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controller to adapt to parameter changes. In many applications, however, the entire state
of the underlying dynamic system is not measured directly, and as a result it is necessary
to estimate the unmeasured state variables as well as the unknown parameters. In
comparison to the problem of parameter estimation alone, this is a significantly more
difficult problem because it is inherently nonlinear, Even the simplest expression
involving an unknown parameter 6 and an unknown state variable x, their productfx, is
nonlinear. Suitable techniques have therefore been slow in coming.

Nevertheless, a wide range of technologies exist that could benefit by the availability
of stable state and parameters estimation methods. Applications can be noted in the
literature in the areas of electronic systems, communication systems, guidance and
navigation systems, chemical systems, mechanical and robotic systems, biomedical
systems, financial systems, etc. Consider the following example which appeared in a
Special Issue on Medicine in the IEEE Transactions on Automatic Control [44]. The
application is a ventricular assist device that works with an impaired heart to meet the
cardiovascular demands of the patient. A dynamic model of blood flow through the
heart is used to enable the implementation of an effective control strategy. The dynamic

model presented,

[ =01 —6(ps—p4) (flow) (L1)
Ps=0,f—6,(ps - pg) (peripheral pressure) (1.2)
Pr=065(ps—pr) (left arterial pressure) (1.3)

involves three states and 5 uncertain hemodynamic parameters. (The variable p4 is an

input.) Two of the states, f and pr , can be measured, the other ps cannot and both



measurements include noise. Thus, this problem involves uncertain parameters
multiplying unmeasured state variables that require estimation. In [44] the authors
employ an Extended Kalman Filter (EKF) to estimate quite effectively both the state and
parameter vectors, online. There is, however, no known guarantee of stability with the
EKF, which can be a cause of concemn in some éases, especially in this one where a
patient’s health could be affected. A filter similar in complexity that possesses a
property of asymptotic stability would therefore be greatly advantageous. The stability
of the EKF and of the new filter with bilinear systems of this type is examined herein,
and a proof of stability for the EKF is given. A simulation example of a similar system,

a 4™ order stepper motor with 5 unknown parameters, is examined in Chapter 5.

1.1 Motivation
Perhaps the most important general application of the type of method developed in this
thesis is that of the adaptive controller. In a controller designed using the Indirect
approach, the control law explicitly contains an "Estimation" section and a *“Control”
section (see Figure 1.1). The “Estimation” section performs the simultaneous estimation
of the unknown parameters &and the state x. The "Control" section (to the right of the
line) then use these estimates as if they were true. Thus, both the “Controller Design”
and “Controller” blocks contain algorithms designed under the assumption that the state
and parameter vectors are known. (This idea is referred to as the “Certainty Equivalence
Principle” [2].) As aresult, the Estimation and Control sections of an Indirect Adaptive

Controller can be defined independently, and then these separate parts can be brought
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together to create the complete adaptive control law. The estimation methods developed

in the present work can be applied in this type of adaptive control system design.

Estimator Controller
| Parameter > Controller
Estimator | Design 6
| State e | Controller u__ | (Nonlinear) y
| Estimator v Plant
.

Figure 1.1 Indirect Adaptive Control Showing Simultaneous State And Parameter
Estimation On Left

1.2 Problem Definition and System Class
This section introduces the notation necessary for the mathematical definition of the
problem to be addressed, and it gives a precise statement of the classes of systems to be
considered. In all cases it is assumed that the structure of the system is known, and that
a mathematical model of the actual system under study is available. What is unknown
are the initial state of the system and specific parameter values.

An uncertain nonlinear continuous-time dynamic system in most general form can be

represented:

x(1) = f(x(),u(®),6(),1) + w(r)

y(#) = h(x(1),u(2),6(2),1) +v(1)

where f{) and A() are nonlinear functions,

14)
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where w(?) and (z) are zero mean gaussian noise processes of proper dimension, and
where

x(t) =[x, (D),....x, (1)]e R"

6(1)=[6,(1),...,0,(H)]e R”

u(®) =[u,@),....,u,()]eR’

y@&) =[y,@),...,y,{)]eR"
te R”

are the state, unknown parameters, known input, and measurement vectors, respectively;
tis time. This general nonlinear structure is considered by most investigators to be too
general for the development of systematic analysis and synthesis techniques. Therefore,
we define the following three restricted system classes, all involving uncertain
parameters, and use these definitions to clearly identify the contribution that has been
made by each of the new methods developed in the present work. They will be called
System Class A, B, and C, and will be ranked in order of increasing generality. In other
words, System Class B includes System Class A but not System Class C.
System Class B: System Class B is given by:

x(t) = A(t)x(t) + B(hu(t)+ E(2)6(t)

(1.5)
y(#) = C()x(t)

Measurement and process noise are assumed to be zero. The matrices A(t), B(t), E(t) and
C(t) may be time-varying, but are known. Also, it should be recognized that E(%), a

known matrix function of time, can contain nonlinear functions that depend on known



quantities y(t) and u(t); i.e. E(t) = E(u(t), y(t), t). Thus, System Class B can also

encompass nonlinear systems represented as:

x(6) = A@O)x(t) + B(u(t) + E(t, y,u,)6(t) + g(t, y,u)
(1.6)
y(@) = C®)x()

Furthermore, the same can also be true of matrices A(t), B(t) and C(2).
When working with reduced-order observers, it is convenient to arrange the state

variables of (1.6) into two groups, the first m that are directly measured and the

remaining n-m that are unmeasured. This may require a linear state transformation to

eliminate C(¢) in the measurement equation. System B can then be represented using the

following partitioned state equations:

X () =A,(Ox, () + A, (O)x, () + B, (u(t)+ E, (t, y,u)6(t) + g, (¢, y,u)
X, (1) = A, ()x, (1) + Ay ()x, (1) + B, ()ut) + E, (¢, y,u)6(t) + g, (2, y,u) (1.7)
y() = x,(t)
System Class A: System Class A shall be identical to System Class B, equation (1.7),
with the exception that submatrices A,, and A,, shall be constant rather than functions of
time.
System Class C: System Class C shall be similar to Class B with an important exception,

the nonlinear matrix E() shall be allowed to depend on the entire state, and the

unmeasured elements of x that apear in E() shall appear linearly, such that E()8 is

bilinear in the unmeasured states and unknown parameters:
x(t) = A@)x(t) + B(t)u(r) + E(2,x,u)6(1) + g(t, y, u)

(1.8)
y(1) = C()x(1)



1.3 Overview of Existing Methods
One might expect that any of the available techniques for estimating the state of a
nonlinear process could potentially be applied to the problem of state and parameter
estimation. Surveys of existing continuous-time nonlinear observation methods are
found in [30] and [42] . In general, however, the joint state and parameter estimation
problem falls outside the scope of most nonlinear observation techniques. The difficulty
most often involves the poles at the origin contributed by parameter states. To illustrate
this, we consider the following nonlinear system,

x=Ax+g(y,u,t)+ f(x,u,t)
y=Cx

which will involve a nonlinearity f(x,,") thatis globally Lipschitz in x with a Lipschitz

constant ¥ ie., | f(x,u,t) — f(%,u,1)

<}/1x-5c

forall ue R™,re R. For this system,
Raghavan [36] proposes the observer:

= Akt g(u )+ f(Ru1)+ L(y - CF)
with the observer gain L = PC’/2¢ , requiring the solution of the Algebraic Riccati

Equation (ARE)

AP+ PA + P(y*1 —%C’C)P+ I+el =0
for some small scalar &, to be determined such that the above is solvable. However, it
will not be possible to solve this ARE unless the matrix A is Hurwitz. With parameter
estimation, this requirement is violated because of the pole contributed at the origin by
each unknown parameter. As aresult, Raghavan’s method fails when applied to
parameter estimation. In fact, most nonlinear observations techniques when applied to

the joint state and parameter estimation problem, encounter the same difficulty. Those



that can be applied successfully to this problem have most likely been identified as such
in the literature. (Note that the Raghavan observer described in Chapter 3 is another
method developed specifically for state and parameter estimation.)

Most of the contributions made to the body of theory that specifically address the
joint state and parameter estimation problem have involved System Class B, i.e.
nonlinear systems representable with time-varying linear models. These methods are
listed below in Table 1.1 and will be discussed in some detail in Section 3.2. They
include the full-order Kalman filter, the Bastion and Givers filter, the Narandra and
Annaswamy filter, and the Raghavan filter. As you will note, these methods apply only

to System Class B, with two applicable only to single-input single-output systems.

Table 1.1 — Existing Methods for Simultaneous State and Parameter Estimation

Method Name System | Filter Order Comment
Class
Kalman Filter B n+p Applicable to MIMO systems, easy to

(n+p+3)

(full-order) implement, good design weights

sometimes elusive

Bastin & Gevers B n*+p SISO systems only

Narandra & A 2n-1+p SISO only; lowest order,

Annaswamy cumbersome transformation required

Raghavan A np+n+p MIMO system, application of method
straightforward

The problem of simultaneous state and parameter estimation in linear systems was
solved with the advent of the Kalman filter, although this fact was not initially

recognized. Friedland demonstrates the use of the Kalman filter for parameter and state




estimation in describing its use for the calibration of an inertial system in [14]. He
further clarifies the suitability of the Kalman filter for parameter estimation by his
development of the Separate-bias Kalman filter in [11] , where the Kalman filter is used
for bias estimation, a problem that again falls into System Class B. Bias estimation is
described in several other references, including an alternative derivation given in [21],
and also later for time-varying bias in [22], [20] and [1].

Another investigator, Rusnak, who has worked with the Kalman filter for parameter
and state estimation, examines in [39] the conditions necessary for observability in
single-input single-output (SISO) linear systems. His primary conclusion is that
persistent excitation is necessary to guarantee observability and stability. He extends his
analysis to multi-input multi-output systems using non-minimal realizations of the plant
in [40] .

A few continuous-time methods have been developed in recent years for the on-line
estimation of parameters only, in nonlinear dynamic systems in which the entire state
vector is available. These are the method of Narendra and Kudva [33] and the method of
Friedland [17] . Both are described in detail in Section 3.1.

The problem of state and parameter estimation in nonlinear systems that include
System Class C has been addressed by Caglayan, et.al. in [6] , who develop the extended
form of the Separate-Bias Kalman filter for nonlinear systems, i.e. the Separate-Bias
Extended Kalman Filter (EKF). However, like the standard EKF, no conditions for the
stability of this filter are given, and so this method is not discussed in Chapter 3.

Another continuous-time method applicable to this problem has been developed by Cho

and Rajamani in [7] where an adaptive observer is provided which possesses guaranteed
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converge properties for a special class of systems involving Lipschitz bounded
nonlinearities. Because of the relative newness of this work, it has not been included in

the descriptions given in Chapter 3.

1.4 Research Objectives

This effort has focused on the problem of simultaneous state and parameter estimation in
deterministic dynamic systems of known structure. The objectives of the effort were:

® to develop methods providing improved computationally efficiency and

stability over existing methods

e to develop methods which can be applied to a wider class of systems than

those covered by existing methods

¢ to identify and prove conditions for the asymptotic stability of the new

methods

1.5 Contributions of Thesis

This thesis contributes five new methods for the online joint estimation of parameters and
the state variables in dynamic systems. These new methods are separated into two
groups: (1) those that involve Riccati equations, and (2) those that do not. All five
methods are described briefly below and are listed in Table 1.2 along with some pertinent
data useful for their comparison.

(1) and (2) — Nonlinear Observers One and Two: These methods are those that do
not involve Riccati equations. Both possess some similarity to Friedland’s parameter
estimator [17] , and both extend Friedland’s estimator, which assumes full state

availability, to the case of partial state availability. One is a reduced-order variant of
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Raghavan’s full-order nonlinear state and parameter observer given in [36]. The global
stability of this new method is proven for System Class B. Although it does not involve
a Riccati equation, it does involve an auxiliary matrix differential equation.
Nevertheless, this new filter has been found to be easier to apply than the Riccati
equation based methods in that it does not require excessive tuning to yield acceptable
results. This is demonstrated in a simulation example. In addition, it offer the advantage
of reduced computational loading over some existing methods, the order of the filter
being reduced by the number of measured states.

The second non-Riccati based method is one that is developed by directly extending
Friedland’s parameter estimator [17] to the case of partial state feedback. It does not
involve any type of matrix differential equation. Consequently, of the available
methods, new and existing, it is the least demanding computationally. Its stability is
guaranteed when applied to System Class A. The method requires that the user find
nonlinear functions that have application specific jacobian matrices, and it is often
difficult to find these function, particularly as system order increases.

(3) Separate-Bias Reduced-Order Kalman Filter: The first of the three Riccati
equation based techniques developed herein is this Separate-Bias Reduced-Order Kalman
filter. In 1969, Friedland developed the original separate-bias Kalman filter for
stochastic systems involving constant and unknown bias and non-zero measurement noise
[11]. In this present work, the limiting form of the separate-bias Kalman filter for
vanishing measurement noise is derived. Several key features of the reduced-order filter
are worth noting. First, it is the optimal filter for the conditions defined, and as such, the

global stability of this new filter is guaranteed. Secondly, it has a desirable two-stage
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structure; the parameters and states are estimated in separate uncoupled stages, which
permits the use of two separate parallel processors if desired or if processing power is
limited. In addition, it is convenient to use, in that many physical systems possess this
structure naturally. Thirdly, like the full-order Separate-bias Kalman filter, this reduced-
order Separate-bias filter replaces computations' involving large matrices with
computations involving smaller matrices, thereby improving numerical stability and in
some cases computational efficiency.

(4) SDARE State and Parameter Estimator: The State Dependent Algebraic
Riccati Equation (SDARE) filtering technique is applied to the problem of state and
parameter estimation and shown to work well in a number of simple examples including
some from System Class C. However, it is found to be less than well suited for state and
parameter estimation as the number of unknown parameters increases beyond 2 or 3.
This is due to the lack of observability in the pair [A(x), C(x)] that is exacerbated as the
number of unknown parameters is increased.

(5) A General Nonlinear Filtering Method: A new nonlinear filtering technique
that applies to general nonlinear systems is proposed. It is shown to avoid the
observability shortcomings of the SDARE filtering method through the use of a State
Dependent Differential Riccati Equation (SDDRE). This filter is similar to and
compared to the Extended Kalman filter (EKF) herein. For bilinear systems of System
Class C, the stability of both the EKF and the new filtering method are examined. The

semi-global asymptotic stability of the EKF is proven under mild assumptions.
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Table 1.2 — New Methods for Simultaneous State and Parameter Estimation*

System Filter Order Comment
Method Name Class
Nonlinear B n—m+p+(n-m)p | Application straightforward
Reduced-Order and applicability guaranteed
Observer #1
Nonlinear A n—m+p Applicability not guaranteed
Reduced-Order and sometime difficult
Observer #2
Separate-Bias B n—m+p Good design weights
Reduced-Order 2 (n—m+p+3) sometimes elusive
Kalman Filter
SDARE Filter C n+p Applicable to general
(n+p+3) nonlinear systems; linear
“observability” problems
occur with more than a few
parameters
SDDRE Filter C n+p Applicable to general
2 (n+p+3) nonlinear systems;

“observability” problems
avoided

*(Note that all are applicable to MIMO Systems)




CHAPTER 2
BACKGROUND

This chapter contains the background material needed for the development of the new
filtering methods presented in Chapter 4. A number of somewhat disconnected topics
are covered. General stability and Lyapunov stability theory are covered in Sections 2.1
and 2.1.1. A stability proof for time-varying systems that possess a form of symmetry
common to many filtering techniques is covered in Section 2.1.2.  Observability, which
is always a required condition for stability, is discussed in Section 2.1.3. Two existing
filtering techniques, the Separate-bias [11] and Reduced-order Kalman filters [15] , are
presented in Sections 2.2 and 2.3, respectively, as background for the new filter
developed in Section 4, the Separate-bias Reduced-order Kalman Filter [19]. Another
fairly new method, State Dependent Algebraic Riccati Equation (SDARE) filter [32] is

described in Section 2.4 and applied to the problem of state and parameter estimation in

Section 4.3.

2.1 Stability
Perhaps the most important property that any filtering algorithm can possess is that of
asymptotic stability. Simply put, a filter that is asymptotically stable works. If
conditions on, for example, the system structure or input signal content, can be identified
which guarantee the stable operation of the filter, then the filter can be used in those
applications with assurance that it will work. This section contains a review, therefore,
of stability theory. In particular it covers the Lyapunov stability theorems that are used to

prove the asymptotic stability of the new filtering methods presented herein.

14
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Stability theory enables the user to draw conclusions about the stability of a system
without deriving solution trajectories either analytically or numerically. This is often
quite important because in most practical applications it is often difficult, if not
impossible, to analytically derive solution trajectories, and it is typically not possible to
probe and test, via simulation, all possible conditions that could affect the solution. An
unstable case could be missed and a stability assessment of the system based on
simulation could be incorrect.

Stability theory in general falls into two areas:

o Input-Output Stability
e Equilibrium Stability

Input-output stability assesses whether a particular class of inputs (usually magnitude
bounded) will produce a bounded (i.e. stable) output. Equilibrium stability is concerned
with the behavior of a dynamic system near or around an equilibrium point. Although
our focus is on the latter, the control input « will be included in our evaluation of
stability. As in most filtering problems, the control is assumed to be a known input
which in many cases must be present to persistently excite the system, in order for all of

the states to be observable.

The type of equilibrium stability that a system possesses can fall into a number of
different categories. An equilibrium is said to be stable if all trajectories starting nearby
remain nearby; it is unstable otherwise. It is called asymptotically stable if it is not only
stable but also if all trajectories tend to the equilibrium as time approaches infinity. Itis
uniformly stable, or uniformly asymptotically stable if the character of the stable behavior

(i.e. convergence speed) does not depend on the initial time. It is exponentially stable if
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an exponential upper bound can be applied to the norm of the convergent error state, as is
true in stable linear systems.

There are also different terms used to define the size of the region over which the
stability property applies. A region of attraction is defined to be a region of the state
space within which the state trajectories are guafanteed to be stable and converging
asymptotically to the equilibrium contained therein. A system is globally stable if the
region of attraction is shown to be the entire state space. It is semi-globally stable if the
region of attraction containing the equilibrium is large (i.e. not infinitesimal), but not the
entire state space. A system is locally stable if the stability characteristics are assessed
using a dynamic model obtained by linearization (of a nonlinear model). Local stability
conclusions hold only within an infinitesimal region containing the equilibrium, where it
can be assured that the linear terms dominate system behavior.

In the sections that immediately follow, existing theory on the stability of nonlinear
dynamic systems is presented. Only that part of existing stability theory which is

subsequently used herein is covered.

2.1.1 Lyaponov Stability

One of the most important contributions to the body of existing stability theory occurred
about a century ago, made by the Russian mathematician, A.M.Lyapunov [24].
Lyapunov’s method has received considerable use because if its applicability to nonlinear
systems, and because it does not require the analytical derivation of solution trajectories.

A scalar continuously differentiable function V(x) is postulated, defined in a domain

Qe R" containing the origin x = 0 (i.e. the equilibrium), where » is the number of state

variables. This function V(x) is said to be positive definite if V(0)=0 and V(x)>0 for
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allx# 0. Itis only positive semi-definite if V(x) >0 for all x, and it is said to be
negative semi-definite (definite) if —V(x) is positive semi-definite (definite). Stability
is assessed by examining the time rate of change of this positive definite function along
solution trajectories as governed by the differential equations governing the system under
study. If a proposed function can be found whose first derivative is always negative
except at the origin, then asymptotic stability is assured. This is stated formally in the

following theorem, where we consider the n™ order, time-varying dynamic system,

x= f(x,1) 2.1
where f(0,1)=0.
Theorem 2-1 (Asymptotic Stability) — For the system (2.1), if there exists a scalar

function V(x,) with continuous (0V /@ x) and (dV/dt), such that
@ 0<a(’) <V(xn < B(’) where (0)=0, and a(x]|*) = e as |x* = e,

® Vn<y(dH<o for all x, ¢

’

where V(x, = —;—+(i{—) f(x,t), then the system is asymptotic stable at the origin,

globally [43].
A function V(x,z) satisfying (a) and (b) is a Lyapunov function. If the function and
conditions (a) and (b) are independent of the initial time, then the system is said to

possesses uniform asymptotic global stability. If the a function meets the conditions

o . 2
given above only in a limited region Q , rather than for all x as x| — e, then the

system is said to be semi-globally asymptotically stable. The region Q is called the

region of attraction.
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In Theorem 2-1, condition (b) guarantees that the time derivative function V(x,t) be

negative definite. If V(x,t) is only negative semi-definite, then the stability
classification degenerates from one of asymptotic stability to one of stability only.
Clearly, if V(x,t) can go to zero at some point other than the origin, then it may be true
that x =0 at that point and the system state has stopped progressing toward the origin

under study. However, if V(x,?) is only negative semi-definite, and it can be shown that

no solution state yielding V (x,f) =0 can exist forever except when x = 0, then it is
possible to upgrade the stability classification to one of asymptotic stability.
In the above, system (2.1) is assumed to be time varying. If it is not, i.e.
x=f(x) (2.2)
where f(0)=0, then the conditions for stability are much simpler, as follows:
Theorem 2-2 (Asymptotic Stability, Time Invariant Systems) — For the system (2.2),
if there exists a scalar function V(x) with continuous (dV /dx) such that

(a) Vix)>0 forall xc Q except x =0 where V{0})=0, and

(b) V(x):(%] f(x)<0 for all x c Q except x =0,
then the system possesses asymptotic stability in the region Q. Again, if Q is the entire

state space, then system stability properties are global.

2.1.2 Stability of é=—L(t)e when L(z)=L'(z)>0
The following n™ order ordinary differential equation

¢=—L(t)e (2.3)
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involving a matrix L(z) that is symmetric, positive semi-definite and time-varying, is one
that often occurs in filtering applications. In [31], the authors exploit this specific
structure to establish conditions of global asymptotic stability of (2.3). In some of the
new methods presented in Chapter 4 the error dynamics are of the form as given by (2.3).
In these cases we use the following theorem to prove the stability of the method:
Theorem 2-3 — Suppose L(z) is a symmetric positive semi-definite matrix of bounded
piecewise continuous functions. Then the equation

e=-L(t)e (2.4)
is uniformly asymptotically stable if and only if there exist real number a >0 and b such

that

[ [L@wlde 2 a@-1,)+b (2.5)
forall t=2¢, 20 and all fixed unit vectors w. A proof of this theorem can be found in
[31].

If there exists a fixed vector w that causes the integrand of (2.5) to equal zero over
the interval [z,, #], such that (2.5) is violated (i.e. the integral does not increase with time
t, then any state e along the line cw, where c is a scalar constant, will result in é =0 and
any point along that line is an equilibrium over that interval, clearly violating the
conditions for asymptotic stability. Also, if there exists a fixed vector w such that the
integrand L(z)w=0, then it is also true that the integral of L(7) must be singular. Thus,

as an alternative to condition (2.5), one can apply the following:

J@)=| : L(t)dr is nonsingular for all ¢ > t,, and (2.6)

HmJ(t,t,) = e @2.7)
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