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A Operations Research Literature

The first formal bidding model was developed by Friedman in 1956 [8]. In his

article published in the "Operations Research" he proposed the probabilistic model

to simulate the competitive bidding circumstance. He used the Bayesian analysis

approach although the game theoretic approach was discussed in his subsequently

published doctoral dissertation [7].

1 Friedman's Model

Let P(b) be the probability that a bid of b will be lowest and will win the contract.

Then the expected profit, E(€), if a bid b is made, will be

Where c - estimated cost, s - ratio of true cost to estimated cost, h(s) - distribution

of s, € - profit gained from the contract.

Friedman argues that P(b) is independent of s, and �N0�L h(s)ds = 1 , therefore

equation 1 becomes

where c' = c	sh(s)ds, is called the estimated cost corrected.

In general, E(€) will take on values similar to those shown in Figure 1.

Once the expected profit curve is determined, it is relatively straightforward

procedure to determine the bid that maximizes profit.

The probability of winning is determined from historical data. If the identity of

all the historical competitors and the identity of the competitors participating in

next competition are known then all competitor's bidding pattern may be studied.

The distributions of the ratios of known competitor's cost to contractor's cost are

shown in Figure 2. The winning probability of the subject contractor is shown in

the shaded area. The distribution of s ( competitor's bid to firm's cost ratio ) can
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Point of Maximum Expected Profit

Figure 1: Expected Profit. vs Bid Price
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be predicted as

If it is not known exactly how many competitors will submit bids, the concept

of average bidder is used. The bidding distribution of the average bidder is found

by combining all previous ratios of an opposing bid to the firm's cost estimate to

one distribution function

where k is the number of average bidders. f(r) is the winning bid cost ratio distri-

bution function against an individual average bidder. P(b) is shown in the shaded

area of Figure 3.

If one can determine the probability of k bidders submitting bids and if this

probability is p(k), the probability P(b) of a bid b being the lowest bid becomes

f (r) can be found by fitting a curve to the data available. A gamma distribution

will frequently be a good fit to data of this type.

where α  and β are constants obtained from curve fitting the frequency data of the

gamma distribution.
It is also reasonable to assume that the number of bidders might have a Poison

distribution. That is, if A is the estimated number of bidders then 

Based on the above assumptions, Friedman found the winning probability against

average bidders.
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P(B) = Product of areas to the right of

Figure 2: Winning Probability When Competitors' Identity Known
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F(B)= Area to the right of

Figure 3: Winning Probability When Competitors' Identity Unknown
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2 Broemser's Model

Broemser [4] generalized the value of a bid for a project, given the bid and the

special state of information, S, represented by its total a priori knowledge, as

where M - the gain of the x contractor from a project, Bx - the bid of the contractor,

- the cost of the project, Bw - the winning bid, and S - state of information.

The relationship of actual cost to estimated cost is not taken into considera-

tion, so that he disregards bias and errors in the estimated cost. Normalizing the

foregoing equation by dividing by his contractor's estimated cost, Cx  he has

By setting the derivative of the expected value, given his bidder's bid and its

total a priori knowledge, with the respect to bx equal to zero, and after manipulating

the equation, he arrives at the optimum condition, as follows:

Because P(bx < bw /S) is the right tail of the complementary cumulative proba-

bility distribution of P(bw /S), then

By substituting this in equation 2

therefore

Broemser's model has significant contribution to the subject of winning proba-

bility assessment, as mentioned by Alpert [1]. Broemser determined the probability
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distribution of the lowest competitive bid by setting up a linear regression model

for 76 projects bid by his contractor over a period of about one year. He argues

that the percentage markup on the cost of a competitor is determined by several

readily ascertainable conditions with respect to a particular job. Each of these con-

ditions or variables, after weighting would affect a competitor's markup percentage

applied to his estimated cost of a project. Broemser assumed that each competitor

assigned the same weight to the same characteristics for any project he proposed

to bid. Therefore, each competitor's percentage markup on cost is the sum of the

products of each condition or variable and the related weight. Consequently the

lowest bid on any job is

where gwi is i th weight used by the lowest competitor for its i th variables,xwi 1,2,...,k

By allowing gw 0 and xw0 each to be equal 1, the equation becomes

If the ratio of the lowest competitor's cost to the subject bidder's cost is cw (a

random variable), then Cw=cwCz.SubstitutingcwCxfor Cwin preceding equation

and dividing throughout by Cx , the result is

When βwi is set equal to cwgwi, he has in regression form,

In his model the dependant variable is the ratio of the bid of the lowest com-

petitor to his contractor's estimated cost, and the parameters are considered to be

the product of the applicable weight that the lowest competitor attaches to each of

the independent variables and the ratio of the lowest competitor's estimated cost

to subject contractor's estimated cost. The first term of the multiple regression,
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βw0 Xw0, or cwgw0xw0, is simply the ratio of the lowest bidder's estimated cost to

the subject bidder's estimated cost, since gw0 and xw0 have each been set equal to

1. The other variables are factors such as percentage of estimated cost not sub-

contracted, estimated project duration, and estimated project duration divided by

estimated cost.

These variables may be used one or more times by raising them to different
powers to reflect their effects on the bid if it is determined that the effect is not
linear.

Broemser next proceeded to apply his model to 76 projects. He found it conve-

nient to try succeedingly larger values of bxuntilE(mx/bx)in his normalized general

equation reaches a maximum. The optimum normalized bid indicates a markup of

4.64% on his contractor's cost estimate and a probability of winning of 0.317.
He then compasses this model with one from which all the independent variables

except x w0 are omitted and recommends the more complicated model because it

would have result in a 18% increase in his contractor's profit comparable to the
simple model. In this simple model, only costs are considered, i.e. bw  = kcw, where
k is a constant determined by the regression.

3 Game Theoretic Models

The essence of competition is interdependence and conflicts of interest among the

interdependent firms. Game theory is the dominant conceptual paradigm employed

in operations research for the modeling of competitive bidding since it deals with

the methodical solution to conflicts.

Game theoretic models rely on a set of assumptions about the behavior of com-

peting firms and information available to them. On the basis of these assumptions,

the bids submitted by firms in competitive bidding and the bidding outcomes (profit,

market share, etc.) are derived analytically based on a state of equilibrium among

the bidders. Equilibrium is defined as a list of strategies, one for each firm, with

the property that no firm would like to unilaterally change its strategy.

Noncooperative game theory seeks to predict the behavior of rational, intelligent
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firms competing independently [16]. Both "rationality" and "intelligence" have spe-

cial meaning in this theory. Firms are rational if they make decisions by maximizing
their subjective expected "utility". Firms are intelligent if they recognize that other

firms are rational.
Among the vast amount of work dealing with the game theory application in

competitive bidding, Ortega-Reichert's research is the most extensive and complete
[18].

In the operations research field the game theoretic model was developed for an

auction, that is a competition where the highest bid wins . The general auction

model for a first-price sealed-bid auction is found as follows [14].

where

B(.)
-

optimal bidding function
v i - lowest possible valuation in an auction
vi - valuation of i t h participant on the auction object

n - the number of participants

F(.) -the cumulative distribution function of the other

participants' valuation on the object

from the i t h participant point of view.

Two assumptions were made for this model:

(1) The participants are rational and have the same objective function
(2) The participants' valuation are distributed identically and

independently

The game theoretic models are usually in more complex forms than the Bayesian

bidding model. Perhaps this is one reason why these models have had little use as

tools to aid top management in the industry.
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Construction Industry Literature

William R. Park is credited as being the pioneer who introduced the formal compet-

itive bidding model to the construction industry [19]. His book , "The Strategy of

Contracting for Profit", published in 1966, is an extensive study of the competitive

bidding process in the industry. The basic approach he proposes for solving the

decision-making problem in competitive bidding circumstances are mostly adapted

from Friedman's model.

Following Park's book, scholars and practitioners have contributed significantly

to this subject. The significant and innovative models developed since 1966 have

been the Gates's model [10], the LOMARK model [22] and Carr's model [5].

All the above mentioned models have as their basis the Bayesian theory and are

based on the same assumption that the firms are maximizing the expected profit,

which is the basic object function of Friedman's model.

where E(π ) is expected value

P(b) is the probability of winning a bid

π is the profit generated from the project if the contractor win the bid

The innovation of the different models is found in the means for assessing the

winning probability.

1 Gates's Model

The significant aspect of Gates's model lies in the assessment of the winning prob-

ability [10].

In case where many bidders are involved, Gates presented a general relationship

where t is any order number of the project which is listed ascending order based

on the ratio of competitor's bid to contractor's bid, and T is the greatest order

number.
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If all the identities of the competitors are known to the contractor, and the

historical winning probability distributions are available, then

where Pi (b) (i = 1,2, ...,n) is the winning probability of the contractor over the ith

competitor.

When the number of competitors can be predicted with confidence but their

identities are unknown, the above formula can be simplified by assuming that the

probability of winning over each competitor is the same, then

in which Pavg (b) is the probability of winning over the "average competitors" , and
n is the total number of competitors

2 LOMARK Model

LOMARK model was proposed by Wade and Harris in 1976 [22]. The model rep-
resented a new approach , which is a simple and inexpensive method for a small to

medium-sized contractor to assess his competition and relate his assessment to his

future bidding strategies.

The essence of the model is that only major competitors in the local market are
considered in the probability of winning assessment. The winning probability is the

product of the probability that the contractor's empirical winning probability over

the major competitors, and the probability that the anticipated competitors will

submit bids.

P(BC0 < LBC / X ,Y, Z) = P(BC0 < LBC)P(X,Y, Z) (7)

where BC° - ratio of contractor's bid to it's estimated cost; LBC - lowest ratio of

bid to contractor's estimated cost, among the competitors X , Y and Z; P(X,Y, Z)
-probability that X, Y and Z will submit the bids.
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The P(BC0 < L BC) is determined by the historical data using an approach

similar to Gates's, i.e.

where t is any order number of the project which is listed descending based on the

magnitude of the ratio between competitor's bid and contractor's bid, and T is the

greatest order number [11].

The probability that the major competitors will bid the future job is subject to

the contractor's own ad-hoc judgement based on the available information.

3 Carr's Model

Carr generalized a competitive bidding model so that it would not be limited by the

assumptions on which Friedman's and Gates's models depend [5]. It is applicable

to the situation in which a contractor's cost and competitor's bid distribution can

be estimated.

If contractor i has a standardized cost (i.e. the ratio of the estimated cost to the

mean of a group of estimated costs for a project) on project k of C'ik , the probability

that (Bj/Ci)ijk(ie.(Bj/Ci)k)will exceed a value b is given by

where

f(.) is the distribution function of bid cost ratio or standardized cost.

The probability that (B/C)ijk will exceed b when the value of C' ik is not known is
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If more than one competitor is involved, a contractor's bid must be lower than

the lowest competing bid in order to win a project. The probability that the lowest

(B/C)ijk  of nk competitor j in project k will be described by

Against nk competitors who can all be described by the same distribution, then

in which Ba is standardized bid of an average competitor.

C Review Summary

A review of the construction industry literature shows that the game theoretic

bidding model has not been used. Some of the proposed Bayesian expected value
models seem too complex to be applied in the daily practise. On the other hand,

the simplifying assumptions required to make them usable in practise generates

unsatisfactory results in some models.

In contrast to the construction industry literature, the game theory has played
an important role in the modelling of competitive bidding. A model may serve

one of two major purposes: either descriptive, for explaining and/or understanding;

or prescriptive, by predicting and/or duplicating behavioral characteristics. The

bidding models used in operations research literature usually fall in the category of

descriptive, which is not useful in direct application.

More and more intensive competition in the construction industry forces firms to
compete rationally by means of optimized strategies in order to keep their positions

in the market. The demand for a better model becomes more and more serious.

The "goodness" of a model depends on its approximation and calculability.

The more realistic the assumptions in a model, the more closer approximation

the result. The Bayesian approach has a major weakness in that it ignores the

matter of conflict among competitors. The seemingly realistic nature of competitive


