1
1- 3 3 giRe2)giRez) — S g(Re2)gn(Rez)’
J€Js—1q€Js—1 Jj€Js—1
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where I = I,\{l}. Expanding the numerator of the right-side in (1), we have

Sl amRe2) + D gi(Rasa)gin(Rass)

rer® JET
= E gi(Rs—2) E E a1 ( sZg]kRs 2)
kerld ker® 7€Js—1

- Z gie(Re_2) Z 915 (Rs_2) Z gin(Ry2)

ker J€Jsm1 ker)

= D R+ Y giRe) [ 1= D g5(Ro2) — gjt(Raz)

kel§l> J€Js—1 q€Js—1
- Z glk(Rs*2) + Z glj(]'f{’sf2) - Z 91;’(1?{372) Z g;q(RS,Q)
ker) J€Js—1 J€Js—1 q€Js—1

— Y w(Re2)gu(Reo)

jet]sfl
= E gr(R E E 915 (Ris—2)gjq Rs 2)
ke[iljl JEJS 1q€<]s 1

— > ai(Re2)gn(Ri-2)

jEJsfl
= Z glk(Rs 2)+gkk Z Z 91;(Rs—2)gjq( Rs 2)
ke[iljl ]er lqus 1

- Z gij (Rs%)gﬂ (Rsz)

jer—l

= 1= Z Z 91 (Rs—2)gjq(Ro-2) — Z 91 (Re—2)gj1(Ry—2),

j€Js—1 q€Js—1 Jj€Js—1
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where the third equality holds since

Z gjk(Rs—2) = Z gjk(Rs—2) + gjl(Rs—Q) + Z gjq(Rs—Z) =1,

k€ls_q kEIs(l) q€Js—1

thus,

Y gnRea) =1—ga(Roo) = > gia(Reca).

kell) 4€Js—1

The fifth equality holds since Ig) U = 1 and Is@ N Je_; = 0. And the last

s—1»

equality holds since

Z gin(Re_2) = Z gin(Re_2) + ngk(Rs—Q) = Z gin(Re2) = 1.

k61571 kEI(l)l 1=k k€I<l)1
s— s—
Therefore, we have

> <9uc(f{s—2)+ > glj(f{s—2)9jk(f{s—2)>

kel J€Js—1 _q
A A A — )

1— S Y gi(Re2)gigRez) — 3 g(Ro2)gin(Roo2)

Jj€Js—1 q€Js—1 J€Js—1

~

which implies Y g (Rs_1) = 1 for i = s. Moreover, we know that gkk(Rs,l) =0is
kel
always true based on the updating rule of transition coefficient function in Algorithm

3. Thus 3 gu(Rs_y) =1 for i = s.

kels

Summarizing the above arguments, > glk(f{i_l) =1 holds for all i =1, ..., m. U
kel;

B.2 Proof of (3.9) in Proposition 2

We use mathematical induction to show that (3.9) holds, that is

~

0<gw(Ri_1) <lforali=1,.. m.

For i = 1, we have R;_; = Ry = 0, and glk(fzo) =g By 0 < gy <1in (3.2),

we prove that 0 < g;(Re) < 1. By induction, we assume for i = s — 1(s < m),
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~

the inequality holds, i.e., 0 < gu(Rs_2) < 1 for all I,k € I,_;. Then for i = s,
by the updating rule of the transition coefficient function in Algorithm 3, for all

I,k €Il #k, we have

grRsa) + 3 9i(Re_2)gju(Ry_2)

- jet]sfl
gik(Rs1) = ~ - - - . (2)
L= >0 > 9j(Rs2)gje(Rs—2) — > gij(Rs—2)gu(Rs—2)
jejsfl qusfl _]‘EJ571

where the numerator of the right-side in (2) is always non-negative due to the

~

assumption that 0 < g (Rs_2) < 1. Moreover, in B.1 we showed that

S a®i2) + D gy(Rasa)gin(Ran)

kel j€Js—1

~

= 1- Z Z glﬂ'(RS*?)gjq(Rsf?)_ Z glj(Rsﬂ)gjl(Rs,g).

jer—l qEJs—l jer—l

And by the assumption again, we have

Do 9Rea) + D 9(Re2)gn(Ro2) | >0, (3)

kerl j€Js—1

thus,

~

L= >0 > guRe2)gieRea) = Y gy(Re2)g(Res) 20,

jer—l QEJ5—1 jer—l

which is the denominator of the left-side in (2). And when

~

1 - Z Z glj(Rs—Z)gjq(Rs—2)_ Z glj(Rs—Q)gjl(Rs—2> =0,

jer—l qus—l jEJs—l

~ ~

we always set g;x(Rs_1) = 0. Therefore, g;x(Rs_1) > 0. Since we showed in B.1 that

> glk<Rs—1) =1, thus gm(Rs—l) <1

kel

~

Therefore, 0 < g (R;—1) < 1 holds for all i = 1,...,m. When [ = k, it is always

true that gxr(R;_1) = 0 for all i = 1,...,m, based on the updating rule of transition

coefficient function in Algorithm 3. O
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B.3 Proof of (3.10) Proposition 2

We use mathematical induction to show that (3.10) holds, that is

Zal(ﬁi,l) <aforalli=1,..,m.

lel;

Fori=1, I, = {1,...,m}, we have Ri1 =Ry =0, and Ozl(ﬁo) =qa. By Y oy <a
=1

in (??), we prove that

Z a(Ro) < o

lel;

By induction, we assume for i = s — 1(s < m), the inequality holds, i.e.,

A~

> a(Rs_2) < a. Then for i = s, by the updating rule of the critical value function
lels—q

in Algorithm 3, we have

A~

Zal(f{s_l) = Z al(Rs—2) + Z gjl(Rs—2)O‘j(Rs—2)

le[s lEIs jerfl
= Z al<Rs—2) + Z Z gjl(Rs—2)aj(Rs—2)
lEIs le[s jer—l
= Z al<f{s—2) + Z Q; (RS—Z) Z gjl(RS—Q)
lEIs jEJsfl le[s
S aRe)t Y B = Y a®e) <o
lels je€Js—1 lels—1

where the first inequality holds since for non-negative transition coefficient functions,

A~

and I, C I,_;, we have 3 g;i(Rs_2) < 3 g;i(Rs_2) = 1. The equality holds only

lels lels_q
when for all k € J,_1, gjr =0, thus 3 g;i(Rs_2) = 3. g;u(Re_2) = 1. And the last
lels lels_
inequality is due to the assumptation that a(R,s) < .
lels—q

Summarizing the above arguments, we conclude that

Zal(f{i,l) < a holds for all i = 1, ...,m.00
lel;
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B.4 Proof of monotonicity of transition coefficient function
We use mathematical induction to show that the monotonicity of transition coefficient

function holds, that is

ge(Ri1) < gun(Si_1), for every 7A2j CS;,j=1,..,i—1land foralli=1,....,m,

here, Ri_y = (R, ..., Ri—1)7, and S;_1 = (S, ..., Si1)7.

For i =1, we have R;_; = Ro = S, = 0, and glk(”fzo) = gi(So) = gir- Thus, we
prove that the monotonicity of trasnsition coefficient function holds when i = 1.

By induction, we assume that for i = s — 1(s < m), the inequality holds, i.e.,
glk(f{S,g) < gi(Ss—2) for every 7%]- CS,,j=1,...,5s—2 and [,k € I,_;. Then for

i = s, when [ # k, by the updating rule of transition coefficient function in Algorithm

3, we have
gu(Rez) + 3 g (Re2)g(Ros)
3 €Js—1
gik(Rs—1) = ——— - ~ . (4)
L— > > 3j(Rs2)gjg(Rs2) — > 91;(Rs—2)gj1(Rs2)
Jj€Js—1 q€Js—1 jE€EJs_1
g(Ss—2) + > 91;(Ss—2) gk (Ss—2)
gin(Sec1) = e (5)
’ L= 3 > g5(Ss-2)g5q(Ss—2) = >° 91;(Ss-2)g(Ss—2)’
JE€ETs—1q€Ts—1 JETs 1

where T,_; is the index set of a collection of rejections in S, ;. For non-negative
transition coefficient function (showed in B.2), we have

gr(Raz2) + D 9j(Re2)gixRe2) < gn(Se2) + X 915(Se2)gj(Sea) (6)

jeJ371 jerfl

Sglkﬁ(SS—Q)_’_ Z glj(Ss—Q)gjk(SS—Q)’ (7)

jETsfl

where the left-side in (6) is the numerator of the right-side in (4), and the right-side
in (7) is the numerator of the right-side in (5). The inequality in (6) holds due to the

assumptation made at step s — 1. And the inequality in (7) holds since J;_1 C Ts_y.
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Moreover, for both denominators of right-side in (4) and (5), we have

~ A~ A

1= 3 3 gi(Re2)gig(Re2) — 3 g(Re2)gi(Re2)

jEJ571 qEJsfl jerfl

> 1= > 20 9ij(Se2)g5q(Ss2) = X0 91j(Ss-2)g51(Ss—2) (8)
je']sflqejsfl je']sfl

> 1= > > 9i(Se-2)gjg(Ss—2) = > 91j(Se-2)git(Ss-2), (9)
j€T571 qusfl jeTsfl

the inequality in (8) holds due to the assumptation made at step s — 1. And the
inequality in (9) holds since J;_; C T, ;. Therefore, by the above argument, we

~

prove that when | # k, gi.(Rs_2) < gi(Ss_2). When [ = k, it is always true that

~

git(Rs—2) = gi(Ss—2) = 0 by the updating rule of transition coefficient function in
Algorithm 3. Therefore, glk(fis_l) < gi(Ss-1), for every 7A€j CS,j=1,..,5s—1

Summarizing the above arguments, we conclude that

glk(f{i—l) < gi(Si_1), for every ﬁj CSj,j=1,..,i—1l,andforalli=1,...,m. O

B.5 Proof of (3.11) in Proposition 2

We use mathematical induction to show that (3.11) holds, that is

oq(f{i_l) < y(S;-1), for every 7A3j CS;,j=1,..,i—1land foralli =1,...,m,

where, R;_1 = (Ry, ..., Ri_1)", and S;_1 = (S, ..., Si_1)7.

For i = 1, we have R;_1 = Ry = Sy = ), and al(ﬁo) = oy(Sp) = ay. Thus, we
prove that (3.11) holds when i = 1.

By induction, we assume that for i = s — 1(s < m), the inequality holds, i.e.,
a(Ry_s) < (Ss_s) for every R; € S;,j = 1,....,s — 2. Then for i = s, by the
updating rule of critical value function in Algorithm 3, we have

CYl(]?{s—l) = O‘l(f{s—2) + > gjl(f{s—2)aj(f{s—2) (10)

jEJsfl

138



and

a(Ss—1) = ar(Ss—2) + X gju(Ss2)a;(Ss—2), (11)

jerfl

where (Q5_1 is the index set of a collection of rejections in S;_;. The right-side in
(10) has the following property by the monotonicity of transition coefficient function

showed in B.4

A

al(Rs—2)+ Z gjl(Rs—2)O‘j(f{s—2) <a(Rea) + D2 gjl(Ss—2)O‘j(Rs—2) (12)

j€J371 jeJ371
<a(Ss—2) + Yo gi(Ss—2)a;(Ss—2) (13)

jer—l
<a(Ss—2) + Yo gju(Ss—2)aj(Ss—2). (14)

jEstl

The inequality in (13) holds due to the assumptation made at step s — 1, i.e.,
oq(fis_g) < (Ss_2). And the inequality in (14) holds since J,_ 1 C Q,_1. Therefore,
by the above argument, we prove that &l(Rs,l) < oy(Ss-1), for every ﬁ,j CS;,j=
1,...,s — 1.

Summarizing the above arguments, we conclude that

a(Riz1) < ai(S;_4), for every 7%]' CS,,j=1,..,i—land foralli=1,...,m. O

B.6 Proof of Theorem 4
We apply the extended sequention rejective principle in Theorem 2 to prove the
FWER control of the proposed graphical approach. First, we show that the
monotonicity condition of the successor function in Theorem 2 is satisfied. The

successor function is defined as follows:

N(Ri-1) = Ri = {H; € H\ U2\ Ry i pj < ay(Rica) + > by(Rica)},
7
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and

N(Si) =8 ={H; e H\U_} S}, : p; < a;(S Zbﬁ 1)

where Ri—l = (7%1, ...,ﬁi_l)T, and Si—l = (81, ...,Si_l)T.

In B.4, we showed that

glk(f{i,l) < gik(Si—1), for every 7A2j CS;,j=1,..,i—landforalli=1,..m

And in B.5, we showed that

a(Ri_1) < ay(S;_4), for every ﬁj CS;, wherej=1,...,i—1, and foralli =1,....,m

The re-assigned critical value function bfj(f{i_l) at any step ¢ is a multiply of non-
negative monotonic functions, thus it is also a monotonic function, as well as the the

summation of such re-assigned critical value functions 3. by;(R,_1). So we have
f

+beﬂ 1) < a;(Si-1) +be] i-1) (15)

for every Ry, C S, where k=1,....i — 1, and foralli = 1, ....,m

Thus, for every H; € N(Ri_1), we have p; < o;(Ri_1) 4+ S by (Rizy), by
the monotonicity showed in (15), we show that p; < a;(S;—1) + Zj;)fj(sy;_l), thus,
H; € N(S;_1). Therefore, N(R;_1) € N(Si_1), which satisfies ]tche monotonicity
condition of successor function in Theorem 2.

Next, we show that the singel step FWER control in Theorem 2 is also satisfied

for the proposed approach. Assume we reject all false null hypotheses in previous
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1 — 1 steps, then we have

P(reject at least one true null hypothesis at step )

= PN(F;i.) ZF)

= P Ujer{p; < o;(Fis1) + Y _by(Fi1)}

;
< > P p<ai(Fis) + > by(Fiy)
JeT f
< D | aFim) + D bp(Fisy)
jeT f
< > | eFi)+ ) by(Fia)
Jjel; f
= > a(Fi)+ > apFiy) <a
JET; fEL\T;

where 7 and F are collection of true null hypotheses and false null hypotheses,
respectively. And F;_; = (Fy,..., F;i_1)T, is a vector, which includes all rejected false
null hypotheses, and Fi, ..., F;_1 are all mutually exclusive sets. The first inequality
is due to Bonferroni inequality. The second inequality is under the assumption that
all true null p-values follow uniform distribution. The third inequality is because of
T: C I;. The last inequality is due to the property of critical value function (showed
in B.3), that is:

Zal(ﬁi,l) <aforalli=1,..,m,

lel;
and the property of re-assignment that is the sum of critical values over all hypotheses
at any step ¢ remains the same before and after re-assignment.

Thus, the single step FWER. control is also satisfied for the proposed approach.

By the extended sequential rejection principle, we prove that the proposed graphical

approach strongly controls the FWER at level a. U
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